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On description of rate-independent behaviour for prestrained
solids(*)

S. MURAKAMI (NAGOYA) and A. SAWCZUK (WARSZAWA)

STARTING from a reduced constitutive functional for a simple material, the Cauchy stress tensor
is first represented as a polynomial tensor function of the Almansi strain tensor, the rate of
deformation tensor and the arc length of the strain path. Then, a general constitutive equation
for a class of prestrained plastic materials in finite deformation is derived by applying to the
resulting tensor function the restriction of rate-independence of the plastic deformation. The
existence of the yield criterion and its general representation are shown as a consequence of the
rate-independence requirement imposed on a tensor function representation for the constitutive
relation. The inverse relation for the simplified constitutive functional is also derived, and the
validity and limitations of the flow theory of classical plasticity is discussed with reference to
the present results.

Wychodzac od zredukowanego funkcjonalu konstytutywnego dla materialu prostego, przed-
stawiono najpierw tensor napre¢zenia Cauchy’ego jako wielomianowg funkcje tensorowa ten-
sora odksztalcenia Almansiego, tensora predkoéci odksztalcefi oraz dlugoéci huku drogi od-
ksztalcenia. Nastgpnie wyprowadzono ogélne rownanie konstytutywne dla klasy plastycznych
materiatlow sprezonych przy skoficzonym odksztalceniu przez nalozenie na otrzymang funkcje
tensorowgq warunku niezaleznoéci deformacji plastycznej od predkoéci odksztalcenia. Istnienie
warunku uplastycznienia i jego og6lna posta¢ sa konsekwencja warunku niezaleznosci od pred-
kodci, nalozonego na tensorowg reprezentacje w zwiazku konstytutywnym. Wyprowadzono
rowniez zalezno& odwrotng dla uproszczonego funkcjonalu konstytutywnego oraz przedy-
skutowano zakres wainoéci teorii plyniecia klasycznej teorii plastycznodci w odniesieniu do
otrzymanych wynikow.

Hcxona us npuseneHHoro onpegenAomiero GyHKIMOHANA Ul MPOCTOTO MaTepHasia, Iped-
CTaBJieH CHa4asia TEH30p HanpsKeHmA KoM, KaK MHOMOWICHHAA TCH30pHAA (YHKIDIA TeH-
3opa aedopmaumii AnbMaHCH, TEH30pa CKOpocTH Redopmannit B JUIHE! AyTH nyTH Redopma-
man. 3aTeM BhIBe/leHbI 061He onpenesAIoNnMe YPABHEHHA A KJ1ACCA IUIACTHYECKHX CHKATRIX
MaTepHaNoB, MPH KoHeuHoH medopMalMi, MyTeM HAIOMEHHA HA IOJNYYECHHYIO TCH3OPHYIO
GyHKIIO YCIIOBHA HE3aBHCHMOCTH IUIacTHUecKol Aedopmaumm oT cKopocTH medopmaLmm.
CyllecTeoBaHRe YCAOBHA IUIACIHYHOCTH M ero ofluli BHA ABAIOTCA CIEACTBHEM YCJIOBHA
He3aBHCHMOCTH OT CKOPOCTH, HAJIOXKEHHOTO HA TEH3OPHOE NPECTARJICHHE B ONPENEIIAIONeM
cooTHoWIeHHN. BriBeneHa To)ke o6paTHas 3aBHCHMOCT AJIA YNPOILECHHONO ONpPENe/IAIOLIEro
dymamonana 1 obcynaena o6aacTh CIpaBeUTHBOCTH TEOPHH TEUCHHA KIACCHUECKOH TeopuH
IIACTHYHOCTH MO OTHOUIEHWIO K IIONYYCHHBIM Pe3YJIETATAM.

1. Introduction

AMONG characteristic features of plastic deformation, its history-dependence, rate-inde-
pendence and yielding seem to be the most essential ones. The classical theories of plasti-
city may be empirical representations of these phenomena. THOMAS [1, 2], on the other hand,
postulating proportionality between the stress and the plastic strain rate tensors and
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expressing the rate-independence in terms of the condition of vanishing one-to-one corres-
pondence between the components of these two tensors, arrived at both a general form
of a yield criterion and a stress-strain rate relation for incompressible, isotropic, perfectly
plastic materials. Afterwards, the condition was replaced by SAwczuk and Stutz [3]
by a more stringent requirement that the tensorial relation between plastic strain rate and
stress should be homogeneous of zero order with respect to the strain rate. This approach
to deriving a yield condition and a stress-strain relation for perfectly plastic materials was
applied to the case of initially anisotropic solids by BOEHLER and SAwczuk [4, 5] and
further developed by BOEHLER [6, 7] within the framework of tensor function representa-
tions.

The rate-independence of material response is not a specific property of perfect plasti-
city alone, but is an essential feature to the plastic deformation in general. Therefore, the
condition of homogeneity -assuring this rate-independence may also be applicable to the
general constitutive relation expressed as a functional of the history of deformations.

In the present note a general yield criterion and a general constitutive relation for a class
of hardening plastic materials are examined by imposing the rate independence require-
ment on the material response functional and, eventually, on a differential type of constitu-
tive relations. The discussion throughout the paper is concerned with finite rigid-plastic
deformations of materials undergoing deformation-induced hardening or softening, but
inclusion of infinitesimal elastic deformation is straightforward. In Sect. 2 a representation
for the Cauchy stress tensor as a polynomial isotropic function of the Almansi strain
tensor, the rate of deformation tensor, and the arc length of the strain path is derived from
a reduced constitutive functional of a simple material. Then, the requirement of the rate-
independence is applied in Sect. 3 to the resulting polynomial representation to derive
a general yield condition for hardening plastic materials in Sect. 4. Incompressible materials
are considered in the next section, whereas in Sect. 6 the constitutive relation is shown to
be invertible. For a given prestrain the rate of the deformation tensor is expressed as
a polynomial isotropic tensor function of stress, strain and the arc length of the strain
path. The validity and the limitation of the flow theory of classical plasticity are also
discussed in Sect. 7 with reference to the present results. The note terminates with
conclusions and remarks as to advantages and limitations of the tensor function
representations approach to plasticity.

2. Approximation of constitutive functional

The history-dependence is generally taken as the first characteristic of plastic deforma-
tions and it is a general feature in the mechanical response of materials. For a simple
material the Cauchy stress tensor T(7) at a given material point at a time 7 may be expressed
as a functional of the deformation gradient F(¢z—s) of the material point for all past in-
stants:

@1 T() = ;':[F(r—s)].



ON DESCRIPTION OF RATE-INDEPENDENT BEHAVIOUR FOR PRESTRAINED SOLIDS 253

In virtue of principles of continuum mechanics the stress state specified by Eq. (2.1) is.
expressed eventually as follows [8, 9]:

@2 T() = & [Cot=9), BO)L,

where Cy, (t—s) and B(f) are the relative right and the left Cauchy-Green tensor. By
introducing the Green and the Almansi strain tensor defined by

1 1 »
(23) G =§(C—I)- Pz_i'(l_n )a
Eq. (2.2) leads to

@4 T() = b [Go(t=), PO,

where the symbol I denotes the unit tensor.

The history of the deformation is fully specified by the tensor Gy, (t—s). However,
for the purpose of further specification of the intended material model, we introduce
the arc length L(¢) of the strain path in the strain space

4 1
(2.5) L) = [ 6P,
where the dot denotes the material time derivative. Including the arc length into the argu-
ments of the functional in Eq. (2.4) explicitly, we represent T(¢) in an alternative form

(2.6) () = Eo[G(,,(t— 5), P(t), L(D)].

In specifying further the intended material model we recall the principle of the fading
memory [8]. It states that the past strain history has more influence on the present stress
the closer the past instant is to the present time. Therefore, if the strain history is smooth
enough in the sufficient neighbourhood of the present time ¢ where influence of the strain
history on the current stress is significant, the strain history G¢,(t—s) in Eq. (2.6) may
be expanded in the vicinity of s = 0:

N
Gglt=im Z-HIT S"G(£)+ Ry,
@7 = -

(1) = Goy(t) = 0, G'(1) = =

Guy(t=5)sao (n21).

Restricting our considerations to such materials that the remainder term Ry for a certain
integer N can be neglected, and replacing G"(t) by the Rivlin-Ericksen tensors A,(f) de-
fined by

29 A1) = Cp(1) = (=1)" == Cii)(t—9)ls=o»

di
ds"
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the functional on the right-hand side of Eq. (2.6) may be approximated by a tensor function.
Hence the Cauchy stress tensor T(¢) is expressed as follows:
(2.9) T(t) = k[Au()(n = 1,2, ..., N), P(r), L(2)].

Equation (2.9) may be obtained also by a small modification of the general constitu-
tive equation for an isotropic material of differential type [8, 10]. This equation constitutes
a starting point for the material model to be considered.

In studying plastic deformation, we feel it appropriate to employ the current configura-
tion as the reference one since such quantity as a yield criterion has then a physical meaning.
However, in the solution of a certain class of boundary value problems, it is often more
convenient to formulate them with respect to the undeformed configuration. The constitu-
tive equation in regard to the undeformed configuration can be derived in a similar way
by starting from an appropriate function instead of Eq. (2.2) [8, 9]. A form is then obtained
which is similar to that employed by PipkIN and RivLIN [11] when they discussed of
the mechanics of rate-independent materials.

In the following further analysis will be performed by employing Eq. (2.9) and using
representations for tensor-valued tensor functions.

3. Restriction of rate-independence

Since Eq. (2.9) is a tensor-valued function of N+1 tensors, its polynomial representa-
tion is quite involved. Therefore we restrict our attention to the simplest representation
without, however, losing the essential features of the considered model of material response.
We assume thus N = 1 and include, among the strain parameters, the strain tensor P,
the rate of the deformation tensor D = 1/2A, and the arc length of the strain path:

(.12) T(r) = k[D(), P(2); L(1).

The tensor D in this equation is expressed in terms of F as follows:
(3.1b) » % (L+LY), L =FF-.

We assume that Eq. (3.1) models a class of strain-hardening plastic materials since it
relates the actual stress to the state of prestrain. Then, we shall discuss the restrictions
imposed on the representation of T(f) by the rate-independence which is the second
characteristic feature of the plastic deformation. By restricting the discussion to the
rigid-finite plastic or the infinitesimal elastic-finite plastic deformation of an initially
isotropic hardening materials, the plastic deformation can be argued separately [12, 13].
Hence the word “strain” in this paper will stand for the plastic strain.

Since T, D and P entering Eq. (3.1) are symmetric tensors, the isotropic tensor function k
may be represented by a polynomial function involving a specific number of tensor genera-
tors multiplied by scalar-valued functions of a definite number of invariants constituting
the integrity basis. Following the reference [14, 15] we take the representation

(32) T = nol+7,P+n,P?>+79:D+7(PD+DP)+7sP*D+DP?)
+76D?+7,(PD?+ D?P) + 75(P?D? + D?*P?)
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although the irreducible representation does not need the last generator [7, 16, 17]. The
coefficients g, 7, , ..., 7)g are here functions of eleven scalars, namely L and ten sim-
ultaneous invariants of P and D constituting the integrity basis. We prefer to keep L
explicitly though it is not an independent invariant in the chosen set. Hence

n = n(L; trP, trP2, trP?; trD, trPD, trP2D, trD?, trPD?, tr P2D?, trD?),
i=0,1,..8.

For the purpose of further convenience in studying incompressible motion the deviato-
ric tensors for T, P and D are introduced:

(3.3)

(3.4) S = T—-;— (DI, Q =P— %- (trP)I, E= n-—;_ (trD)I.

Then Eq. (3.2) reduces to the following two functions, a scalar one and a tensor one:
trT = ¢o,

69 §=6.0+6 [0~ L @] 6.8 14, @20~ J (womn]
+¢s [(Q=E+ EQ%) - % (trQ*E) I] +¢s [E’ - % (trE’)I]

+¢4 [(QEz +E2Q)— 3:,;- (trQE?) l] +¢s [(Q’E2 +E’Qz)"% (trQ*E?) I] :
where
3.6 ¢, = ¢(L; trP, trQ?, trQ3; trD, trQE, trQE, trE2, tr QE2, tr Q?EZ, trE?),
) b= 0108,

The detailed forms of ¢, can be calculated readily if the forms of #; in Eq. (3.2) are given.

The deviatoric strain tensor Q is not coaxial with the deviator of the rate of the deforma-
tion tensor E in general. Hence, Eq. (3.5) indicates that the principal axes of the deviatoric
stress tensor S do not coincide with those of E even in initially isotropic materials, and
development of the plastic deformation gives rise to the anisotropy in the tensorial rela-
tion between S and E, which is an essential feature of plastic deformations.

The condition of rate-independence of the plastic deformation can be stated as the
requiremsnt that the stress tensor T in Eq. (3.5) should be a homogeneous function of
zero order with respect to the rate of the deformation tensor D [3, 4]. Then, the coefficients
(i =0,1, ...,8) have to be the homogeneous scalar functions with respect to D of the
orders 0,0, 0, —1, —1, —1, —2, —2, —2, respectively. By introducing new variables

1
E, =ttD, E,=trQE, E;=trQE, E, = (trE??,
G.7) 1 1 1
Es = (trQE??, E¢ = (rQ’E?)?, E; = (WE’)’
and employing the Euler theorem on homogeneous functions, the condition of homogeneity
leads to the following system of differential equations:

) g ;
(3.8) a—gf‘-}=ﬂ¢'h i=0,1,..,8, j=12,..,7,
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where
0, i=0,1,2,
3.9 n=3{-1, i=3,4,5,
-2, i=6,7,8.

The solution of the linear partial differential equations (3.8) are

(3.10) ¢ = (WED, i=0,1,..,8,
=@ [L; trP, trQ% trQ%* F(ji=1,2,...,6)].
The integer n in the above equation is as indicated in Eq. (3.9), and F; are defined as follows:

F, = tr])1 R = trQE1 ’ Fy = trQ‘F; ’
(n-li:z)E (trE?)? (trE?)?
(3.11) 1 1
F = (:rQE=)= Fy = (terE’l)z . Fe= (:rE=):_
(trE)? (trE?)? | (trE?)?

Finally, the general stress-strain relation for prestrained plastic materials defined by
Eq. (3.1) takes the form

trT = ¢o,
(12 S=0,Q+9, [Q’-%(ter)I]+d5, E o, [(Q“E?)- %—le]
(trE?)? (trE?)?
as,lw-%m]ms[ E -%1]
(trE?)? (trE2)?
(QE*+E*Q) 2 _, (Q®’E*+EQ* 2 .,
0[O 2 ] 0 [ QT 2]

with @, as specified in Eq. (3.10). Moreover, Eq. (3.12) has to satisfy the thermodynamical
restrictions

(3.13) trTteD > 0, trSE > 0.

4. Existence of yield criterion

The set of tensors T and P has ten independent invariants. Selecting seven invariants
involving both T and P or T only, and introducing the notation
trT =Gy, trQS=¢G,, trQ’S=¢G,, trS*=a_G,,
trQS? = G,, trQ?*S? =Gs, trS? = G,
appropriate expressions for Gy(k =0, 1, ..., 6) can be obtained if Eq. (3.12) is made

use of. Using the Cayley-Hamilton theorem extended for two 3x3 matrices [14, 15],
we arrive eventually at the following set of relations:

(42) G, =GIL;trP,trQ% trQ% Fy(j=1,2,..,6), k=0,1,...,6.

(4.
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It is seen in Eq. (4.2) that the invariants Gy (k = 0, 1, ..., 6) are related to the rate of the
deformation tensor only through the six simultaneous invariants F; (j=1,2, ..., 6).
Equation (4.2) may be considered as a transformation from F; to G;. If the functions G,
are single-valued, continuous, possess first partial derivatives with respect to F; and the
Jacobian of a set of any six equations among the set (4.2) (say, any six equations of the
set (4.2) except the p-th) satisfies the condition

Gy

(4.3) Js = _6?1

. #0i T=2w 6 EB0 L, e

for any p= (0,1, ..., 6),
then, according to the theorem on implicit functions, the six quantities F; (j = 1, 2, ..., 6)
can be expressed uniquely as functions of G (k = 0, 1, ..., p, ..., 6) where the symbol (*)
denotes elimination of the indicated element from the set. Substitution of these F; into G,
furnishes a scalar-valued function of seven scalars G; (k =0, 1, ..., 6) with L, trP, trQ?
and trQ? as parameters:
@44) f=fIL;trP,trQ%, trQ% Gi(k = 0,1, ..., 6)]

= f(L; trP, tr Q2, tr Q3; tr T, tr QS, trQ3S, trS?, trQS?, trQ2S?, trS?) = 0.

A specific form of the function f depends on the forms of &, (i = 0, 1, ..., 8).

Since Eq. (4.4) is a scalar relation which the stress components have to satisfy in order
that plastic deformation may occur in a prestrained material element, it is precisely the
yield condition postulated in the classical theory of plasticity. Thus the existence of a yield
criterion as the third fundamental feature of plastic deformations has been shown to be
the consequence of the rate-independence. The criterion is sensitive to prestraining, hence
history-dependent.

Conversely, only when the yield condition (4.4) holds, can the rate of deformation
tensors which are independent of the choice of the time scale be determined uniquely
for the given values of L, T and P. This will be demonstrated in Sect. 6. Thus the require-
ment of rate-independence for plastic deformations is the sufficient condition for the
existence of a yield condition for the material defined by Eq. (3.1) whenever the condition
(4.3) is satisfied.

If, contrary to the condition (4.3), the Jacobian of degree 6 vanishes identically for
six equations of the transformation (4.2), that is, if a relation

oG,
F,
k=0,1,..,p,..,6 for certain pc (0,1, ..., 6)

holds for every set of six Gy, then the number of independent G, is less than five. The
remaining G)’s are therefore expressible in terms of the former ones. Then, the relation
analogous to Eq. (4.4) in this case has the form

(4.6) f(L; trP, trQ? trQ?; Go, Gy, ..., Gs_p: Fy, F3, ..., F) =0, q<p,p<5

if the last p equations in the set (4.4), say, are dependent. Though the stress which satisfies
the above equation is not influenced by the magnitude of the rate of the deformation
tensor D, it depends on the values of F; and hence on the principal directions of D. It can
be thus concluded that, for a given value of the strain tensor P, if deformation were to

=0, j=12,..6;

J =
4.5) : l
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occur under a set of stress states which have a certain given triplet of principal directions,
the rate of deformation tensor should have such principal directions that correspond to
the smallest magnitude of the stress tensor in the set of stress states. This may be inter-
preted also as a kind of yielding. Such phenomena will not be further considered in this
note.

A yield criterion disregarding the arguments trP and tr'T in Eq. (4.4) has been proposed
by SHRIVASTAVA, MRGOZ and DuBgy [18] in their discussion of the plastic flow of incom-
pressible materials with anisotropic hardening property in the framework of the classical
theory of plasticity. The yield condition was thus taken to be a scalar-valued function
of two symmetric deviators and of the arc length of the strain path. In the present note
existence of a yield condition has been shown to be the consequence of the rate-
-independence requirement.

5. Incompressible plastic materials

Since it has been ascertained experimentally for most metals that the volumetric change
in plastic deformations is small for the ordinary range of the mean normal stress, theories
of plasticity usually postulate incompressibility in the plastic range [19]. Let us specialize
the relations derived so far to the case of incompressible plastic materials for which we
have the relations [8, 9]:

(5.1) det(I-2P) =1, trD=0.

In an incompressible material the stress is determined by the deformation history only
to within an indeterminate isotropic tensor — pl, that is,

(5.2) = —pI+T;g,

where T; denotes an extra stress which may be determined by the deformation history
compatible to the condition (5.1) to within an indeterminate isotropic tensor.

When T is identified with the deviatoric stress S, the indeterminate pressure becomes
the mean normal stress, and Eq. (5.2) should satisfy the conditions

&5 —-3p=trT
(53) trT£=trS-—-0,'
Thus, in virtue of the constraints (5.1), Eq. (3.5) reduces to the form
trT=-3p
s = 7.0+% @'~ 1] +7.0+7. @0 +D@- 2 vy
5.4 -

&3 + s [(Q=D+ DQY- > (ann)l]w,, [DZ—-;— (trD’)I]

+ [(QD=+D=Q)- Z (trQD“)I]+'¢s[(Q’D’+D’Q’)— < (zrqzm)l] :
655) @, = @i(L; teP, trQ?, trQ3; trQD, trQ2D, trD?, trQD?, trQ2D?),

i=1,2,..8.
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By applying the condition of the rate-independence, one eventually obtains the following
form of the yield condition:

(5.6) f=AfL,;trP, trQ? trQ?; trQS, trQ2S, trS?, trQS?, trQ28, trS%) = 0

for incompressible, hardening plastic materials. The invariants trP, trQ? and tr Q® appea-
ring in Eq. (5.6) have to conform to the constraint imposed by the first equation of the
set (5.1).

One notices that Eq. (5.6) does not include the term of the hydrostatic pressure. Though
itis not obvious that the hydrostatic pressure does not affect the yield criteria of incompress-
ible plastic materials, its effect has been usually omitted as an a priori assumption [19].
In the theory of representations, in so far as some approaches to the rate-independent
motion of materials are concerned, the case of plastic behaviour in incompressible flow
was studied by BOEHLER [7]. A particular case of plane plastic flow of initially anisotropic
materials was also considered in [7].

In the classical theory of plasticity, consequences of the plastic deformation are inter-
preted in terms of translation, expansion and rotation of the yield loci. Therefore, in
order to establish the plasticity theories capable of describing strain-hardening of incom-
pressible materials insensitive to the hydrostatic pressure, various hardening theories
have been proposed so far [20-25]. All of these theories can be derived from the yield
criterion (5.6) when specifying appropriately a flow law.

6. Flow law

The constitutive relations of plasticity are usually written so as to specify the rate of
the deformation tensor in terms of the stress and other parameters of the strain history.
Let us consider a situation when a certain prestrain is attained in a material point. We
shall be interested, at the attained state, in the rate of deformation such that the rate
independence is satisfied. Thus we want to specify the flow law within the present approach
to plastic behaviour. To this end we represent Eq. (3.12) in the form of a set of relations
expressing the rate of deformation in terms of the relevant generators of T and P. Although
the outcome can be immediately written, we present the derivations in order to display
the requirements involved.

Constructing the six generators of S and Q, namely S, QS+SQ, Q2S+SQ?, S?,
QS2+852Q, Q2S?2+S2Q? from Eq. (3.12) and rearranging them by using the extended
Cayley-Hamilton theorem for two 3 X3 matrices [14, 15], we have the following rela-
tion:

(6.1) =a,H, [=1,2,...,6; m=1,2,..,6,
where
Iy = S+by I4+b,Q+b13Q% I, = (QS+SQ)+by, [+b;,Q+b,3Q7
(6.2) J3 = (Q?S+SQ?)+b3;I+53,Q+b33Q% J; =S¥+, I4+b,5Q +5,3Q%,
Js = (QS?*+8%Q) +bs; I+b5,Q+b53Q?,
Js = (Q?S*+5%Q?) +bg; I+ b2 Q+b63Q%;
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E E+E 2E+EQ?
H, = -, H,=~—Q—-'-ng—, H3=9—-—?—,
(6.3) (tI'Ez)-i (tl"‘:-")3 (tl'Ez)-i
o E2 oy QEZ+EQ B Q2E?2+E2Q?
¢ uE?’ ) TS

The matrix ay,, in the relation (6.1) is
64) G =GBl = 1,2, .., 8); rQ%, trQ%; F(j=2,3, ..., 6)]
= aju[L; trP, trQ%, trQ%; Fy(j= 1,2, ..., 6)].

Since we restrict our discussion to the case where Eq. (4.3) holds, F;(j =1, 2, ..., 6) can
be expressed unambiguously in terms of G [k = 0, 1, ..., D, ..., 6foranyp < (0, 1, ..., 6)).
Thus the relation (6.4) can be expressed in an alternative form:

(6.5 aim = au[L; tP, trQ?, trQ?; G,.
The coefficients b,, also have the analogous form
(6.6) brs = byy[L; trP, trQ* trQ*,G,] r=1,2,..,6; s=1,2,3.

The a4, and b,, have therefore been expressed in terms of the invariants of T and the
simultaneous invariants of T and P.

Equation (6.1) is a linear simultaneous equation with real scalar coefficients ay,,. Hence, if
the determinant

(6'7) Dg = det(af.) #0,
then Eq. (6.1) has the unique solution for the rate-independent generators H,,:
(6.8) H. = a;,‘J,.

The first equation of the set (3.12) specifying trT as the function @, as given in Eq.
(3.10) can be written in the form
, : 5 ;. tD .
(6.9) trT = @, | L; trP, trQ?, trQ3; -, Fi(j=2,3,..,6)].
(trE?)?

Since Fy(j = 1, 2, ..., 6) can be expressed uniquely in terms of six Gy (k = 0, 1, vves Dy oeey 0)s
Eq. (3.12) may be written as

(6.10) trT = D, [L; trP, trQ?, trQ?; e TS G.]
(trE?)?
to give eventually
trD

1

(trE?)?

(6.11) = @o[L; trP, trQ?, trQ>; G,].
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Thus Eq. (6.11) together with the first equation of the set (6.8) provide the final form of
a plastic flow law for a prestrained material:

trD
1

(trE?)?
E

= 9:,09

= Q40 [ @)1+ i+ 74 @5+50- 7 (wasy]
(6.12)  (trE?)?

+%, [(Q’S+ SQ?)- % (trQ’S)l] +¥ [s=—- % (trS’)I]

+,[ @ +50- 2 wosun]+ v @+ 09 - 2 s
where

(6.13) ¥, = P (L; trP, trQ?, trQ3; trT, trQS, trQ?2S, trS?, trQS?, trQ2S?, trS?),
n=0,1,..,8.

Equation (6.12) together with the thermodynamic restriction (3.13) is the most general
flow law for the considered class of prestrained materials defined in Eq. (3.1). Various
hardening theories proposed hitherto follow from Eq. (6.12) by specifying the forms of
the scalar valued functions ¥, properly. The rate of the deformation tensor given by
Eq. (6.12) may be different from zero only when the yield condition (4.4) is satisfied.

When the condition (6.7) is not satisfied, H,,(m = 1,2, ..., 6) are indeterminate, and the
constitutive relation (3.12) does not have a unique inversion.

A more compact form of Eq. (6.12) for a not necessarily polynomial representation
has been given by Raclin [16]. An appropriate form regarding incompressible instantaneous
motion can easily be obtained considering Eq. (5.4).

7. Comparison with the associated flow law

In the classical flow theory of plasticity, as a consequence of Drucker’s postulate for
stable materials, it is usually assumed that a yield condition is the potential for the plastic
strain rate [27]. The associated flow law thus follows. We shall examine the relation of the
flow law associated with the general yield criterion (4.4) to the inverted constitutive rela-
tion (6.12).

In terms of the variables employed in the present note the flow law associated with the
yield condition (4.4) gives the rate of the deformation tensor related to the Cauchy stress
as follows:

(1.1) pw L,
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Performing the presoribed differentiation of the yield function (4.4), we obtain

of oG,
(72) D= ’1[56 el

{az, I+ af Q4+ of [Q= Lo Q=)1]+z of s+ of [(QS+SQ)

- % (trQS) 1] [(Q=s+ $Q?)— 2 & Q%) 1] 8- 3f B 5 (trS?) 1]

Decomposing the obtained rate of the deformation tensor into the :sotropic and the de-
viatoric part, we finally have the respective relations:

(7.3) trD = 32 (7%)

_.,1{ a‘g Q+ ot of [Q= (ter)I] +2-2L S+L of [(QS+SQ)

G,

- —3~ (tr QS)I] + G, [(Q’S +8Q%)— T(trQ’S)I]

+3-2 of [s=——(u52)1]}

In comparison with Eq. (6.12) the second equation of the set (7.3) does not contain the
last two terms of Eq. (6.12). Such difference might be attributable to the fact that Eq.
(6.12) should be further restricted by the thermodynamic condition (3.13). However,
by applying the restriction (3.13) to Eq. (6.12), we can show that the last term of Eq.
(6.12) can be compatible to the condition (3.13). Thus we can conclude that the flow
theory of classical plasticity as regarded from the viewpoint of the theory of representa-
tions for rate-independent material response furnishes only restricted forms of the stress-
-strain rate relation even if a general flow potential is assumed. One of the additional
terms appearing in Eq. (7.3) may be eliminated when the irreducible set of tensor genera-
tors is used [26], but the conclusion still remains that the associated flow law gives a
restricted form of rate-independent constitutive equations.

8. Concluding remarks

A generalstress-strainrelation and the corresponding yield criterion for a class of harde-
ning plastic solids were derived from a reduced constitutive functional for a simple ma-
terial and the condition of the rate-independence of material response. The induced plastic
strain results in an anisotropic stress-strain rate relation. Various theories of anisotropic
hardening proposed so far in the framework of classical plasticity were shown to be deri-
vable as special cases of constitutive relations assumed in the form of isotropic tensor
functions involving as variables two symmetric second-order tensors, namely those of the
rate of deformation and of Almansi strain.
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The theory proposed was developed for the model of prestrained plastic solids defined
by Eq. (3.1) which is a rough approximation to the general constitutive equation (2.4)
but still includes the essential features of plastic response in a more comprehensive manner
than theories starting with a yield criterion and developing further associated or non-
associated flow law. The approach proposed to study plastic flow within the representa-
tions of tensor functions enhances the classical theories of plasticity and furnishes a quite
general setting for theories of plasticity. Further specifications are needed as to the incre-
mental presentation of the constitutive equation (3.1) or a more appropriate incremental
form of the constitutive relation for a rate-independent material response.
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