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Acceleration waves in hyperelastic Cosserat bOdies 

I. NISTOR (IA$1) 

TilE PAPER is concerned with the general theory of acceleration waves in nonlinear 
micropolar elasticity. The condition is established which sllffices to ensure that the 
speed of propagation and the amplitude vector of the wave are real. The solution 
of the growth equation is given for plane waves. 

1. Basic equations and formulae 

THROUGHOUT this paper a rectangular coordinate system is employed. The motion of 
a Cosserat medium is described by the functions 

(1.1) 

where R~r.1 are the components of a proper orthogonal tensor which determine the position 
of the directors at time t. 

We consider a~ strain tensors [1] 

(1.2) 

and the angular velocity vector 

(1.3) 

The deformation tensor 'Yii and the angular velocity vector,, may be represented in the 
form [2] 

(1.4) 

where 

and r;~r. are the components of the micro-rotation vector .. 
The equations of motion are [1] 

(1.5) 
(R,it~r.1),~r.+eF11 = eii11 , 

(R11im"1),~r.+e11i"Yi.nRt11 tnq+(>G11 = eiJ,, 
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where 

(1.6) 

aJ = ~J"'"''' 
I a:, are the components of the material tensor of inertia density. 

A propagating singular surface E(t) is said to be an acceleration wave if the functions 
YJJ rp1 and their first partial derivatives are continuous everywhere, while all second deriv­
atives of y1, 'PJ suffer jump discontinuties across E(t), but are continuous everywhere 
eise. 

The geometrical and kinematical conditions of compatibility for acceleration waves 
arc ( [3], p. 496, 505) 

s, r· 1 s, [z,.~:1) = y,2 N~:Nj, Zp,J = - y Nb 

(1.7) [z·J =·b v:z 2 ~. - !L ~v 
' ' + tJt V ~~ ' 

[Z •• ,Jl = btN,Hj-2Nc.XJll «( ~L + ~ xc.,•xJl,'b_,, 

where 

s, = fi,], b, = [z,.~:1]N~:Nb 
b«<J are the coefficients of the second fundamental form of the surface E(t), 6/~t is 
called the displacement derivative with respect to the surface .E(t), and V is the speed 
of propagation of the wave. 

From Eqs. (1. 7) we obtain 

(1.8) £;,,1 = -a,, 
where 

(1.9) 

The vector A = a", iit is called the amplitude of the wave. 

2. Wave propagation 

The differential equations (1.5) must hold on each side of the surface. Substracting 
the limit values of these two equations as the surface is approached from one side or the 
other, and assuming that the external body force, body couple and the second-order deriv­
atives of the function Ware continuous.across the wave, we obtain from Eqs. (1.8) the 
relations of the form 

(2.1) 
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We shall refer to Eqs. (2.1) as the propagation condition. Let us introduce the matrix 
Q = IIQJtll6x6' I!= IIBtJII6x6, where 

11,1 is the inverse to l~:p which is symmetric and positive definite. 
The system (2.1) can be written as 

(2.2) 

the matrix Q is given by the relation 

(2.3) 

From Eq. (2.2) we obtain the following: 

THEoREM 2.1. The amplitude fJector A must be a proper flee tor of Q; the speed V of JJrop­
agation of the wooe must be such that e V1 is the corresponding proper number.· 

REMARK 2.1. If the second-order derivatives of the function W are continuous, then 
the matrix Q is symmetric. 

Taking into account Remark 2.1 and the relation (2.3), we. have thus proved ([3], 
Appendix, Sect. 37). 

LEMMA 2.1. The proper numbers of Q are real. 
The Theorem 2.1 asserts that any real right proper vector A of Q is a possible amplitude 

vector provided that the corresponding proper value is real and positive. However, if it 
is known that A is a real proper vector of Q, the-speed of propagation of a wave having the 
amplitude A is obtained more easily from the formula 

(2.4) 

immediately from Eqs. (2.1). The quantity eV2 is uniquely determined but need not be 
positive, th:us V is not always real. If Q satisfies the condition 

(2.5) 

for arbitrary non-vanishing vectors A., then it is obvious that eV2 is positive. 
From Eq. (2.5) we have 

THEoREM 2.2. In a gifJen Cosserat body whose internal energy satisfies the conditio_n 
(2.5), for a wave of gifJen amplitude and direction, there is at least one possible squared speed 
of propagation determined by the existing deformation from the reference state. 
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3. Variation of the amplitude of plane waves 

We assume that since the timet= 0, the plane wave has been propagating into a region 
which is at rest in a fixed homogeneous configuration. Let th~ constant tensors yJ.k , Rft 
characterize the homogeneous configuration . . Since the first partial derivatives of Rik are 
continuous across an .~leration wave, from the relations (1.4), (1.6), (1.7) and (1.9) 
we obtain 

(3.1) 

[ •. ] Rd J - V2 2Ro J bap 
elk = kq qpCp + kq qp ~' 

where 

(3.2) cJ = R"1NpNq[yk,pq], cJ = H1kNpN9 [q;"·~'q]. 

If the rank (Q- e V 21) = 5, then the solution of the system (2.1) is of the form 

(3.3) 

where a is an arbitrary function. 
We assume that the discontinuity across the wave is uniform, so that the amplitude 

depends on t alone. 
Following a procedure given in [4] we obtain the transport equation 

(3.4) 

where p, q are constant quantities and p > 9. 
The solution of Eq. (3.4) is readily found to be 

(3.5) 

where a0 = a(O). 
Consequently we have 
THEOREM 3.1. 

a(t)- pao 
- p+qa0 t' 

1. The vector amplitude A of the wave will decay to zero monotonically in infinite time 
ifqa0 > 0. 
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2. The vector amplitude A of the wave will become infinite monotonically within a finite 
time t given by 

if 
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