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Differential pseudocontinua(*)

R. KOTOWSKI AND D. ROGULA (WARSZAWA)

IN THE PAPER a possibility of constructing differential pseudocontinuum models applicable to
lattice dynamics is investigated. The relations between lattice force constants and coefficients
of polynomial differential operator are found. Two theorems dealing with the asymptotic behav-
iour of lattice force constants are formulated and proved. Two examples are discussed in the
harmonic approximation: a one-dimensional chain of atoms and a three-dimensional simple

orthorhombic lattice. The obtained results are compared with those of the lattice dynamics
theory.

W pracy zbadano mozliwoé¢ konstrukcji rézniczkowych modeli pseudocontinuum i ich_zasto-
sowafi do opisu dynamiki sieci. Znaleziono zwigzki pomigdzy stalymi silowymi teorii sieci,
a wspdlczynnikami wielomianowego operatora réiniczkowego. Sformulowano i udowodniono
twierdzenia dotyczace asymptotycznego zachowania si¢ stalych silowych. Przedyskutowano dwa
przykltady w przyblizeniu harmonicznym: jednowymiarowy laficuch atoméw i tréjwymiarows
prosta sie¢ rombowa. Otrzymane wyniki poréwnano z teorig sieci.

B pabore MccneayeTci BO3MOXKHOCTh HOCTPOeHHA OuddepeHIMATEHLIX NCEBIOKOHTHHY I~
HBIX MOAeelf, MPHMEHHTELHO K ONMMCAHMIO AHHAMAKH pemeTkd, Halinens! cooTHomeHHA
MEXIY CHJIOBBIMH KOHCTAHTAMH DelleTKH H Koa(dHumeHTHI NMoMMHOMBANEHOTO mHbdepen-
mmansHore opmeparopa. ChopMyMpoBaHSI H JOKA3aHBl YTBEPXKACHHA 00 aCCHMITOTHUECKOM
MOBe/ICHHH CHJIOBBIX KoHCTaHT. O6Cy)KqatoTcs qBa OpUMepa B rAPMOHMYECKOM MPHOEOKe I :

OJHOMEDHAS LeTOYKA ATOMOB M TPEXMepHas mpocras pomGmueckas peilieTka., PesymeTaTni
CPaBHHMBAIOTCA C PE3Y/IbTATAMH MOJYUYEHHBLIMH HA OCHOBE TEODHH DelUETKH.

1. Introduction

APART from undoubtful successes, the lattice dynamics theory often encounters difficulties
which are, in general, of a technical nature. First of all, there are troubles in applying
discrete mathematics to a descripticn of the behaviour of crystals. On the other hand the
classical continuum approach dces not allow to describe the phenomena which require
consideration of small areas with diameters comparable with the interatomic distances.

Some expectations have been recently devoted to the theory called pseudo- or quasi-
continuum which was developed by RoguLA [1] and KUNIN [2]. The main feature of the
pseudocontinuum theory is the restriction of the set of admissible functions. These re-
stricted PC-functions of the continuous argument uniquely interpolate the functions
of the discrete argument. The mathematics of the pseudocontinuum theory is very flexible.
In the framework of this theory, apart from discrete operators, differential or integral
operator$ can also be used without losing their precise meaning.

In this paper we study the application of differential polynomial operators to describe
the lattice dynamics. It is found that the force constant of a crystal lattice do not vanish
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identically for great distances but they tend to zero with some negative power of distance.
In the Fourier K-space it corresponds to approximating the dispersion curves by polyno-
mials.

The appropriate theorems about the admissible functions are formulated and proved
and two examples are given. The obtained results are compared with those of the lattice
dynamics theory.

2. Pseudocontinuum theory and differential operators

In this section we shall state briefly fundamental concepts of the pseudocontinuum theory
as given by RoGuLa [1] and KUNIN [2]. For the sake of consistency some slight changes
in notation will be introduced. The wave vectors k are restricted to the reciprocal cell

The position of an atom in a three-dimensional primitive crystal lattice can be described
by the vector

2.1) X(n) = An,

where n is a vector composed of the integers n,, n,, n3, and A4 is a matrix whose elements
are built up of the lattice constants a,, a, and a;.

In the continuum theory quantities such as displacements u(x) and forces q(x) are
functions of a continuous variable x but in a crystal they have a physical meaning only
in a discrete set of points

2.2) x = X(n).

The set of these functions is too large and there are evident troubles in interpretating
the results obtained. The goal of the pseudocontinuum theory was to find an appropriate
class of functions. The admissible functions in the pseudocontinuum theory, the so-called
PC- or QC-functions, are the entire analytic functicns satisfying the inequality

2.3) ()] < C(1+ x])exp (-;i Imx)

for certain constant C and N [5]. That is, they are of the order 1 and type n/a.

If £, q € PC, then their convolution and all the derivatives are of the class PC. Also
all polynomials are PC-functions.

The pseudocontinuum theory established a correspondence between the functions in
discrete N-, continuous X- and Fourier K-representations. This can be done making use
of the sampling function, the so-called Brillouin d-function, which has the property

for n=20,

1
2% Oa(An) = {0 for n#0.

It has the following form resulting from the Fourier transformation method:

(25) 63(1{) = "(T:['Tj' fd’ke""‘,
B
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where the integration extends over a certain volume B, e.g. the first Brillouin zone, In our
case it will be the elementary cell of the reciprocal lattice. Itis easy to see that the dimension
of d5(x) is [em™3]. The fundamental relations between the functions of one or two argu-
ments and between the equations of motion on N-, X- and K-representations are given
in [8].

In spite of the fact that the pseudocontinuum theory describes exactly the lattice dy-
namics, it admits differential equations of motion

(2.6) ouy(x, 1)+ Py (0)u;(x, t) = gy(x, 1),
where P;;(0) is a differential polynomial in the partial derivative operators d = (d,, 0, &)
@7 Py = D ayon.

O<|ul<s

Here u = (uy, pt3, p3) is a multi-index described in [5). Roughly speaking, it allows us to
state how many indices take the values of 1, 2 and 3, respectively, instead of specifying
the value of every index in an arbitrary tensor quantity of an arbitrary order symmetric
in a certain group of indices. Thus we can write

(2.8) o = G 5 0%,
The value
2.9 Il = pg+pa+pa

equals the number of tensor indices which correspond to the multi-index u. The coefficient
ay;, is equivalent to a tensor of the order 2+ x| symmetric in the last || indices.

It was shown in [4] that every differential operator in the pseudocontinuum theory has
an equivalent integral form. In fact, if we integrate by parts the following equality,

(2.10) Au(x, 1) = [ dx'8p(x—X)3kuy(X', 1),

then we obtain

(2.11) giii(x, 1)+ (= 1)y, [ d*Xu(x'1)3% 85(x—X) = gi(x, 1),
and we can state that

(2.12) Dyy(x, x') = (—1)*Qaq;;, 04 dp(x—X').
Equation (2.12) can be re-written in the K- and N-representations:
(2.13) D;j(k, k') = (27)*Qa;, (ik')*o(k—K),

(2.19) Pyj(n, 0') = (—1)"Qa, 65[A(n—n")],

where

(2.15) 84(x) = 0*85(X).

Equation (2.14) gives us the simple relation between the lattice force constants @;;(n, n’)
and the coefficients of the differential polynomial operator a;y,.
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3. The asymptotics of the force constants

In contrast to usual approximations in the lattice theory, the force constants given by
the formula (2.14) need not vanish identically for large distances. Instead of that they can,
slower or faster, decrease. The asymptotical behaviour of the force constants is therefore
crucial for the general applicability of differential pseudocontinuum models.

Before discussing this problem, it is necessary to establish some mathematical facts
concerning the continuous-discrete Fourier transformation. For the sake of greater pre-
cision, in this paragraph we shall make use of different symbols for the function and
its Fourier-image, e.g. f and f, respectively. We shall start the discussion from the one-di-
mensional case.

3.1. One-dimensional row of atoms

Let B denote the open segment
[ 1 T
3.1) ke(—-;—,}— :
and R — the entire real k-axis. Consider an admissible function f(x), and let
(32 Ja = flan),
(3.3) J&) = a D) e-tanky,.

The Fourier transform f', considered on R, is a periodic function
A (1 A /4
(3.49) f(k+—a-) =f(k-— ?)
or, more p{ecisciy, a periodic distribution (generalized function). If, for a certain /, the
transform f is a function of the class C'(R), then
~ 11 A T
v 2 -0) = 7o 240),

(.5 Fle+s= —0) =f (k-%w),

) Z _ol=Folr_"
f‘(k-l-a 0 f.(k a+0)’

for arbitrary k.
Let f(k) be an infinitely differentiable function of k on B. Then
nja
= _l_ ikan £ - L - 4 ﬁ — . £ 3 1
(.6) anj;-—zn-;{; ke k)5 ( z)n[f(a o) f( - +o)].
By the Riemann-Lebesgue lemma for the integral in Eq. (3.6), one obtains the asympto-
tic expression for f,:

C,
3; ot
(3.7 jA for n- o,



DIFFERENTIAL PSEUDOCONTINUA 47

where

(3.8) Cn = ﬁ(—-l)[f(% -o)—}(—_;i+o)]+o(1),

is a bounded function of ».
If fis continuous, then the square bracket in the above equation vanishes. Instead of
Eq. (3.6) we have
nla
@9 @f=i [ dermprag-L -1y ff(i _o) -z +0)]
- " 2n Ja 2n a a :

which implies

(3.10) S z-(g)—z- for n- o,
where
(.11) o -—l-(-—l)"“[f’(%-—())-f‘(—-;i+0)]+a(l).

By iterating the above procedure the following proposition is proven:
ProrposiTION 3.1. Let f(k) be C*(B) and C'(R) for a certain /. Then

Cn

(3.12) Ja R @

where ¢, is a bounded function of n.

for n- o,

3.2. Three-dimensional lattice
Let B denote the open Brillouin zone (or a reciprocal cell), and R*- the entire real k-
space. Then, for any admissible function f(x) we have

(3.13) Ja = f(4n),
(3.14) J&) = 2 ) e-ieang,

The periodicity condition of the Fourier transform f' reads
(3.15) J&+XP2) = fix-X/2),
for any reciprocal vector K.

Let f;(k) and ﬁ(k) be defined for k belonging to the boundary 0B of the region B as

outward and inward limit, respectively. If for a certain / the transform f?k) is of the
class C'(R?),then

9 [ 7], = [ 0]

for arbitrary ke 0B and arbitrary multi-index |u| < I. Equivalently

— [l o], = | raxn ]



48 R. Kotowskt ANp D. RoGuLA

for
(3.18) k+K/2€dB, k-K/2e€dB.

Instead of Eq. (3.6) we can now write
i AR i P
(3.19) (vAn)f, = (ol Bf d*kex4 (v ﬁ)f(k)— @ J (vdS)ekAnf, (k),

where v represents an arbitrary unit vector. Taking into account the central symmetry
of B and following the argument of the previous subsection, we obtain the following:

ProrosiTION 3.2. Let f(k) be C®(B) and C'(R®) for a certain /. Let v be an arbitrary
unit vector. Then

(3.20) £ zf‘;f—f:;zﬁ for m- oo

with ¢,(v) being a bounded function of n.

4. One-dimensional chain

Let us consider an one-dimensional chain of atoms along the Ox axis (Fig. 1). The
distance between the atoms is constant and equal to a. The equation of motion of such
a model of crystal in the X-representation has the form

@.1) oti(x, 1)+ Za,, u(x, t) = q(x,1).
Fic. 1.

We assume that the crystal is homogeneous, thus p(x) = ¢ and
4.2) da, = 0,
which means that a,’s are independent of the coordinate. The model is of course also
centrosymmetric, and thus
(4.3) a,=0 for odd p.

The consequence of the above properties of the coefficients a is that the equation
resulting from Eq. (2.12),
4.9 D(x,x') = aa, 0"dg(x—x"),

contains only derivatives of an even order. We restrict our considerations to the differential
polynomial operator of the fourth order. Thus, on the basis of the one-dimensional form
of the dp-function,

o 1 f ii‘:x..__l_ i J}.E
(4.5) d5(x) hEB dke —nxsm =4
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where B is an interval [—m/a, m/a), we have to calculate the following four derivatives
only:
cosmx/a _ f,(x)

008(x) = T ax x

i 0%dp(x) = — iﬂ‘; 8p(x)—2 5";(") ,

" 0*0p(x) = — %:— 85(x) + 2—:-’; 6"}?‘) sh0 ‘f;ﬁ‘l,
CYELOYEM L R R

For |[x—x'| # 0 we obtain

4.7  D(x, x') = a(a, 0*0s(x—x')+a,0*d5(x— X))
= a(cos:z(x—x’),’a (2 n? a,-—az) —24a, cos:t(x—x')/a).

a(x—x')* @ a(x—x')*
The one-dimensional form of Eq. (4.4) in the Fourier K-representation is as follows:
(4.8) D(k, k') = 2naa,(ik')* o(k—K').

The coefficient in Eq. (4.8) will be denoted by W(k). It is easy to see that W(k) = W(—k)
identically for all k. It means that W(k) = C°(R).

Generally, for large |x— x’| we have W(x) ~ 1/x2. Now, the question arises if one can
choose the coefficients g, so that the relation W(k) = C'(R) is obtained. The answer
is affirmative if we require the continuity of the first derivative of W(k)

(4.9) W'(n/a) = W'(~n/a).
This condition yields
(4.10) a, = (2n?/a*)a,.

Bzcause of the central symmetry we conclude that W(k) = C? According to the Propo-
sition 3.1, &(x, x') ~ 1/x*,
Finally, we obtain the asymptotic behaviour of the lattice force constant in discrete
N-representation:
24a,cosn(n—n")
4.11 D, n) 85 —f——
( ) (ﬂ, n ) A a‘(ﬂ ___nf).q,
It is worth mentioning that since the factor cos(zn) equals (—1)", this asymptotic
behaviour is oscillatory. As a consequence, in many situations the contributions of terms
with large n’s will approximately compensate each other.

for n#n'.

5. Orthorhombic three-dimensional latﬁee

In this section we extend the results of the previous section to the three-dimensional
case. We consider an infinite simple orthorhombic crystal lattice whose elementary cell
is shown in Fig. 2.

4 Arch. Mech. Stos, nr 1/79
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3,43, %2,

_ ¢1=¢2-¢3..goo

Fic. 2.

We assume that our crystal is homogeneous

(5.1) Beay, = 0.
Since it is also centrosymmetric, then
(5.2) ay, =0 for odd |ul.

If we restrict the order of the differential polyncmial operator to four, then, for r = [x —x’
# 0,

(5.3) Dy(x,x) = Qayy, 0% p(x—x')
= .Q[IZ aihl X 6,(x—x')+ 2 Qijp Oxe 53(x_'x')].

ul=2 lal=4

For |u| = 2 we have the following u's:

110 200
101 020
011 002

and for |u| = 4:

400 310 130 220 211
040 301 103 202 121
004 031 013 022 112
Totally it makes 21 terms.
Due to the translational symmetry of the reciprocal lattice, we have d5(x) = dp(x;) x
85(x,)d5(x5), where 8zxyis given by the formula (4.5) and
(54 0#05(x) = Ot Op(x,)05* ()05 Bp(xs),
for the sake of convenience we shall write b, for ay;, and W(k) for Dk, k).
We require W(k) to be at least of the class C°(R). This condition can be written as fol-
lows:
(5'5) W(k)ku-a!m = W(k)ks-—n!du i=1,2, 3

with respect to every component of the vector k. The remaining two components of the
vector k are arbitrary. The condition (5.5) implies vanishing of some group of b,. It is
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easy to see that W(x) behaves like ~ 1/r%. According to Proposition 3.2, the smoothness
of this function can be improved by increasing the order of W(k). It appears that the coef-
ficients b, can be chosen in such a manner that W(k) c C*(R). This can take place when

(5.6) Wik, =njar = Wél(k)kl-—-nfa'; i=1,2,3.
The above conditions yield
272
a—§ b4oo—bzoo =0, bsw - blao L baon = bwa = bon = bo:u =0,
2
(5.7 %bmo"bozo =0, b0 = bro2 = boz2 =0,
272

?g—boo-t"booz =0, buz o 5121 o bzu =0,

bi1o = bror = boss = 0.

The obtained expression is symmetric and, according to Proposition 3.2, @;;(k, k') = C!
where /=2 and P,(x,x") ~ 1/rt.

Actually, the asymptotic behaviour of the lattice force constant in N-representation
is as follows:

(5 8) ¢U(l!, n’) & —24Q [ng% cos ﬂ(ﬂl . n{)d,(a;(n; e ﬂ;)) 63(!1’3(”3 - n;})

* E—i% coszw(n, —nz)dp(ay (ny —n1)) da(as(ns —n3))

+ Fna—n) (i;”_o:l;)‘ cosn(ny —n3)dp(ay (ny—ni))ds(az(n, —n;))] ;

6. Comparison with the lattice dynamics theory

In the previous section the asymptotic behaviour of the lattice force constants in the
harmonic approximation for the considered models of crystals was found. The complete
forms of the lattice force constant are as follaws:

one-dimensional case:

6.1) D(n,n) =aa, [-— —}:— ds(a(n—n")

248}(a(n—n")) + 8(n?/a*)a(n—n")dp(a(n—n"))
B a’*(n—n’)? ’

three-dimensional simple orthorhombic lattice:

(6.2) ‘Du(ﬂ, n) =0 1400 ( - % 63(01("1 '”;))

2483(a,(n, —n1))+8(n?[ad)ay (ny — n})8p(a; (n, —n1)) )
- ai(n,—nj)?

x 8g(az(n;, —n3)) 8p(as(ns— n3))+ cyclic terms] ,

4
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where d3(a(n—n'")) is understood in the sense of Egs. (2.14) and (2.15) and, in Eq. (6.2),
for cyclic terms one should put the corresponding expressions with indices permuted,
like in Eq. (5.8).

In the lattice dynamics theory, if one expands the potential energy of the crystal @
about the equilibrium positions of the atoms, then the first non-trivial term is

1
(6.3) & =5y 2 Pryuyul,
mi
nj

where the primitive lattice force constants @779 equal @;;(n, n'). It is well known [6] that
the lattice force constants have to fulfil certain invariance relations. The following in-
variance relations resulting from the translational invariance of the crystal

(6.4) op = o,

(6.5) Z{P‘ﬂ =0 for every n,i,j,
m

(6.6) Dy = Puphnih = ouim — Pugnl,

where h is the translational vector of the lattice, and

(6.7) o7} = 1) = P}y = OFY,

are fulfilled automatically. Equation (6.6) means that @;(n,n’) = @ (m-n’). A; an
example we shall show that Eq. (6.5) is valid in our model. For simplicity we shall carry
out our considerations by making use of the one-dimensional @(n, n').

It is easy to show that

. 1 # . 1 a*
(6.8 B_I.I;Ei’&,(x) =—ga 1'_1.1:3‘53(") =S gt
Equations (6.8) yield
. 7 =*
(6.9) Ll_l}g(b(n) = =045

If we make use [7] of the relation

= (,_1)!+1 _ (2"’"—1)32"
[z (2n)!

(6.10) |Bzal,

k=1
where in our case #n = 2 and B,, the Bemmoulli number, is equal to —1/30, then

(6.11) 22¢(n) = m%—jj—,
n—1

and finally

(6.12) D o) = DO)+2 D) B(n) = 0.

n=1
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The invariance relations resulting from rotational symmetry of the three-dimensional
crystal lattice

(6.13) Y oprxp= D oMXT  for every m, i, j, k,

are also fulfilled.

On the basis of the above discussion we can state that the proposed differential pseudo-
continuum models describe crystal dynamics at the same level of accuracy and consistency
as the classical discrete theory. Nevertheless, there is an important difference between
these two approaches. In applications of the classical lattice dynamics it is usually assumed
that the force constants vanish identically for sufficiently great distances between atcms.
This is not the case in our approach. The force constants derived from a differential pseudo-
continuum do not vanish identically but tend asymptotically to zero with a certain nega-
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tive power of distance, as illustrated in Fig. 3. The asymptotic decrease of the force con-

stants with the distance can be made faster by making use of the differential operators
of higher order.
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