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Heat conduction in porous materials
M. HLAVACEK (PRAGUE)

A conNTINUUM theory is developed for heat conduction in porous materials, The temperature
field in the neighbourhood of a spherical pore is approximately described by three macroscopic
scalar functions for which a variational principle yields a system of three differential equations
of the second order. Propagation of plane harmonic thermal waves is studied. The method is
applicable to other diffusion problems.

Opracowano kontynualng teorie przewodzenia ciepla w materialach porowatych. Pole tempera-
tury w otoczeniu pojedynczej pustki kulistej opisano w spos6b przyblizony za pomoca trzech
makroskopowych}funkcji skalarnych, dla ktérych, po zastosowaniu zasady wariacyjnej, otrzymuje
si¢ uklad trzech réwnah rozniczkowych drugiego rzgdu. Przeanalizowano problem propagacii
plaskich fal termicznych. Metode t¢ zastosowa¢ mozna roéwniez do innych probleméw dyfuzyj-
nych.

Paspaborana KOHTHHYaJIbHAA TeOPHSA TEIUIONPOBOMHOCTH B HOPHCTBIX Marepmanax. Ilone
TEMOEPATYpP B OKPECTHOCTH eMHMYHOI cdepuuecKoll nycTOTEl OMMCAHO NPUOMMIHEHHBIM
06pasoM NpA MOMOIIH TPEX MAKPOCKOIMMYECKHX CHAMAPHBIX (hyHKIML, [JIA KOTOPBIX, OOCHE
IPHMEHEHUsA BADHAIAOHHOTO NPHMHIMIA, NOIYYaeTCA CucTeMa Tpex AuddepeHIMamBHBIX
ypaBHeHHH BrOporo mopsaaxa. IIpoamaymsmpoBana npo0nemMa pacIpOCTpaHeHHA IUIOCKHX
TEPMHYECKUX BOJH. DTOT METO[ MOMHO TOMEe IPHMEHATh K Apyrum muddysHeM 3amadam.

1. Introduction

THERE ARE several continuum models of heat conduction in composite materials. The
continuum mixture theory was developed for heat conduction in laminated materials
[1-2] and in fiber-reinforced materials [3-4], while a certain variational method for heat
conduction in the composites of the inclusion matrix type are presented in [5].

The effective stiffness method was originally used for the continuum model of elastic
deformation of laminated materials [6]. In the present work the method used in [6] is
applied to heat conduction in a porous material.

The porous material is idealized. Spherical pores of a constant radius are located at
random so as to make the material macroscopically homogeneous and isotropic. The
pores are void and do not conduct heat which propagates only through the material
around the pores. The solution is limited to the macroscopically unidimensional problem.
For this case the temperature in the vicinity of the pore is approximated in a certain way.
In this approximation the temperature in the vicinity of a pore with a centre in any ar-
bitrary point is determined by the knowledge of three scalar functions. On the basis of
a variational principle, differential equations are found for these three scalar functions-
Thus the heat conduction in a porous material is described by a system of three differential
equantions of the second order.



492 M. HravAgex

Further propagation of plane thermal harmonic waves is investigated. If the circular
frequency of these waves approaches zero, the effective thermal conductivity of the porous
material is obtained. The values thus obtained do not differ practically from the values of
effective thermal conductivity obtained by other methods [8]. This agreement of results
is in favour of the present model.

Further, a multivalent dependence of the complex wave number on the circular fre-
quency of the wave is found. The real part of the wave number describes the attenuation
of the wave, while the imaginary part of the wave number is connected with the phase
velocity and the wave length.

2. Model of a porous material

Let us consider a material with a large number of small spherical pores of indentical
size distributed in such a way that the material is macroscopically homogeneous and
isotropic. We assume that the pores are void and that heat propagates through the material
around the pores only. We can imagine the material as being divided into elements each
of which consists of one pore and of a certain neighbourhood of thermally conductive
material. Let us select these elements so that they have an equal volume and are not sub-
stantially different from a sphere. For the sake of simplicity we shall replace them by
spherical elements with a spherical pore of a radius ry in the centre, whose external radius
rz isdetermined by the relation

gm i

r,’

where % means porosity, i.e. the volume of pores in a unit volume of the material. It is
obvious that the adjacent spherical elements partly overlap and form gaps. However,
for the construction of a simple deterministic model which does not require detailed

X34

X3

X1,

FiG. 1. Coordinate systems.
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knowledge of the position of the individual pores, it is necessary to accept some simpli-
fications.

Let x; denote the global Cartesian coordinates and let us consider a spherical element
with a centre in the point x,; (Fig. 1). In the centre of the pore, in the point xo;, let us
introduce local rectangular coordinates X, and local spherical coordinates r, ¢, @, while

x;=xm+§;, i=.l,2, 3;
X, = rcosgsinw, X, = rsingsinw, X3 = rcosw.
Further on we shall confine our considerations to the cases of macroscopically unidi-

mensional heat conduction. This means that the functions describing macroscopic heat
conduction will depend on x;, ¢ only and not on x,, x,. Let us consider now two adjacent

—_—

-

Fi1g. 2. Two adjoining elements.

spherical elements (Fig. 2), the element with a centre x,; (Point 1 in Fig. 2) touching the
element with a centre in Point 3. The point of contact 2 is determined in the local spherical
coordinates referred to Point 1, by the coordinates r;, @o, @o. Let us assume that the
temperature on the line segment 4 5 (Fig. 2), forming a part of the line connecting the
centres 1 and 3 of the adjacent elements, is defined by the relation

(2.1 H(xo3, t; 7, Po, wo) = Bolo+coswo[a],sin &+ B, (cos 26 —1)],
where
_mrmn
5 - 2 rz —-l‘l )

Pola, a2, Bl2 are so far unknown functions of time #, defined for the time being in Points 2
only, i.e. in the points of contact of adjacent elements. If we put in Eq. (2.1)

r = ?‘3,
we obtain

9'2 = 00[2

i.e. B, represents the temperature at the boundary of the element in Point 2. The remain-
ing term on the right-hand side of Eq. (2.1) thus represents, for constant ¢, o, the change

4 Arch. Mech. Stos. 4/80



4% M. Hravilex

of # in the points of the line segment 4 5 in comparison with the value of # in Point 2.
In Point 4, for

r= Tis
it follows from Eq. (2.1) that
g
= °
and similarly, for Point 5, if we put in Eq. (2.1)
r=2r,-r,
we obtain
0%
Tl

From that it can be seen that the heat flux on the pore surface in Points 4 and 5 equals
Zero.

Let us note that, for the sake of simplicity, we have assumed that the adjacent spherical
elements touch, i.e. that the distance between their centres is 2r,. Actually, if the original
non-spherical elements differed only little from the sphere, the distance of their centres
would be slightly smaller than 2r,. Thus, for example, in a plane case of a hexagonal
layout of circles — pores of identical radius »; with the distance of pore centres 2/, we
can obtain by a simple calculation the radius r, of an equivalent circular element

et 2

In this particular plane case the actual distance of the centres of adjacent elements differs
from 2r, by about 10%.

The dependence of & on r was selected in Eq. (2.1) in the form of simple goniometric
functions satisfaying the condition of zero heat flux on the pore surface. The dependence
of # on w, according to the cosine of the angle w, satisfies the condition of the maximum
change of # in the element in the direction X; and the minimum (zero) change of # in the
directions perpendicular to the axis ;.

?# in Eq. (2.1) depends on the continuous variables ¢ and r for r €{r;, 2r,—r;) and,
further, on the discrete variable x,3 (the coordinate of the centres of all elements) and
on the discrete variables @,, wo Which correspond to all points of contact of adjacent
elements. The same applies to #,, «, § which, however, do not depend on r. To obtain
a continuum theory, we shall replace, in Eq. (2.1), #, &, «, f with smooth functions
defined for all x;, ¢ and w. Consequently, every point can be considered as a centre of
a certain element (or pore) and every point at the boundary of this element can be considered
as the point of contact with the adjacent element. For the case of heat conduction in the
direction x; we obtain now from Eq. (2.1)

(22) Hxs, 157, @) = Fp(x3+Fr,cosm, t)
+cosw[a(x; 7 cosw, t)siné +f(xs+r;cosw, 1) (cos2& —1)].
With regard to axial symmetry according to X5, ¢ in Eq. (2.2) is independent of ¢.
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# in the form of Egs. (2.1) or (2.2) satisfies the condition of zero heat flux on the pore
surface and the condition of temperature smoothness in the points of contact of adjacent
elements. # in Eqgs. (2.1) and (2.2), however, only approximateé the actual temperature
field in the vicinity of the pores. Equation (2.2) has a relatively simple form and comprises
only three unknown independent functions #,, «, § for which we shall find further on, on
the basis of a variational principle, three differential equations.

3. Variational principle for heat conduction:

In [10] several variational principles of dynamic coupled thermoelasticity for a non-
homogeneous material were deduced. Section 6 in [10] formulates a variational principle
for independent displacement and temperature. For a nonhomogeneous material which
conducts heat and does not undergo any deformation (or the effect of temperature and
deformation can be separated), this variational pr:nc:ple can be simplified into the form
which we shall present in this section.

Let us consider a regular bounded closed region R with a boundary S. Let S; and
S, be parts of S, so that

SIUS;; = S, Slln82 =0.

Let the thermal properties of the homogeneous material be determined by the specific
heat per mass unit ¢ and the thermal conductivity k. If #(x;, t) denotes the temperature
and ¢ the density of the material, the solution to the boundary — initial value problem
of heat conduction is the sufficiently smooth function #(x;, t) which satisfies the heat
conduction equation -

3. kd,,—pc# =0 on Rx[0,o);

here the comma with an index following denotes the partial derivative with respect to
the respective coordinate and the dot surmounting the quantity denotes the derwatlve
with respect to time ¢; function 9 satisfies the initial condition

(3.2) (%, 0) = 0(x,,) onR for t=0

as well the boundary condition

(3.3) 9k, 1) = B(xi, 1) on §;x[0, 0)

and the boundary condition

(3.4) —k&,(xx, In; = §(xs, t)__ on S;x][0, ).

B,  and g are the prescribed functions. § represents the heat flux through a unit area of
the surface S,, n; the external unit normal to the surface S,.

The above mentioned variational principle reads:

Let us define for every ¢ > 0 the functional

3.5 F. = f{z 900“9-[— kgtﬂ,,tﬂ,,-—gcﬂﬂ?}dR-l— fg;&*ﬂds,
S

4%
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where
g)=1 for t>20
and * means the convolution

faf" = [ o t=0f"(u, .
0

The function #(x,, t), sufficiently smooth and satisfying the boundary condition (3.3),
represents the solution of the boundary-initial value problem of heat conduction if and
only if it satisfies, for every ¢ > 0, the condition

(3:6) OF () = 0.

The variation in Eq. (3.6) is considered in the meaning explained in [10]. We shall not
carry out the proof of the variational principle, it would be similar to the one in [10].

4. Equation of heat conduction in a porous material

We shall apply the variational principle (3.5)-(3.6) to our model of porous material.
In Sect. 2 the porous material has been fictitiously divided into hollow spherical elements.
Let us consider a bounded closed region R consisting of a large number of spherical
elements. Let S; be a surface consisting of those points of the external surfaces of the
elements which are the boundary points of the region R. The remaining points of the
external surfaces of the elements are thus internal points of the region R. Let S, be a set
consisting of all points of the internal surfaces of elements. Consequently, S, consists of
the surface of the pores, i.e. a large number of spherical surfaces of the radius r, .

If the temperature and the flux in all points of contact of adjacent elements are contin-
uous, the functional #,(t) is of the form (3.5) also for our particular case of porous
material: As the heat flux on the pore surface equals zero, the surface integral over S,
in Eq. (3.5) equals zero. The volume integral over R can be written as a sum of the integrals
over the individual elements. The actual course of temperature in the elements is unknown;
for the purpose of heat conduction in the direction of x; it can be replaced by the ap-
proximation (2.2) which satisfies both the condition of zero heat flux at the pore boundary
and the condition of temperature smoothness in the points of contact of adjacent elements.
The fundamental assumption of the method described here will be the replacement of
the sum of integrals over the individual elements by the integration in the form

@)  Fb,a,f) = — R”f’ff(%emw%kg'.a_,*ﬂ_,

3
3™
—och « 5) r’sine drdwdqo} dR.

The derivatives in Eq. (4.1) are taken with respect to the local coordinates X;. Let us note
that the functional (4.1) originated from the functional (3.5) by the replacement of the
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integrand with its volume average over the volume of the spherical element. In Eq. (4.1)
B(xy) = 9(x, 0).

The functional (4.1) depends on three scalar functions &4, &, § and defines the homo-
geneous continuum of a higher order, which approximates the original porous material.
The sought equation of heat conduction in a porous material, i.e. the differential
equation for #,, a, f, can be obtained from the condition analogous to Eq. (3.6), viz.
from the condition

4.2 O0F (B, a, f) = 0.
‘Using Taylor’s expansion, it is possible to write in Eq. (2.2)

4.3) Do(x3+rycosw, t) = 2 %—r; cos"wd(xs, ),
n=0
where
a"d
‘93') = ax,; = 1?0,33---3

and similarly for a(x;+r;cosw,t), f(xs+ri.cosw, ). The substitution of Egs. (2.2)
and (4.3) into Eq. (4.1) yields, after further calculations and integration, the functional
F (8, «, f) in the form of an integral over the region R, whose integrand is a sum of
infinite series. The terms of these series contain the convolutions

0‘()») *0™,  aMea™, B™ « ﬁtm)’ t%ul,,a(ml,
I xp™,. g™ f™  (n,m=0,1,2,3,..)

and then, analogously, the convolutions of the functions #§”, a™, f®.a™, B®™ are defined
analogously to #§" -8, a™, f™ are the values of 3¢, «™, B™ in time =0, n, m acquir-
ing the values of all non-negative integers. For the sake of brevity we do not present here
the complicated form of & (%, , ff). As we shall not be concerned with the formulation of
boundary conditions, we shall consider, in the calculation of 6#,, the quantities %,
éa and 88 on S, as equal to zero. The condition (4.2) results in the sought system of
differential equations for the functions #,, a, f in the form '

(44)  k(c; 90,33 —c20,3—C3p,3)—pcd, 8 =0,
k(—cyfo,3+csa—cs f-‘l.aa+fsﬁ—cvﬁ.33)+93(dz&+da&) =0,

k(—c3fo,3+csa—cr0 33+ —Co,33)Foc(ds i '{'d;ﬁ) =0
where

r
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_n _ 2 /= __8 16 5"\
S350 ST \y 3" e R
16 7 1w
by Sopeiad e _4_?'—§_<3_’f (I+n+7 )"‘ll’?/a
3
(4.5) & =i

_ 87y 141 80 732\
d3_3ﬂ<1 3 x99 @/’
1 B
dy = 7<l =1+ 5 [ —16(1 4"?)])],

= g=1-
wEs | gl

In the system of Eq. (4.4) we have the first derivatives of &, «, § with respect to time
and maximally the second derivatives of @, «, # with respect to x;. The coefficients of
derivatives of #,, «, f with respect to x; of orders higher than 2 were found to be equal
to zero. Thus we have obtained for #,, , § a system of differential equations of the second
order.

5. Thermal wave propagation in a porous material
Let us examine now the propagation of plane harmonic thermal waves in a porous
material. Let us seek the solution of the system of Eq. (4.4) in the form
' Py = Te-Pa+iot,
(5.1) @ = Ae~Hatim
B = Beixstia,
where T, 4, B are constants, w is the cim_llar frequency and A the complex wave number
A= A +ik;.
A, > 0 describes the attenuation of the wave. The wave length is
2

L= M
and the phase velocity of the wave

LA
C =—

L |
Let us introduce Eq. (5.1) into Eq. (4.4). We obtain a linear homogeneous system of
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equations for T, 4, B which has a nontrivial solution if and only if the determimant of
the system equals zero. This condition has the form
)uzkcl —-l'wgcd, s ;-k(:'z ’ ch:;
(5.2) Akc,, key—A2kes +iwpeds, keg— A%ke;+iwpeds| = 0.
Akes, kes—A2keq, +iwgeds, keg —A%keo +iwpcd,

We shall replace 4, w by the dimensionless variables 4, @

(5.3) A= ® =%,
where
o " _i
n= rzp — Qco

Further, we shall denote
(5.4 z =iw.

By developing the determinant in Eq. (5.2), we obtain, using the dimensionless variables
A, z, the condition (5.2) in the form

(55) 2t A(d+2bl)+ B (ay+2by +2°6) + (b +2%co +20) = 0,
where

as =_h189s

ay = —(Cy g, +Csg7+C786+Cogs),

I

s = —(C182+d,89),
(5:6) a; =C1g3+C4g7+C686+Cags,
b = Cigs+d, g +d28,+d3g6+d,gs,
¢ = —C,84+d, 22,
by = —dygs, co= —digs, do=4d, g,.
In Eq. (5.6) we have introduced
81 = CsCg+C4Cg—2C6C,

82 = Csdy+Cod; —2¢,d;,

3.7 83 = CaCs—C3, g4 =d}i—dyd,,
8s = Cedy+Cydy—2Ceds,
86 = 20;C3, g7 = —C3,
gs = —C3, 8o = Cs5C9—C3.
In Egs. (5.6) and (5.7)
emiyl, el Hw,

Fi 4
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dy, d,, dy, dg; n, v’ having been defined in Eq. (4.5).

Equation (5.5) defines the multivalent dependence of 2 on z or on @. The left-hand
side of Eq. (5.5) is an even polynomial of the sixth order in . Thus, for every real  there
are three values of 42 and, consequently, three values of 7, for which Re > 0. For the
given frequency w, consequently, there are, in the material, three waves of different wave
lengths and different attenuation. We shall investigate the multivalent function A(@)
numerically in the next section.

Let us investigate now A2(2) for small z. Let us develop A%(z) into a power series with
respect to z and consider the first three terms only, viz.

(5.9 ' 23(z) = Ao+ Ayz+A,2%.
The substitution of Eq. (5.9) into Eq. (5.5) yields for 44, 4y, 4, the equations
Adas+ Ada,+ Aoa), = 0,
1

A =— T(Agb:t'PAobfz‘f’bfo)’
(5.10) 1 L, g N2

A4, = - < (A1(3Aoas+ay)+ A, (2404 +b3)F o),

C = 3A3as+240a,+a,.
From Eq. (5.10), we obtain three roots for 4,, viz.

Ay=0,
" 1 ’ V2 A
(.11) 5 = g (—ds—VaZ=4a3d5),
6

7] 1 ' T2 A
Ag = 'E‘T ( _a4+ 1/042—403 05>.
6
It can be proved that for # € (0, 1) the following inequalities hold:
ag >0, a,<0, a,>0,
ai—4ayas > 0,
It follows that Ag, Ay, Ay’ are real and it holds that
Ay’ > Ag > Ap = 0.

- (5.12)
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Consequently, also the respective 4, 4, 47", 43, A5, A;' which we obtain from Egs.
(5.10); and (5.10) are real.
If we consider, apart from Eq. (5.9), also the three-term expansion

(5.13) A(z) = By+B,z+B,z2,
we obtain the real B,, B,, B, in the form

(5.14) By G, Bow bl Bz=i—l—(“‘z—f‘_f).

P AO ’ 2'/2.;- 4.40
If we write the equation of heat conduction in the direction of x; in a certain homo-
geneous (non-porous) material in the form

ket? 33 “(E’c)era =0,
we obtain for the thermal wave
9= Te—vil.r,d-h#

the relation

(5.15) 2 =i 19
kef

Let us write Eq. (5.9) for 4o, 45, 4 and neglect the term with z2, The substitution of
A, w instead of A, @ in Eq. (5.9) yields

(5.16) P im%cizﬁ.

From Egs. (5.11),, (5.10); and (5.6)—(5.7) it follows that

dy(C4Cs—C3)

8 = :
17 4 €1(C4Cg—C2)+2c,C3C6 —C5C —C3Cs
If we put
(5.18) (@0)er = dyoc = (1—-7)ec,

/= 2¢,¢5¢6 —Efﬁg —?3%54 \
(5.19) kcf =k \‘-'1 + E,‘Es —Eé /’

Eq. (5.16) acquires the form of Eq. (5.15).
_ Consequently, for very small o, it is possible to obtain approximately that branch of
A%(z) for which

Ay =0,
i.e. for which the implication applies that
w—-0=1-0,

by the investigation of waves propagating in a homogeneous (non-porous) material with
the so-called effective characteristics ke, (oc)e, defined in Eqgs. (5.18) and (5.19). The
other branches, however, cannot be obtained in this way.
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6. Numerical results

To check the suitability of the assumption (2.2) for the temperature field in the vicinity
of the pore, we shall compare k., from Eq. (5.19) with the effective thermal conductivity
obtained by other methods.

In [8] the accurate value of the effective dielectric constant for the arrangement of
spherical inclusions in the matrix, called in literature the composite sphere assemblage,
was obtained. The problem of fining the effective dielectric constant is mathematically
identical with the problem of finding the effective thermal conductivity.

If the inclusions are pores with zero thermal conductivity, the accurate effective thermal
conductivity k., for this special pore arrangement according to [8], is determined by the
formula

2, 3n3

6.1) = k(1= 5
where k is the thermal conductivity of the matrix and #° is the volume porosity. The table
below shows the values of k., from Eq. (6.1) and k., from Eq. (5.19) for various #°. The
table shows that k., are only slightly higher than k.. Let us note that k., from Eq. (6.1)
represents the upper bound of the effective thermal conductivity of a macroscopically
homogeneous and isotropic porous material of any shape and microscopic arrangement
of pores (see [9], concerned with effective magnetic premeability, which is, once again,
a mathematically identical problem).

The practical identification of k. according to Eq. (5.19) and k, according to Eq.
(6.1) is in favour of the presented model.

ReA |
ol n=01 sl =05
-
o} ’,/’
-~
5 7
A=2n ¥ -
/ ﬁ—w‘"f/ o AmATE
-k x 5 - // &).gw&%
H= /‘:;c / k
: / H= /pc
f‘z-r‘f/r? / A
r="p
1 1 1 1 1 ] 1 1 1 1 1 1
6 25 50 7% w0 125 10z 0 25 50 5 400 125 150
FiG. 3. Thermal waves. Wave number versus - F1G. 4. Thermal waves. Wave number versus

frequency. #° = 0.1. : frequency. 7° = 0.5.
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The multivalent dependence of 2 on @ defined in Eq. (5.5) was calculated numerically
for the porosities of #° = 0.1 and 0.5. Figures 3—4 show in solid lines the values of Re
plotted against . Figure 3 shows all three branches, Fig. 4 the two lowest branches only.
The dashed curves in Figs. 3—4 were calculated from Eqgs. (5.15), (5.18) and (6.1) and
correspond to the homogeneous (non-porous) material of effective thermal conductivity
k., from Eq. (6.1). These effective curves correspond with the lowest branches calculated
from Eq. (5.5) and are always higher than these lowest branches. The difference increases
with the growing porosity n* for a constant @ and with the growing o for a constant #?.

7. Conclusion

The work presents a continuum model for heat conduction in porous materials. For
the macroscopically unidimensional problem the temperature field is approximated by
three scalar functions for which, on the basis of a variational principle, three differential
equations of the second order were obtained. The influence of the microstructure is con-

Table 1.

7 ko in (6.1) ke in (5.19)
(] 1.0000 & 1.0086 k

0.1 8.5714- 10! k 8.5786- 10~ k
0.2 7.2727- 107! k 7.2745- 10" k
0.3 6.0870- 10! k 6.0874- 10~ k
0.4 5.0000- 10~ k 5.0002- 10~ k
0.5 4.0000- 10-1 k 4.0001- 10" k
0.6 3.0769- 107! k 3.0769- 10°* k
0.7 2.2222- 10" k 2.2222-107' k
0.8 1.4286- 10! k 1.4286- 10~* k
0.9 6.8966- 10-2 k 6.8966- 102 k
10 | 0 0

sidered in the model by making the coefficients of these equations depend on the pore
size and porosity. In the classical approach, when the porous material is replaced with
a homogeneous material of effective thermal conductivity, only porosity is taken into
account, while the influence of the pore size is not considered.
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When applied to the propagation of plane harmonic thermal waves, the model with
the effective thermal conductivity yields only one (effective) branch of the dependence
of the complex wave number with the positive real part (wave attenuation) on frequency.
The continuum model presented in this work yields three approximate branches of the
dependence of the complex wave number on frequency. The effective branch corresponds
to the lowest branch (i.e. the branch with the lowest real part of the wave number).
The mutual distance between two corresponding branches grows with the growing fre-
quency and porosity. If the frequency approaches zero, both branches for a fixed porosity
coincide.

The present continuum model can be considered as a more accurate version of the
classical homogeneous model with effective thermal conductivity. In the application to
propagation of thermal harmonic waves, the classical model can be used for very low fre-
quencies only, while the present model is applicable to higher frequencies as well.

References

1. A.H. NAYFEH, 4 continuum mixture theory of heat conduction in laminated composites, J. Appl. Mech.,
42,2, 399404, 1975.
2. A. MaewaL, T. C. Baceg, G. A. HEGEMIER, A continuum model for diffusion in laminated composite
media, J. Heat Transfer, 98, 1, 133138, 1976.
3. A. MaewaL, G. A. GURTMAN, G. A. HEGEMIER, A mixture theory for quasi-one-dimensional diffusion
in fibre-reinforced composites, J. Heat Transfer, 100, 1, 128-133, 1978.
4. H. Murakami, G. HEGEMIER, A. MAEWAL, A mixture theory for thermal diffusion in unidirectional
composities with cylindrical fibres of arbitrary cross section, Int. J. Solids Struct., 14, 9, 723-737, 1978,
5. M. Ben-AMoz, Heat conduction theory for composite materials, ZAMP, 27, 3, 335-345, 1976.
6. C.T. Sun, J. D. AcHENBACH, G. HERRMANN, Continuum theory for a laminated medium, J. Appl. Mech.,
35, 3, 467-475, 1968.
7. M. HLAVACER, A continuum theory for isotropic two-phase elastic composites, Int. J. Solids Struct.,
11, 10, 1137-1144, 1975.
8. R. LANDAUER, The electrical resistance of binary metallic mixtures, J. Appl. Phys., 23, 779, 1952.
9. Z. HAsHIN, S. SHTRIKMAN, A variational approach to the theory of the effective magnetic permeability
of multiphase materials, J. Appl. Phys., 33, 3125, 1962.
10. R.E. NIckEL, J. L. SACKMANN, Variational principles for linear coupled thermoelasticity, Quart. Appl.
Math., 26, 1, 11-26, 1968.

CZECHOSLOVAE ACADEMY OF SCIENCES,
INSTITUTE OF THEORETICAL AND APPLIED MECHANICS.

Received July 31, 1979.





