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Thermodynamics of a heat conducting Maxwellian fluid

K. WILMANSKI (PADERBORN)

IT 15 sHowN that compatibility of the model with rate type equations for deviatoric stresses
and heat fiux with thermodynamics yields only the positivity of heat conductivity K, shear
viscosity s and both relaxation times {; and {,, appearing in rate equations. It does not limit
the non-objective terms in heat flux equation. Hyperbolicity implies additionally an upper bound
for the magnitude of heat flux. Some aspects of transition by regular perturbation to second
order fluids are briefly discussed.

W pracy pokazano, ze zgodnos¢ modelu z rownaniami ewolucji dla dewiatora naprezen i stru-
mienia ciepla z termodynamika wymaga jedynie dodatnosci przewodnictwa ciepla K, lep-
kosci p 1 obu czasow relaksacji £, i &q, wystgpujacych w réwnaniach ewolucji. Termodynamika
nie ogranicza czlonow nieobiektywnych w rownaniu strumienia ciepla. Warunek hiperbolicz-
nosci wprowadza dodatkowo kres gorny dla modulu strumienia ciepla. Przedyskutowano
réwéniei pewne aspekty przejScia przy pomocy regularnej perturbacji do modelu cieczy drugiego
rzedu.

B paGote mokasano, uTo COBMAfeHHE MOJENH C YPABHEHHUAMH 3BONIOIMM A JAeBHAaTopa
HANPSAKEHUA M MOTOKA TEMJIA C TEPMOMHAMMKON TpeOyeT TOJBKO IMOJIOXKHUTENIBHOCTH TEIIo=-
npoBojHoCcTH K, BA3KOCTH x M 00OMX BPEMEH penaKcaluM {; U (g, BBICTYNAIOIIHX B ypaB-
HEHHUAX 3BOJIOLMU. TepMOMHAMMKA HE OTPAHMUMBAET HEOOBEKTHBHLIX WIEHOB B YPaBHEHMH
IIOTOKA TeIUIa. YCJIOBHE THIIEPOOIMYHOCTH BBOJUT HOIOJHHTEIBHO BEPXHIOI IDaHHUY AJIA
Moaynd moToKa Teruta. OOGCY>KIOEHBI TOXKe HEKOTODBIE aCIEKThI Nepexola, NpPH MOMOIIHA pe-
TYJIAPHON NepTypOaluy, K MOLENH >XUOAKOCTH BTOPOro IOPAAKA.

1. Introduction

IN THE RECENT paper [1], I. MULLER and myself have investigated an extended thermody-
namics model of a non-newtonian fluid. It was shown that deviatoric stresses fq; fulfil
in such a model the equation of the following form

(1.1)

" . 2
2080 =ty Vs, — gy Vit N iy Vi, 101

& L1
= —2pvg,p—Bitun—Bztan~tPs (f<m>f<kj> 3 Ferrytenny 6,,) s

where the inertial Cartesian frame of reference has been used, angular brackets { - > de-
note trace-free symmetric part of tensors,

(1.2)

A ; ,
Ly = Lyt Ly Vi, n+ i Uk, i
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is the objective, so-called corotational, time derivative of #;;,, e, is a constitutive quantity,

3

The rate-type equation (1.1) indicates that extended thermodynamics leads to a Maxwell-
type model of non-newtonian fluids.

We have shown in the paper that the presence of a non-zero left-hand side of equation
(1.1) yields non-objectivity and, simultaneously, it makes impossible the transition to
incompressible fluids. We have argued, however, that both these effects are very small
in normal circumstances and can be neglected if one considers a non-newtonian fluid
as it is understood in rheology.

It should be stressed that the structure of left-hand side of (1.1) is motivated By kin-
etic theory and it has, for this reason, a very solid physical background.

For technical reasons, we have considered in [1] only adiabatic processes.

In this paper, I intend to show how ordinary rational thermodynamics of such rate-type
models can be constructed. However, in contrast to standard thermodynamic approaches,
I shall use some of the features of extended thermodynamics, which prove to be parti-
cularly convenient in the present approach. Namely, the heat flux vector q and the stress
tensor t will be considered to be constitutive variables; for this reason no spatial gradients
of basic fields are going to appear as constitutive variables, in contrast, for example, to
papers [2, 3]. The entropy inequality will be exploited by use of Lagrange multipliers.
To preserve the hyperbolicity of field equations, the evolution equation of Cattaneo type
for heat flux is postulated.

It is worthwhile to mention that the evolution equation of heat flux yields the exis-
tence of the second sound. This phenomenon is of no importance in the case of real non-
newtonian fluids due to a very short relaxation time of thermal disturbances. Hence, its
presence in the model should be considered as technical means of preserving hyperbo-
licity rather than an effect of real physical importance. It proves to be particularly useful
in constructing wave solutions of field equations. We shall not consider, however, this
problem in the present paper.

1 .
P — pressure (p = - t,‘,‘) , By B2, B3 — material parameters.

2. Governing set of equations

We consider a class of processes, which can be described by the following set of fields on
the classical space-time R x R3

v, — velocity,
(2.1) T — temperature,
g, — heat flux,
tiy — Cauchy stress tensor.

Throughout the paper we use a Cartesian rectangular frame of reference.
Field equations for those fields are assumed to have the following form

@2 0+0vx = 0,
(2.3) 00k = tu,1,
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(2.4) 0+ Gk = Ty,
A
2.5) quk+qk+KTsk =0,
A
(2.6) Cetgay ey —2p00, 15 = 0,
where

e=oT,q.t), <&, =C(T.p, K=KT,p),

@7 . i
= S(T’ G s ’kl)? S5 = Ct(T; P), B= - *3A Tk »

o]

and
fal .
(2.8)  gii= G+ éqivn it Va4V,
A . 2
2.9  toay = L+ U ntanPuat Y LaayVa, nHanPa,n= 5 LV, O ) -

Equations (2.2)-(2.4) are, certainly, mass, momentum and specific internal energy con-
servation equations.

On the other hand, evolution equations (2.5) and (2.6) do not follow in this approach —
in contrast to extended thermodynamics — from any balance equations and they 'should
be considered — similarly to (2.7) — as the part of definition of the class of materials
under considerations.

The structure of equation (2.5) follows from considerations, concerning the propaga-
tion of thermal waves and initiated by the paper of C. Cattaneo [4]. Definition (2.8) of
the time derivative of ¢ contains two parameters: £ and y,. In the case: & =1, y, —ar-
bitrary, this time derivative is objective. Such a choice of & is neither motivated by kin-
etic theories, which would rather yield & = —1 nor by macroscopic arguments. For
instance, Cattaneo rigid heat conductor, a model following from (2.2-9) by assuming
7, = 0 and described by the following equation for heat flux

0
C J Gk

"—at— +qk+KT,k =0

*
cannot be made objective. Its transformation to non-inertial frame (x,) yields

*
0 * aT *
(2.10) Z;.,maqti +qk+K*T' +Wuq =0,
ox,
where

*
gx = Oxq;, O — orthogonal time-dependent matrix of transformation,

Wy = 040,; — matrix of angular velocities of non-inertial frame with respect
to inertial one.
In the steady-state case, we have

O+l W)a = —KT,,

4%
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and it means that the non-inertial frame would have to rotate with angular velocity
w ~ 1/, for non-objective term to have an influence. It does not seem to be very realistic
in normal circumstances. It very well may be that an equation for q, derived as a moment
equation from a proper kinetic theory, should contain two different time derivatives —
one non-objective, arising from transport terms in kinetic equation and another one —
objective, coming from collision term in kinetic equation. Such a situation has been dis-
cussed in [1] for deviatoric stresses. A kinetic equation, appropriate for non-newtonian
fluids has as yet not been constructed. Therefore, we are satisfied with Egs. (2.5) and (2.9).

On the other hand, the structure of Eq. (2.6) enables us to classify the material under
considerations as a Maxwell-type non-newtonian, belonging to the rate type materials,
investigated by J. G. OLDROYD [5]. Definition (2.9) of time derivative of t has an objective
form, which again, does not follow from kinetic theory. However in this case, in contrast
to heat conduction, objectivity is supported by macroscopic observations as well as esti-
mations mentioned at the beginning of this work. Simultaneously, the coefficient y, may
have an arbitrary value — similarly to y,. In the case y, = 0, derivative (2.9) is called
corotational. Rheologists consider often two cases: y, = +1. Such models are called
upper and lower Maxwellian, respectively.

It should be mentioned that lack of direct coupling between Eqs. (2.5) and (2.6), for
instance of the type ¢;7 in (2.5) or g« q;5 in Eq. (2.6), leads to a rather artificial sepa-
ration of waves, which shall be briefly described in the sequel.

3. Entropy inequality

Constitutive quantities (2.7) are still rather arbitrary within the model presented in
Sect. 2. They must, certainly, satisfy some smoothness conditions but otherwise they
are not specified.

It is customary in thermodynamics to require in addition that all solutions of (2.2)-(2.6)
should satisfy the entropy inequality

G.1) 0N +h 2 0,
where

(3.2) 1 = n(T, g, tx)
is the specific entropy and

(3.3) he = h(T, gy, tir)

is the entropy flux.

The above requirement imposes some restrictions on Eq. (2.7) which we now in-
vestigate.

Due to the fact that inequality (3.1) should hold only for solutions of (2.2)-(2.6) we
seek the class of solutions of (3.1) restricted by the field equations. This can be done by the
method of Lagrange multipliers (e.g. see [7]). It means that we solve the inequality

G4 on+ e, k= A°(0 + 0vk,1) — A% (ot — ) — A&+ qu,x— lah,1)

A A
— A% qx+ g+ KT, ) — AKX by + tas — 2004, 1) = 0,
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which should hold for all fields v,, T, gi, t;. The multipliers A2, A%, A%, A%, A<D are

functions of the above fields themselves and relations (2.7), (3.2) and (3.3) should be
satisfied.

The linearity of (3.4) with respect to o, indicates
(3.5 A% = 0.

The inequality (3.4) is also linear with respect to v,,;. The following separation of this
gradient

1
(3.6) Ut = Uk, ip+ ?vm,mam*‘v[k,u

indicates then

2 1
3.7  ed+pA*+ 3 Cove AXPL Gy + KR CqveAhg, =0,
(38) Aet<;‘,>+2ﬂ/1(k1> - Ctyr (/1<ik>f<“>+/1<”>t<ik>" —g—- A<U>t<ij> 6,([)
1 2
-7 Ca¥a| ANg + Ag, — 3 A4gq,6,) =0,

. , 1
(3.9) LAy — A ) + 5 L &(A%gq,— Angy) = 0.

Making use of the chain rule in evaluation of time derivatives in (3.4), we find it to be
linear with respect to T, Gx, FerBnts t'w), which leads to the following identities

a
(3.10) ony—Aor—A%0er = 0, (r:= —37;( ),
s d
@a3.11) 0ng,— A%, — N0, — A%, = 0, ( J,i= m £
. 0
(3.12) (on,,,— A%, — L%e,,) 01y = 0, (= aTU( ),

1

(3.13) (QT]:J-AQQIH_/.lSQE,U) 6“‘6,'1— 3

5:;‘ 51;1) —A<u>Cr = 0.

In the similar manner, we find the inequality (3.4) to be linear with respect to Tk, g1k, fij k-
This yields

My e
M
(3.14) S — A% = 0,
o _ o

oty;
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Bearing in mind the above results, we can write (3.4) in the form of the following residual
inequality

(3.]5) Aqqu+‘/1(kl)t<k1> < 0.
Integrability conditions of Egs. (3.14), easily indicate

oA*

—aTj (81,0 —0y;0u) = 0= A° = A%(T, 1,)).

Substitution of this relation in Eq. (3.14), yields
(3.16) he = A’Qk'i‘ﬁk(T, ).

For isotropic fluids the second term must vanish — one cannot construct an isotropic
vector function from a tensor of the second rank and, siumltaneously, we expect the equilib-
rium part of 4 to be zero (compare: (3.21)). Then the substitution in Eq. (3.14);
yields

G.17 A5 = AXT).

Relation (3.14),, indicates, in turn,

1 dAs

L [ e

(3.18) A% ¥ a1 I
On the other hand, relations (3.10)-(3.13) can be written in the following compact

form
(3. 1 9) 0 dn = Aﬂdg +A%de+ cq Aqkqu + C, A<“2d’(u) N

where constitutive relations for e and 7 have been used. At the same time, formula (3.7)
leads to the following relation for multiplier A°:

em = P e 2 5 gy, o 1 Cave dA°
(3.20) A 0 A 5 g 4 Ly 3 oK dT I Q-

To proceed further, we need the notion of thermodynamic equilibrium. For processes
under considerations, we define a state of thermodynamic equilibrium as such for which

(3.21) ale =0, tuple = 0.
In such a state, relation (3.19) has the form

1
(3.22) dnlg = A.lE{d8!E+pd(—) }

@ /e
Comparison with classical Gibbs relation yields

1

AiE:T'

Bearing in mind relation (3.17), we obtain

, 1
(3.23) A= .
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This result yields quite an explicit form of Eqgs. (3.16) and (3.18)

1 1
(3.24) hy = 'T‘qk, A% = — ’ﬁz‘qk-

Hence, the model, considered in this paper, leads to the classical relation between heat
flux and entropy flux.
It remains to eliminate multiplier A<, To this aim, let us rewrite relations (3.8) and

(3.9). We have

1 ;
(3.29) Lyt 5 %t]aq:) = = Laayap AP,
(3.26) At gy = A ey = 0,

where

2
(3.27)  Lgayajy:= #T(am 015+ 041 O — 3 6k16U)

1 4 4
— 5 Ceve T(t(th)aﬂ F 2y O+t iy O+t jiy O — 3 terry Oy — 3 t(u)"ﬂ)-

This linear mapping: A(‘D}_p[(k,)-{- —2-— %qaq’) 1S, as it 1s easy to see, ﬂOU-Slﬂgu]aI

and, hence, can be inverted. It is particularly simple for the corotational model
(e =0):

1 1 Gy
(3.28) A = — uT (f<m)+ —2——1%% Q(k‘h))-
Substitution of Eqs. (3.24) and (3.28) in Eq. (3.9) yields
S 1 Loy
(3.29) 2,;:1' o gp @i = D) = 0.
Hence the non-trivial model is possible only if (§; # 0, £, # 0)
(3.30) Y. =0,
which means that corotational form of derivative (2.9) leads also to the corotational form
of Eq. (2.8).
Let us collect the results for this particular case
1 p qk Ky
3.31 s e — _ & TR | I Ky = M)
N ry o xkr> 2uT
Then, according to Eq. (3.19),
1 ¢ ¢

It is convenient to introduce the free enthalpy

(333) g:= 5+%‘ —Tni g =g(T! ks tkl)'



224 K. WILMANSKI

Then

(3.34) dg = —ndT+ —dp+ dg,+ 2—5;[ Eerrs ATeury -

(A
KTqR
The set of integrability conditions for (3.34) is of the form

oT \e|  ép’ dq.\o] op QKT e
o (). o a(c,) __an( .
(3'35) 'ﬁ (QKT) qk - 7aﬁqk_’ ——67; ?é/;_ t(“) - atu 6ik 6J'l 73” 6“ aU ’

o [ & _ @ (1 1
oy ().

Then

(3.36)

g _ dg 1 ag & ag 1 4
’ﬁ— B —é;—-—e', aqk = QKTq'“ at,-j 6[1;5_;1 3 6;;161} = 2‘!“' fexry-

Particularly simple results follow from Eqs. (3.35) and (3.36) if we assume incompressibil-
ity, i.e. pressure should enter the constitutive relations only through its explicit presence
in Egs. (3.33). Then, due to Egs. (3.35);,2,s

(3.37) @ = const

and relations (3.36) yield

(339 £ = 8alT)+ 5 2 Gtk sty

as well as

o et e e e
50:=g0—T%g1—,°— - %

Simultaneously, the residual inequality (3.15) takes the form

1 1
(3.40) 77z Dt T taaryleary = 0.

This inequality should hold for arbitrary g, and 7, ie.
(.41 K>0, p>0.

At the same time, stability of thermodynamic equilibrium (i.e. convexity of g) indicates

Ca &
(3.42) QKT>0=>§¢>O, ew>0=>tf,>0
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These inequalities are certainly satisfied if {, and {, are relaxation times for heat flux
and deviatoric stresses, respectively.

Complicated form of relations (3.25) and (3.27) does not make it possible to carry
through similar considerations in the general case. For this reason, we limit our attention
in the remaining part of this work to the corotational model.

It can easily be proved by use of (3.8) and (3.9) that the condition y, = 0 (with
£y #0!) implies y, = 0, i.e. again a full corotational form of (2.8) and (2.9).

Let us notice that the above thermodynamic reults do not involve the constant &
The general result (3.24), eliminates the second term in relation (3.9), which is the only
place of appearance of constant & It means that both objective: & = 1 and non-objective
form: & = 0 of definition (2.9) lead to thermodynamically admissible models. From the
macroscopic point of view, the choice of & should follow from observations. We demon-
strate a possible argumentation in the next Section.

4. Simple example of shear flow

To demonstrate some properties of corotational model of incompressible heat conduc-
ting Maxwellian fluid, let us consider a shearing flow, shown in Fig. 1.

Let us first select those fields (2.1), which may appear in the description of the above
flow under the assumption that all fields depend only on t and x, = x.

dxp=x
T, (t) vit)
—
Vi (x 1
- 1(Xy )
N/ Al 2
h(t)
2 X3
FiG. 1.
Incompressibility condition
(4.1) ‘vk,k = 3’1)2 — 0

0x

implies that, provided the walls are inpenetrable, the second component of velocity must
be identically zero

(4.2) v, = 0.
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Let us also assume that shear stresses vanish on planes perpendicular to x;-axis:

“4.3) tj3 =13 =0.
‘Then the momentum balance implies
(4.4) 003 = 33,2, =0=0; =0,

provided the initial value of v, was zero. Hence the flow is one-dimensional, as indicated
in Fig. 1. It also means that there is no difference between material and partial time deri-

wvatives.
We have
1 oo 1 ov
¢ 55 @ 0 5% O
{4.5) (va,n) = Ow,n) = _1___31 s (o) =] _ _l__@‘v_ .
2 dx 4 g 2 dx 0 0
0 0 0 0 0 0

where v = »,. Relations (4.5) indicate

A /] d
5(46) qs = _"Q = ;.q qs +q; = 0= q; = q3(t 0)8-'/t4
dat ot
and, assuming that initial heat flux in x;-direction was zero, we have
’(4.7) q3 = 0_

Bearing in mind the above considerations, we see that the flow is described by the follow-
ing fields:

14.8) =9, T, tan =S, Linn=S5, la=0, ¢1,9,

‘with the obvious relation

(4.9) t<33> = ""(Sl +Sz).

Assuming for simplicity that X, u, {, and {, are constant, we can write Eqs. (2.2)-(2.6)
in the form

9T 2 9T 1 g _

1 2 2
FTaR Y 3 Tl i ol el KT(, (q1+qz)+ﬁ[(s1+sz) +0%—s5,5,],

9q, 1 & o _ 1

4.10) FTE T L M S
a; K or 1
T gtn gy LA il
-ai——o' v 1
at T = T E S
as, v 1

IR



THERMODYNAMICS OF A HEAT CONDUCTING MAXWELLIAN FLUID 227

Jdo u 1 ov 1
@1 - [T, =gl ‘”]W == %
where
£ de
(4.11) 8:= 00— oy @I +4D),  coi=

and Eq. (3.39), has been used.
In addition, the momentum balance equation implies the following relation

@.12) 2 m-p=o0.

This relation, overdetermining the system (4.10), imposes constraints on solutions of
{4.10) and may lead to problems of their existence. To avoid those difficulties, we assume
the thickness H to be small enough for neglecting (4.12) entirely. In such a case, we con-
sider solutions of Egs. (4.10) as approximations without going into problems of exis-
tence.

Let us first notice a peculiar structure of Eqs. (4.10)3,4. In the case of steady-state flow
we would have

1 dv
ar 7 gy
‘h = _K—a'_ 2
bl
4.13) 4
or 1

ql=— 2
1 .., 0v
1+ ‘a—f CQ(W)

Hence the objective time derivative of q: § = 1 demands the existence of heat flux compo-

nent g, perpendicular to the temperature gradient _31! This effect would, certainly,

ax
not appear in the non-objective case & = 0:

oT
4.14 = = —
( ) 91=0, ¢, K—— i

On the other hand, it can hardly be expected that this effect could be observed in normal
circumstances: ratio of transversal to normal component of heat flux for § =1

q 1 dv
4.15) r e TC"—E)?

would be large enough to have any bearing for % coh s and this, in turn, would re-
q

quire extremally high velocity gradients for usual non-newtonian fluids.
We expect the system (4.10) to be hyperbolic. Let us consider the conditions yielding
this type of equations. It is easy to notice that Eq. (4.10) is written in the normal form,



228 K. WILMAXSKI

which means that characteristic speeds of weak singularities coincide with eigen-values
of the matrix of x-derivatives:

e 0 o o o o -L
o
29, 1
1
(4.16) 1 X = 0.
— — 0o -2
3 &g, Z, 0 0 0
-0 0 0 0 =i 0 0
g 0 0 0 0o -1 0
po 1 ]
e | s s (F—F 0 0 0 0 0 -
[ C; 2 ( 1 Z)»
The above characteristic equation can be easily solved and we get
w1 os—s,
4.17 A =¢]/Jf——A‘2-,
i w? ok 2 e
T4 % K
(4.18) haa = — = J_r]/ T e
(4.19) A= (triple root).

In the linear case

i 2 K
4.20 Ao = Ty, Azq= Fon; ;@ —s g = ———y
( ) 1,2 1 3,4 II | QC: I ]/ché-q

where ¢,; is the so-called speed of second sound.

It coincides with Landau formula for liquid helium iff£ =oTn? &, os and p, being

q n
the mass densities of supercomponent and normal component of helium, respectively
(e.g. see: [7]). As indicated by this relation, we should consider K/, as temperature-
dependent, which would lead to some changes in considerations of this Section. We
shall not go, however, into this problem any further.

On the other hand, the eigen-values (4.17), being candidates for speed of shear pulses
and eigen-values (4.18) — for speed of thermal pulses are not coupled through the fields.
The reason for this discoupling has been explained in Sect. 2.

It is easy to write necessary conditions for hyperbolicity of Eq. (4.10) — to this aim,
As must be real for arbitrary s,,s, and ¢,:

1 K
4.21) % > 5 (s=s52), 5> 0.

In rheology of non-newtonian fluids, the normal stress difference s, —s, is related to the
so-called first normal stress coefficient
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ov \?
(4.22) §—35; = 2(“3—5:'-) oy < 0,
the inequality following from many experimental data. It means that the inequality
(4.23) ;>0

together with Eq. (3.41), is sufficient for inequality (4.21); to hold.
Simultaneously, the inequality

(4.24) >0
together with inequality (3.41); leads through inequality (4.21), to

(4.25) 6 = gco— oy (g1+43) > 0.

This condition imposes an upper bound constraint on the magnitude of the heat flux g:
4.26 " / 0c,KT*.

(4.26) lql ] 3

which, however, does not seem to be of physical importance due to smallness of Z,.

Let us mention that the linear part of formula (4.17): coincides with for-

/

Qé‘t
mula (5.8) of the paper [1] for the speed of propagation of shear pulses.

Easy calculations show that the above conditions are sufficient for linear independence

of left eigen-vectors of the matrix, whose determinant appears in Eq. (4.16). It means,

however, that system of differential equations (4.10) is indeed hyperbolic.

5. Transition to fluids of the second order

It is customary in rheological models of non-newtonian fluids to approximate relations
(2.6) by constitutive relations of the form

(5.1) t = t(AD, AD, . AM)
(see: [8]), where A, ..., A™ are so-called Rivlin—-Ericksen tensors:
(5.2) AP = 2v(k by AP = AP+ AV, + AP0, ,,  etc.

Such models are called fluids of the n-th order. In particular, the fluid of the second order
is defined by the relation

1
(5.3) ta+p0u = AP +a, AGL+ o, {A VAP — 3 AE})AS})‘SM]-

It is easy to see that relations of this form follow from Eq. (2.6) by regular perturbation
method, which in kinetic theories is called a Maxwell iteration procedure. Namely, the
zeroth approximation is defined as

(5.4 188 = 2uv,1y
i.e. Navier-Stokes fluid, Then

A
(5.5) LD+ 1R —2p0 0,1, = O
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defines the first approximation. It is easy to see that, for incompressible materials: A{}’ = 0,
(see Formula (2.9))

1
6O = pAR- g AR om0 (04— T apap o]

if u is assumed to be constant. Comparison of Egs. (5.3) and (5.6) yields
(57) o = _}U'Cu oy = —al(l_yl)‘
In the case of corotational derivative (y, = 0), the result (5.7), coincides with that obtained
by DunnN and Fospick [9] and, apart from the sign, contradicts experimental data (com-
pare: [1]).

Inequalities for u and £, yield
(5.8) o, < 0.
It has been shown, however, by DuNN and Fospick [9] that such a mod_el is thermody-
namically unstable if considered in its own rights (not as an approximation of a Maxwel-

lian fluid).
Similar problems arise in the case of Maxwell iteration applied to Eq. (2.5)
gi? = —KTx
(5.9) k K

‘If” = _KT,k—Ca(KT,k)A-

In contrast to Fourier relation (5.9),, the relation (5.9), yields the instability of thermo-
dynamic equilibrium for K > 0, {, > 0. Moreover, as it is easy to show, Maxwell itera-
tion transforms the hyperbolic system of equations into a parabolic one — the speeds of
shear pulses and of the second sound become infinite independently of the degree of
approximation.

The reason for those problems is obvious. The expansions of t and q into power series
in {; and {,, respectively, and subsequent use of perturbation method reduces necess-
arily differential Egs. (2.5) and (2.6) to algebraic relations. It is due to the fact that £, and £,
appear in front of the differential operator. It means, however, that proper approxima-
tion of solutions of (2.5) and (2.6) must be sought by the method of singular perturba-
tion. It follows that Maxwell iteration method is inappropriate if we want not only to
achieve the quantitative agreements but also to preserve such physical features as finite
speeds of pulses.

6. Quadratic evolution equations

Maxwell iteration procedure, demonstrated in the previous section, seems to indicate
that, if the quadratic model is to be constructed, it is not essential if we replace in Eqs. (2.8)
and (2.9) the terms with coefficients y, and y, by terms quadratic in Zqay, g, 1.€. if the
evolution equations are assumed to have the form

A
Lo+ qu+ KT o+ 1 tanygy = 0.
(6.1 A 1
Celery+ Ly =200, 15+ B2 9y + B (t(xz)fm)— 3 Ly by 61:!) =0,
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where
A .
(6.2) @ = qu+£9:90,195

A .
Ly = Yyt Py Vo, @i,

and coefficients #,, f,, f; are independent of ¢4, and g.

Inspection of inequality (3.4), corrected by additional terms arising from Egs. (6.1),
shows that the above statement is false. It is obvious that, in comparison with the case
¥¢ =0, y, = 0, the only change in thermodynamic relations appears in the residual ine-
quality. In the present case, we obtain

(6.3) A%Ge+ Br iy 9n) + Aty + B2 9 iy + B3 tauiytaany) < 0,
where

1
(6.4) Aq* = - _K'T_z- Gie» A<g> ==l e '2—#'1—,‘ t(kl}'

The above inequality can easily be solved:
1) assuming tgyy, = 0, we get

(6.5) K > 0;
2) assuming ¢, = 0, t,; = 0, t,, = 0, t33 = t;, = t;3 = t,3 = 0, we obtain
(6'6) ﬂ3 =0, u > O;

3) assuming ¢; = ¢, ¢, = q3 = 0 and the stress tensor as in 2), we get

6.7) B = — 2By = .

The above relations are necessary and sufficient for the inequality (6.3) to hold for ar-
bitrary t<”) and k-
Hence, equations (6.1) must have the form

CA+ +KT——KTﬁr =0
(6.8) a9k T 9k Jk 27 «iyd =Y,

A
Cetaay+ oy — 200, 15+ B gy = 0.

It is obvious that coupling of those two equations is entirely different from coupling of
(2.5) and (2.6), whatever the coefficients y,,y, may be. Particularly striking in such a model
is the presence of heat flux in the equation for stresses. It means that, in general, time-
dependent deviatoric stresses would appear even in a rigid heat conductor and their evo-
lution would depend on the history of heat flux.

Acknowledgement

This work was done in the year 1986/87 while I was supported by a grant from Deutsche
Forschung Gemeinschaft to Universitdt-GH-Paderborn.



232 K. WILMANSKI

References

1.

2.

I. MULLER, K. WILMAXSKI, Extended thermodynamics of a non-newtonian fluid, Rheol. Acta, 25, 335-349,
1986.

G. LeBow, D. Jou, A non-classical thermodynamic description of heat conducting viscous fluids,J. Chem.
Phys., 77, 970-978, 1982.

. M. Boukary, Contributions theoriques a la formulation des equations constitutives an thermodynamique

generalisee, Ph. D.-Thesis, Universite de Liege, 1985.

. C. CATTANEO, Sulla conduzione del calore, Atti del Seminario Matematico e Fisico della Univ. di Mo-

dena, 3, 83-101, 1948.

. J. G. OLDROYD, Non-newtonian effects in steady motion of some idealized elastico-viscous liquids, Proc.

Roy. Soc., A 245, 278, 1958.

. K. O. FrieDRICHS, P. D. LAX, Systems of conservation equations with a covex extension, Proc. Nat. Acad.

Sci. USA, 68, 8, 1971.

. I. MULLER, Thermodynamics, Pitman Publ. Limited, 1985.
. R.S. RivLin, J. L. ERICKSEN, Stress-deformation relations for isotropic materials, J. Rational Mech.

Anal., 4, 323, 1955.

. E. DunN, R. L. Fospick, Thermodynamics, stability and boundedness of fluids of complexity 2 and

fluids of second grade, A.R. M. A., 55, 191, 1974.

AG THEORETISCHE PHYSIK
UNIVERSITAT PADERBORN, FRG.

Received March 26, 1987.





