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Mathematical modelling of delamination effects
in layered composites

CZ. WOZNIAK (WARSZAWA)

THE AIM of the paper is to propose and discuss a mathematical model of the interlaminae debond-
ing process in layered composites. The proposed method of modelling leads to the time-
dependent quasi-variational inequality for the displacement rates. The results obtained can be
applied to composites made of elastic as well as elastic/viscoplastic materials subject to small
strains.

Celem artykutu jest propozycja i dyskusja pewnego modelu matematycznego procesu rozwar-
stwiania (delaminacji) kompozytéw warstwowych (laminatow). Proponowany model prowadzi
do zaleznej od czasu nier6wnoéci quasi-wariacyjnej dla pol predkosci przemieszczen. Otrzymane
rezultaty moga by¢ zastosowane zard6wno do sprgzystych jak i sprezysto/lepkoplastycznych
laminatow poddanych matym odksztatceniom.

Llensio CTaThH ABNASTCA MpeUIOKeHHEe H OOCY)KIEHHE HEKOTOPOH MaTeMaTHuecKoil mMomemnu
mpolecca pacciioeHus (IeTaMHHAIMK) CIIOMCTBIX KOMMO3WTOB (nammHatoB). IIpomnorkeHHas
MoOJie/Ib NMPUBOAMT K HE3aBHCAILEMY OT BPEMEHH KBa3WBAapHALMOHHOMY HEPaBEHCTBY A
mosiell cKopocTeil mepemewteHuii. Ilosy4yeHHBIE pe3yJIbTaTbl MOTYT OBITH [PUMEHEHBI TaK
K YIOPYTHM, KaK M KyIpyro/BsSKOILIACTHYECKHM JIAMHHATAM, IIOABEPTrHYTHIM MajbiM gedop-
MAL[AAM .

1. Introduction

In THE PAPER we shall consider the multilayered composites (laminates) formed by a sequ-
ence of plane or curved sheets separated by the very thin layers of a bonding material. The
sheets are assumed to have finite thickness and are modelled as anisotropic elastic or
elastic/viscoplastic materials. The interlaminae layers of the bonding material are modelled
as surfaces, their thickness being neglected, and are assumed to sustain only restricted
values of the interlaminae tractions. Hence, during the deformation, discontinuities in the
tangential and normal displacements across some parts of the interlaminae surfaces may
arise. The main aim of the paper is to propose a certain general mathematical model
of such interlaminae debonding process. It will be shown that the proposed method of
modelling leads to a certain time-dependent quasi-variational inequality.

For the sake of simplicity we confine our considerations to the pure mechanical debond-
ing processes; more general approach will be given separately. The basic notions and
denotations which will be used in the subsequent parts of the paper are detailed below.

By 2 we define the known regular region in the Euclidean 3-space R3 that is occupied
by the undeformed composite body, £2 = R3. The body is assumed to be made of S disjoin-
ted layers. Hence 2 = Udg, K = 1, ..., S, where A, stand for the undeformed layers
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(laminae); the thickness of the layer Ak is constant and will be denoted by &, cf. Fig. 1.
Setting
s

4= U AKa HK = (aAKnaAK+1)\a‘Q’ K= 13 Rl S-l,
K=1

5-1

HEUIIK:

K=1

FiG. 1. Scheme of the undeformed layered body.

we see that IT = dAN\.0Q2 is the sum of all interlaminae surfaces separating the adjacent
layers. We assume that every I is a smooth surface and we assign to every point z € [T
the unit normal vector N(z), which is outward to <1z and hence inward to Ag,,, K =
=1,...,85—1, cf. Fig. 1. At the same time to every point x € 2 at which 92 is smooth,
the unit normal n(x) outward to £ is assigned.

We shall deal with functions defined on £2 which may suffer discontinuities across I7.
Let y:A4 — R be a function such that every y|,, (which is a function obtained from ()
by the restriction of its domain to Ag) has well defined traces (boundary values) on
ddg, K=1,...,8. If zell, then also z €lly < IT for some K= 1, ..., S—1. Thus the
traces of y|ax,,, ¥|ax at z € Ilg, where K runs over 1, ..., S—1, can be uniquely denoted
by y*(z), v~ (z), respectively. Hence we shall define

[vl(@ = v* @ -y~ (), zell,
as the jumps of y(-) across II. We shall also deal with functions defined on /7 and for an
arbitrary vector function w:I7 — R3® we shall introduce the denotations

- wn(@) = w(@) - N(@),*
wr(z) = w(z)—N(@) [w(2) - N(@)],
for the normal and tangent component of w(z), respectively. Obviously, wr(z) - N(z) = 0
for every z €11,
The problems under consideration will be examined in the time interval [7,, 7], with

the initial time instant v, related to the undeformed body. The time derivatives (for the
constant x € A or z 1) will always be interpreted as the right-hand side derivatives and
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denoted by dots. The differentiation with respect to x € A will be represented by the opera-
tor V. We assume that at every time instant © € [7,, 7] the displacement field u(-, 7): 4 —
— R3? and the velocity field (-, 7): 4 — R3 are well defined, where u(x, 7,) = 0, x € A.
The investigations will be carried out under the assumptions of the small displacement
gradients and the small velocity gradients. Thus the strain-displacement relation will be
assumed in the form

(1.1) Ex, )= % [Vux, 0)+Vu'(x, )], xed, v€][z,, 7l

where the superscript T stands for a transpose operation. The remaining denotations will
be introduced in the subsequent sections of the paper.

We develop the subject from the known relations of the continuum mechanics, starting
from the equations of motion (in Sect. 2) and introducing the constitutive relations in
Sect. 3. The crucial point of the approach lies in Sect. 4 where the interlaminae conditions
are detailed and a certain mathematical model of the possible debonding process is pro-
posed. The results obtained will be summatrized in Sect. 5 in the form of the quasi-variational
time-dependent inequality. On this basis we discuss some special models of the delamination
effects in the composites under consideration. We belive that the introduced models provide
the theoretical background for the experiments as well as for the analysis; some general
conclusions on this subject are listed in Sect. 6.

2. Equations of motion

We assume that at any time instant 7 € [7,, 7] the body is subject exclusively to the
body forces b(x, 7), x € 4, and to the surface tractions p(z, 1), z € I' = 912, defined on
the part I" of the boundary 3. For the sake of simplicity we assume that on the remaining
part I’y = dQ\T of the boundary 92, the traces (boundary values) of the displacement
field are equal to zero:

2.1) wz, 1) =0, zel,, 7t€[7, 7l

By T(x, t), x €4, 7 € [70, 77], we define the Cauchy stress tensor and by t(z, 1), z €11,
T € [70, 77], the interlaminae stress vector. We shall assume that the tractions t(z, ),
z €Il, are acting on the pertinent layers of the composite across the surface elements
oriented by the outward normals N(z), z € I]. This means that if z e[l < dAg, NdAk
for some K =1, ..., S—1, then the traction t(z, 7) is acting on the layer A (cf. Fig. 1)
and hence the traction —t(z, 7) is acting on the layer Ag,, (we bear in mind that no
external forces are applied to the interlaminae surfaces). Finally, by o(x), x € /1, we define
the known mass density of the undeformed body. We shall postulate the equations of
motion in the variational form

22 [ulTx, 9WEIdV+ [z, o) [v] @dd = [ o(x)b(x, 7)

—ii(x, )] vx)dV+ fp(x, 7)-v(x)dd, t€[70, 7l,
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which has to hold for every sufficiently regular test function v:/ — R3 the trace of which
on I, attains values equal to zero. Under the known smoothness conditions, Eq. (2.2)
is equivalent to the local equations

divT(x, 7)+o(X)b(x, 7) = o(X)u(x, 7), x€4,
2.3) T(x, 7)n(x) = p(x, 1), x¢€l,
T*(z, T)N(@) =T (z, 1)N(z) = t(z, 1), z€ell,

for every 7 € [7o, 7,]. The required regularity conditions concerning the fields introduced
above will be specified in Sect. 5.

3. Constitutive relations

Every layer (lamina) of the composite body under consideration is supposed to consist
of a family of fibres embedded in a ceratin matrix material. We are to assume below that
every such layer has been modelled as a certain homogeneous anisotropic material; for
the particulars the reader is referred to [1]. We shall confine our study to the two following
special cases of the layers.

In the first case we shall assume that the layers are modelled as homogeneous aniso-
tropic linear-elastic materials. Then the constitutive relations have the form of the well
known linear mappings

(3.1) T(x, ©) = CN[E(x, 7)], xedyx, K=1,..,85,

with C¥ as the known tensors of elastic modulae for the material of the K-th layer of the
body, K =1, ..., S. '

In the second case every layer is assumed to be modelled as the homogeneous elastic/
viscoplastic material. To this end, for every K = 1, ..., S, we have to introduce the closed
convex set Hy in the stress space R**3(1), such that for every T(x, 7) € Hk, x € Ag, the
material behaves as elastic with properties defined by the tensor CX of elastic modulae.
Moreover, for every layer the viscosity coefficient ux is known. Setting

AK = (CK)_I,
1
4[1‘1(
with 7z T as the orthogonal projection of T on Hy in the space R3*3, we assume the
following form of the constitutive relation for the layers (cf. [2], p. 234):
3.],( (T(x, T))
oT(x,v) ’
It has to be emphasized that the modelling of sheets the layered composites are made of,

as certain homogeneous materials, is a separate problem which will not be discussed here
(for details cf. [1]). In the sequel we are to assume that the constitutive relations for every

J(T) = tr[(T—7xT) (T—-7xT)], TeR3*3,

(3.2) E(x, 1) = AX[T(x, 7)]+ xedy, K=1,..,8.

(*) For any nonempty set .=, the symbol =33 stands for a set of all 3 x3 symmetric matrices with
elements belonging to =.
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layer are given a priori either in the form (3.1) or in the form (3.2). For the same reason
the mass density o(x), x € /A, in every layer is assumed to be constant: g(x) = gx for
XEA.K, K= 1, ceey S.

4. Interlaminae relations

4.1. Preliminaries

By the delamination effects in the layered composites under consideration, we shall
mean the possible local discontinuities of the displacement field across the interlaminae
surfaces Ilx, K =1, ..., §—1, leading to debonding of the layers. Thus we shall analyse
the delamination effects from the local point of view, i.e. for an arbitrary but fixed z € I1.
Moreover, the points of the interlaminae surfaces can be treated as material points only
before local debonding of the pertinent layers. After debonding we have to take into
account the possible unilateral contact between the layers. This unilateral local contact
implies the existence of the interlaminae contact tractions r(z, r) across the interfaces
of the layers. Setting

r(z, 7) = rr(z, ©) +N@)ry(z, 7)
we assume that ry(z, ) is responsible for the impenetrability of the layers and ry(z, 7)

is due to the friction between the layers. On the other hand, before the possible delamination
there exist the interlaminae bonding tractions

S(Z, I’) = ST(z: T)+N(Z)SN(21 T)

due to the bonding material between the layers. We have assumed before that the bonding
material is represented (before the possible delamination) by the surfaces [T, K =1, ...
..., S—1. We shall also take into account the state of a partial delamination in which
we deal both with the interlaminate contact tractions and the interlaminae bonding trac-
tions. Hence, in general, the condition

(4.1) t(z, 7) = r(z, ©)+5:(2, )+ N(2) [ry(z, v)+55x(z, 7)]

has to hold for every z e /T and 7 € [1,, 7/]. In the subsequent parts of this section we are to
interrelate the right-hand sides of Eq. (4.1) with the displacement jump field

4.2) [u] (z, ©) = [u](z, ©)+N(@) [uly(z, 7), zell,

and its time derivative. This interrelation will be based on the concept of the internal
constraints which have been detailed in [4] and will be summarized below. We shall deal
with the constraints given in the general form of the inclusion w € A, where 4 is the known
nonempty closed convex set in the linear topological space W. Let W* be the dual of W,
i.e. the space of all linear continuous functionals defined on W(3). Define R = Ru {00 }u
w{—oc} and introduce

Coy DWxWE SR

(%) For the concepts of the convex analysis which will be needed in the sequel the reader is referred
to the Chapters 1 and 2 of [3]; here we confine ourselves only to the general explanations of these concepts.
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as the bilinear form which determines the dual pairing between W and W*; hence {w, *w)
is the value of the functional w* € W* on the element w € /. In the sequel we shall tacitly
assume that every (w, w*) represents a local or global value of the rate of work in the
problem under consideration. This requirement imposes certain restrictions on the choice
of the spaces W and W*. By the internal reaction which can maintain the constraints
w e A, we shall mean any element w* € W* such that

4.3) w* € dind 4(w),

where ind,: W — R is the indicator function of A defined by

- 0 if wed,
ind, (1) = oo if weW\4,
and where we have used the known denotation dg(w) for the subdifferential of a convex

lower-semicontinuous function @: W — R. The relation w* € dg(w) is equivalent to the
variational inequality

w—w, w*) < p(W)—p(w) Ywe W,
provided that ¢(w) < co. Hence the condition (4.3) is equivalent to the variational in-
equality
w, w*y < {w, w*> Ywed
which has to hold together with the constraint inclusion w € 4. This means that the rate
of work of the internal reactions attains its maximum under the constraints w e A(3).

Hence any internal reaction w* which can maintain the constraints w € A has to satisfy
the condition

(4.9) w* € dind ,(w).

For a more detailed discussion of the concept of constraints, the reader in referred to [4]
and to the references therein.

4.2. Impenetrability condition

The impenetrability of the adjacent layers is given by the condition
[u]y(z, 7) 2 0
which has to hold for every z €11, 7 € [7,, 7;]. Under the denotation R, = RU{0}u {0},
we shall rewrite this condition in the form
[u]x(z, Y)eR,, zell, 7te€l[r,1].
Setting

@5) K(w) veR; o= Aw—w),weR,, ieR, if weR,,
: w) = . 2o
¢ if  weR\R,,
(®) If w* is the internal reaction, then —w* is called the external reaction to the constraints. Thus
the rate of work due to the external reactions attains its minimum under constraints w € 4. The concept
of external reactions will not be used throughout the paper.
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we also obtain

(4.6) [W]x(z, v) eK([uln(z, ©)), zell, <[z, 7l

Equations (4.5) defines the set K (w) as a cone tangent to R, at w e R. Now it can be seen
that the inequality (4.6) represents constraints imposed on [i]y(z, ¥) for any fixed
[u]x(z, 7) eR,. Using Eq. (4.3), for the internal reactions ry(z, ¥) maintaining the con-
straints (4.6) we obtain the condition

4.7 rn(z, 7) € dindk(ruTne, my([8ln(z, 7)),
which has to hold for z ell, 7 € [7,, 7). It follows that
ra(z, ) [w—[i]y(z, )] < 0 Vw e K([u]5(z, 7)),

provided that [u]y(z, 7) € K(Ju]n(z, 7)). It can also be proved, [4], that the condition
(4.7) is equivalent to the conditions

ry(z, 7) € aind§+(|[“]1zi(1, T)): [a]n(z, ©)ry(z, ©) =0,
which have a clear physical sense.

4.3. Friction condition

Let # > 0 stand for the coefficient of friction between any two adjacent layers of the
composite; for the sake of simplicity x4 is assumed to be independent of z €I1. Setting

(4.8) F(z; ry) = {w e R ||w|| < plry|, w- N(z) = 0}.]
we assume that the friction forces r;(z, v) are restricted by the known condition
4.9) rr(z, V) eF(z;ry(z, ©), zell, 1€ty 7).

Interpreting Eq. (4.9) as the constraint inclusion (for any fixed z €T, ry(z, 7) €R,)
and bearing in mind that [a]r(z, 7) - rr(z, 7) is the rate of work of the friction forces,
from Eq. (4.5) we get

(4.10) [U]r(, T) € dindeqz; rue, oy (rr(2, ©)), 2z €ll, 7€ (7o, 7.

Thus the internal reactions maintaining the constraints (4.9) are represented by the rates
of the displacement jumps [u]r(z, 7) across the laminae interfaces. It can be shown that
Eq. (4.10) leads to the conditions describing Coulomb’s friction law.

4.4. Debonding relations

We shall assume that the interlaminae bonding material (the initial configuration
of which is represented by the surfaces I7), before the possible local debonding of layers,
has linear elastic properties. At the same time we shall postulate that the bonding material
under consideration can sustain only restricted values of the interlaminae bonding tractions
s(z, t). Moreover, after debonding of layers, only unilateral contact between the adjacent
sheets is assumed to occur.

In order to describe these facts, we shall introduce the function

@) 2 9) = 3wl OF + o el DI -
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with ||a]] = p/ a- a for every a € R® and where ¥~»> Y1, & are the positive constants. The
functions n(z, [u](z, v)), z €/, will be interpreted as the strain energy functions (related to
the surface /7) of the bonding material before the possible debonding of layers; hence
vn,> vr stand for the longitudinal and shear modulus, respectively. After debonding of
adjacent layers, the strain energy of the bonding material is assumed to be equal to zero;
thus the positive constant « may be interpreted as the maximum value of the internal
energy of the bonding material, measured from the state in which [u]/(z, z) = 0. Thus,
after introducing the functionals

1 if =n(z[u](@,0)) <0 forevery o€lz,, ),
“12) 0@ =] . (= [o] 2, ) °

0 if =n(z,[u](, 0)=0 forsome o€ /lz,,7),
we shall postulate the debonding condition in the form
4.13) 7(z,[u] (z,7))=0 and 6(z,7) =1,
which takes into account the fact that the debonding process is irreversible in time. Using
the relations (4.11) and (4.12), we see that if the debonding condition (4.13) does not hold,
then the interlaminae boundary tractions s(z, t) are determined by

_ dn(z, [u] (z, 7))
4.19) s(z, 1) = 0(z, 7) ol zell.
If the debonding condition (4.13) holds, then we shall assume that
on(z, [u] (z, 7))
4.15 = 428
(4.15) s(z, 1) =2 O zell,

for some 1 € [0, 1]. This means that during (local) debonding, the interlaminae bonding
tractions s(z, z) are not uniquely determined but can change their values from those
before the debonding (for 4 = 1) to those after debonding (for A = 0).

Equations (4.14) and (4.15) can be rewritten in the simple form (cf. Appendix at the
end of the paper and Figs. 2 and 3):

(4.16) s(z, 7) € S(z, [u] (z, 7), 0(z, 7)),
A 7(z,-)

£ = [U]N (Z,T)

‘ 1
® L_&N(‘,7,Z)=ﬁ(z,-)

Smz,T)A

[y

S(z,-,1)

\/5,,0)

F1G. 2. Delamination in the normal direction.

o [uly(2,7)
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7(z,")
T - [U]T(z:r)
3 ] !
Y ll I [J'(',‘Y,Z)=f(2,~)
é ST(Z,T) i
S,»0) ! i

= [u]7(z,7)

M~ és(z,-,‘!)

F1G. 3. Delamination in the tangential direction.

where S(z, [u] (z, ©), 0(z, 7)) are the closed convex sets in R defined by

4.17 S(z, [u] (z, ), 6(z, 7))
{G(z, 7 2 (z [v] @, ’))} if x(z[u]@ D)<0 or 0 1)=0,

B d[u](z, )
{la—n*gznin[%%ﬂ):zem,u} if  a(z W)@ 1))=0 and 60z )=1,

and where 6(z, 7) is defined by Eq. (4.12). Hence it has to be emphasized that the sets
S(z, [u](z, 7),0(z, 7)) depend on the history of the displacement jump [u](z, ¢), ¢ € [7,, 7).
Following the line of approach outlined in Sects. 4.2 and 4.3, we shall interpret the
inclusion (4.16) as the constraints imposed on the interlaminae bonding tractions s(z, 7).
Bearing in mind that s(z, 7) - [u](z, 7) is the rate of work of these tractions, we obtain
the following form of the constituent law of the local debonding process:
(418) ﬂ:ll]] (z, 1,') (=] 6inds(z,ltuz|(,,,)_g(z, ) (S(Z, T)), z EH,
with 8(z, 1) determined by the condition (4.12). The physical sense of the obtained consti-
tuent law can be easily seen if we rewrite the condition (4.18) in the form of the variational
inequality (cf. Sect. 4.1). Obviously, the models of delamination effects different from the
one these introduced above can also be proposed.

4.5. Interlaminae traction relations

As it is known, [3], if p: W — R is a proper, convex and lover semicontinuous function,
then

w* € dp(w) if and only if w e dp*(w*),
where ¢*: W* — R is the polar function defined by
g*(w*) = sup Kw, w*H—o(w)}.

Applying the forementioned proposition to Eqgs. (4.10), (4.18) and taking into account
Eqs. (4.7), we arrive at the relations
rv(z, 7) € dindk(ruine, o ([W]5 (2, 7)),
(4.19) rr(2, 7) € 3indi; ryce, oy ([l (@, 7)),
s(z, 7) € 3ind3e, ruli 0. o ([8] (2, 7)),
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for z €I, 7 € [7,, 77]. Equations (4.19) will be referred to as the interlaminae traction
relations. The families of sets K (-), F(-) are determined by Egs. (4.5) and (4.8) respectively,
and S(-) are defined by means of Eqgs. (4.16). The interlaminae traction relations (4.19)
have to be considered together with Eq. (4.1) for the interlaminae stress t(z, z), z €1,
7 € 79, 77]. Let us observe that

ry(z, 7) if  ty(z, 7) <0,

(4.20) tn(, ")=LN(Z, ) if ty(z,7) >0,

for every z €Il, 7 € [7,, 7]

5. Law of motion with delamination effects

Summing up the results of Sects. 2-4, we conclude that the basic system of the governing
relations of the debonding process for the composites under consideration is given by:

1. The equation of motion (2.2).

ii. The constitutive relations which can be assumed either in the form (3.1) or in the
form (3.2), with E(x, 7) given by Eq. (1.1).

iii. The interlaminae traction relations (4.19) with the formula (4.1) for the interlaminae
stress t(z, 7).

The forementioned relations have to be analysed together with the pertinent initial
conditions as well as with the regularity conditions for the fields involved. From the fore-
mentioned governing relations, we can obtain relations where the basic unknowns are:
[to, 7l T=u(", 1), [70,%]37—>T(,7) and [z, 7]> 7 > ry(:, 7), where the
displacement fields u( -, 7) and the stress tensor fields T(-, 7) are defined on A, while the
reaction fields ry(-, ) are defined on I7 for every 7 € [7,, 77]. For the elastic materials
we can assume as the basic unknowns [7,, 7/]3 = = u(-, 7) and [7,, 77]3 T = ry(*, 7).
At the same time the displacement fields u( -, ), = € [7,, 7/], have to satisfy the boundary
condition (2.1).

In this section we are to show that the equations of motion (2.2) with the interlaminae
tractions determined by Eqs. (4.1) and (4.19) lead to a certain time-dependent quasi-
variational inequality for the displacement field, which can be referred to as the law of
motion with delamination effects (i.e. with possible discontinuities in displacements).
We shall use the known denotations for the Sobolev spaces; for particulars the reader is
referred to [2], pp. 37—46. The results we are going to obtain will hold under the following
regularity assumptions:

ulae(-, 7)€ (H' (AR)?,  ilag(-, v e (H' (AR)?,  iilag(-, 7) € (L2 (Ax))3,
Tax(+, 1) € (L2(A))**3,  divT|a(-, ) € (L*(4x)3
b(-, 1) e (L*(Q)%  p(-, ) e (L*(D))3,

forK =1, ..., Sand 7 € [y, 7/]. As the space of the test functions in Eq. (2.2) we introduce
the space V given by

V={e(l2(Q) viaxe (H'(4)) K=1,..,8 v(x) =0 for xely}.
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We shall also assume that mes(/',nAg) > O for K = 1, ..., S. Denoting by (-, -) and
(-, *)x the scalar products in (L?(A))**® and (L?(Ak))?, respectively, we obtain

(Vv, T(1)

[ tr[T(x, DVvEo1av,

[iix, »-vwav, K=1,..,s5,

Ax

with the extra denotations T(z) = T(*, 7), u(r) = u(-, 7). We also define the functionals
f(x), t*(1) € V* by means of

(v, u(1)k

il

v f(y = [bx, 1) -v@av+ [px, 7)-v(x)dd, veV,
7} r

W) = [z, 1) [V]@dd, veV,

I

for every 7 € [74, 77](*). Under the foregoing denotations the variational condition (2.2)
will take the form

s

(5.1) (W, T(D)+<v, t*(7)) = v, f(T))— ZQK (v,i(D)k, VveV, 1elr,, 1]
k=1

The decomposition (4.1) yields

(5.2) 1) =V (D +s* (D) +rH (). vel,

where we have denoted

Vb = [ e D [VIv@dA, v, st = [ sz, 1) [VI@dA,
T T

V) = [ 1@ 1) [VIr@dd, veV.

Setting
Vos{veV;[vlr(@ =0 for zell}
we obtain from Egs. (4.20) and (5.1), (2.3), the following relations

ty(z, ) if ty(z,7) <O,

’”(”T)={ 0 if 14z, 1) >0,

s
(5.3) [ v, D [VIv@da = - Y (v, divT(@)e— (W, T(D))  Wve Vo,
n K=1

which determine ry(-, 7) in terms of 7(z) for every te€ [7,, 7/].
In order to simplify the notation, define
(P([[ﬁ]] (Z, '!'), [[uli (Z, T), 8(29 T)’ Z) = ind}(l, [CuTl (2, 1), 0(z, 7)) (ﬁ:ﬁ]] (Z, T)),
p([8] (2. ); rx(z, 1), 2) = indfi, e ([ile (2, D).

(*) It can be seen that r*(z) is an element of ¥'* because the jump operator [ - | represents the linear
continuous mapping from ¥ onto (H/2(IT))3.

(5.4)
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Then the interlaminae traction relations (4.19) become

rn(z, 7) € dindy(rumpee, » ([n(z, 7)),

(5.5 rr(z, 1) € a?’(ﬂ:ﬁ:ﬂr(z’ 7); f'N(z, ), z),
s(z, 7) € op([u] (z, ); [u] (z, »). 0(z, 7), 2).
where the subdifferentials have to be taken with respect to the first argument of the functions
»(*) and @(-). Bearing in mind Eq. (2.1), define
(5.6) A ([uly(v) = {ve V: [v]y(@@) e K([ulx(z, v)) for zell}.
Hence the global form of the kinematical constraints (4.6) will be given by (here and in
the sequel we define f(7) = f(-, 7))
l.l(‘t) G;%/‘(![u]]_w(‘()), TE [TO) Tf]'

Finally, we shall introduce the functions Y(-, ry(7)), @(-; [u](z),0()) defined on V¥,
setting

V(v;ry(7) = fip(']:\’]]r(Z); rn(z, 7), 2)dA,

5.7
D(v; [u] (1), 6(7)) = f o([v] @;[u] (z, 7). 6(z, v),z)dd, veV,

provided that the pertinent integrands are elements of L'(/7), and assuming that

P(v;ry(r) = o, @ (v;[u] (7), 6(z)) =
if otherwise. It can be shown that (under certain conditions) the functions (- ; ry(z, 7), 2)
and ¢(-;[u](z, 7),0(z, 1), z) are proper, convex and lower-semicontinuous. Hence also
¥(-; ry(r)) and D(-; [u] (z), 6(7)) are proper, convex and lower-semicontinuous functions
defined on ¥, [5), and their subdifferentials can be well defined. Moreover, if Eqs. (5.5)
hold for almost every z e Il, then the following inclusions are satisfied:

r(7) €2indor(ruiyiy (1(7)),
5.8) r(z) € 2% (i(1); ry(D),
s*(7) € @ (i(7); [ul(2), 0(7)).
Now combining Egs. (5.1), (5.2) and (5.8) and denoting
E(v;u(n), 0(7), ry(1) = indargruney (M + ¥ (v; ry(0))+ @ (v; [u] (1), 6(2)),
we arrive at the inequality

(59  (VWw=Vi(2), T(0) +&(v; u(z), 6(2), ry(1)) = E(a(2); u(2), 6(7), ry(7))
S
> (v=i(1), (D> + Y 0x (v—i(2), (7)),

K=1
which has to hold for every v € V and 7 € [7,, 7;]. This inequality, with ry(z) determined
by the relations (5.3), will be referred to as the variational law of motion for the layered
composites subject to the possible debonding process (law of motion describing the delami-
nation effects); it has to be considered together with the constitutive relations (3.1) or
(3.2), the strain-displacement relation (1.1), the boundary conditions (2.1) and the pertinent
initial conditions. For the elastic/viscoplastic constituent law (3.2), the basic unknowns
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are: the motion [7,, 7;] € ¥ — u(-, ) and the evolution of stresses [7,, 7] € 7 = T(*, 7).
For the elastic constituent law (3.1) the stress fields T(7) can be eliminated from the rela-
tions (5.9) and (5.3) by means of Egs. (3.1) and (1.1) and hence we arrive at the form
of the law of motion with [7,, ;] € T — u(*, T) as the basic unknown.

If the friction between the laminae can be neglected, then rT(z 7) = 0 for every z €],
7 € [19, 7], and under the denotation

7(v; u(2), 0(7)) = indorrugwey) + 2 (v; [u] (1), (7)),
the variational law of motion reduces to the form

(5.100  (Vv=Va(z), T(2))+5(v; u(z), 0(x))—n(a(2); u(z), 6(7))= {v—i(v), f(z))
— Y ox(v—u(2), ii())x

which has to hold for every v e VV and 7 € [7,, 7;]. The obtained inequality (5.10) has tobe
considered with the constitutive relations (3.1) or (3.2), the strain-displacement relation
(1.1), the boundary conditions (2.1) and with the pertinent initial conditions. Since the
inequality (5.10) is independent of reactions ry(z), then Eqs. (5.3) do not enter into the
description of problems.

6. Comments

From the physical and engineering point of view, the evolutional model of delamination
proposed in Sect. 4 and described by the formula (4.18) with the denotations (4.17) and
(4.11) seems to be the simplest matter (if we put aside the “static” model introduced in
[7]) since it involves only one delamination parameter «. However, from the mathematical
point of view, this model leads to the time-dependent inequalities (5.9) or (5.10) of the
quasi-variational type, which are non-local in time. The existence and the properties of
possible solutions to the pertinent boundary problems is an open question. Thus the ob-
tained general relations describing the delamination processes have to be treated rather as
the basis for various formulations of approximative models of special problems, then as the
final description of the debonding processes in laminates. For the quasi-stationary problems
we can apply a procedure similar to that proposed in [7] and pass to the incremental
form of the governing relations. On the other hand, the known multilayered composites
are made, as a rule, of a repeating sequence of a certain basic unit of layers, i.e. they have
a periodic material structure. The modelling of such composites leads to so-called effective
or homogenized models. The relations obtained in the paper may constitute the basis
for the passage to the effective models of the debonding processes in laminates. To this
aid the nonstandard homogenization approach, [6], can be applied; this method will be
examined in the forthcoming paper [8].

Appendix

It can be easily observed that the proposed model of debonding effects is based on the
condition (4.16) where the notations (4.17), (4.11) and (4.12) have been used. Hence the
multifunction S(z, -, 0(z, v)) = R3 plays the crucial role in modelling. Taking into account
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the approach given in [7], we shall now explain the mathematical meaning of this multi-
function. To this end, firstly we introduce the functions 7(z, :):R3 - R by means of

a(z,w) if =n(@,w)<0,

mim, W) = {0 if =(,w)>0, weR?

where n(z, w) is given by Eq. (4.11), and secondly we define
p(z;0,w) = a(z,w)0, 6=0(z, 1), weR3

where 0(z, 7) satisfies the functionals (4.12). Here 8(-; 0, z) are non-smooth and non-
convex functions (for 0 = 1) but it can be shown that they are regular in the sense of
CLARK, [7]. Debonding may take place only for the values of [u](z, v) where ([u] (z, 7),0,z)
is non-smooth. In any other case f(-, 0, z) is smooth and the values of s(z, r) can be
obtained as the derivatives of f(-) with respect to [u](z, 7). However, using the notion
of the generalized Clarke’s gradient, [5], we can obtain the general interrelation between
s(z, 7) and [u](z, 7) in the form

(A1) (2, 7) € 3B ([u] 2, 2); (2, 7), 2)

given in [7] where the generalized Clarke’s gradient is taken with respect to the first argu-

ment of B(). At the same time it can be observed that the formula (A.1) coincides with
the assumption (4.16). This means that

(A.2) S(z, [u] (z, v), 0(z, 7)) = 38 ([u] (z, 1); O(z, 7), z)

holds. Equation (A.2) yields the explanation of the mathematical structure of the multi-
functions S(z, -, 0(z, t)), which were introduced in the paper. The scheme of interrelations
between the interlaminae forces and the displacement jumps is shown in Fig. 2 (for
[u]r(z, v) = 0) and in Fig. 3 (for [u]y(z, r) = 0) where the diagrams of the pertinent
functions @(z, *) and B(-, -, z) are also presented.
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