Archives of Mechanics ® Archiwum Mechaniki Stosowanej e 30, 6, pp. 853-857, Warszawa 1978

Acceleration waves in hyperelastic Cosserat bodies
1. NISTOR (IASD

THE PAPER is concerned with the general theory of acceleration waves in nonlinear
micropolar elasticity. The condition is established which suffices to ensure that the
speed of propagation and the amplitude vector of the wave are real. The solution
of the growth equation is given for plane waves.

1. Basic equations and formulae

THROUGHOUT this paper a rectangular coordinate system is employed. The motion of
a Cosserat medium is described by the functions

(1'1) yJ = yj(xl': f), Rl’j - RU(xp! f),

where Ry; are the components of a proper orthogonal tensor which determine the position
of the directors at time 7.
We consider as strain tensors [1]

1
(12) Cgy = yp ,kRpJ"! Yrj = “i‘ Ejmn an Rpul ks

and the angular velocity vector
1 i@
(1.3) Vg = Tekquannr

The deformation tensor y;; and the angular velocity vector »; may be represented in the
form [2]
(1.4 Vii = Hip@po %= Hip@ps
where
H,, = 20;p+ Ejpn P

1
2(1 L %‘Px)

and ¢, are the components of the micro-rotation vector.
The equations of motion are [1]

(Rpjte)) x+0F, = oily,
(Rpjmiz) x+€pjkVjnRuglng+0Gp = 0Gp,

(1.5)
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where
4 =—a-—~W(c Va))s M =LW(*c )
(16) = Goy njs Vnj)s 1= pa» Vri)s
05 = RuJip,
Jip are the components of the material tensor of inertia density.

A propagating singular surface X(¢) is said to be an acceleration wave if the functions
¥, @; and their first partial derivatives are continuous everywhere, while all second deriv-
atives of y,, ¢y suffer jump discontinuties across XZ(f), but are continuous everywhere
else.

The geometrical and kinematical conditions of compatibility for acceleration waves
are ([3], p. 496, 505)

s 2 s,
[Zow) = Jr Nelps [l = — 5 Ny,
: és, s, OV
7 = 2 —».'.. R paelbeiy
(.7 [£]= b 4250 - 2,

: “ s St _ o
[Z4.p5] = BeNpN;j—2Nepyy; (7')#+ VX lboy s

where
Sp = [Ep]s bp - [zp.U]NlM’
by are the coefficients of the second fundamental form of the surface Z'(f), 4/d¢ is
called the displacement derivative with respect to the surface X(f), and V is the speed
of propagation of the wave.
From Eqgs. (1.7) we obtain

(1.9) ol = 51 GNpNes  [rpsl = 5 GgNyNes Byl = s
where
.9 o = Ry, &= Hylf.

The vector A = a;, d; is called the amplitude of the wave.

2. Wave propagation

The differential equations (1.5) must hold on each side of the surface. Substracting
the limit values of these two equations as the surface is approached from one side or the
other, and assuming that the external body force, body couple and the second-order deriv-
atives of the function W are continuous across the wave, we obtain from Egs. (1.8) the
relations of the form

2 2
"5% NyNiay+ 73% NyNid, = oV’q;,

21
2.1 s

’>w . i
Tepetng 1T Ty e €7 e
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We shall refer to Eqs. (2.1) as the propagation condition. Let us introduce the matrix
Q = ||Qullsxss B = ||Byjllexs, where

PW >;wW
Op = mNpr Qjixss = mN.Nh
PW >PW
e LA
Qi3 Ha9om 0 Qjeaxss o

Bu - d'l'j Bk.j+3 =0, Bl+3:1 =0, Biisipis = Jﬂln

Ji,' is the inverse to J;, which is symmetric and positive definite.
The system (2.1) can be written as

2) (Oi—eV?8:)4; = 0,

the matrix Q is given by the relation

-

2.3) Q= BQ.

From Eq. (2.2) we obtain the following:

THEOREM 2.1. The amplitude vector A must be a proper vector of Q; the speed V of prop-
agation of the wave must be such that oV is the corresponding proper number.

REMARK 2.1. If the second-order derivatives of the function W are continuous, then
the matrix Q is symmetric.

Taking into account Remark 2.1 and the relation (2.3), we have thus proved ([3],
Appendix, Sect, 37).

LemMA 2.1. The proper numbers of 0 are real.

The Theorem 2.1 asserts that any real right proper vector 4 of 0 is a possible amplitude
vector provided that the corresponding proper value is real and positive. However, if it
is known that 4 is a real proper vector of @, the-speed of propagation of a wave having the
amplitude A4 is obtained more easily from the formula

24 oV3(ajay+ Jiyira,) = A-QA,

immediately from Egs. (2.1). The quantity o¥? is uniquely determined but need not be
positive, thus V is not always real. If Q satisfies the condition

(2.5) A-QA = Qu i > 0,
for arbitrary non-vanishing vectors 4, then it is obvious that gV'2 is positive.

From Eq. (2.5) we have

THEOREM 2.2. In a given Cosserat body whose internal energy satisfies the condition
(2.5), for a wave of given amplitude and direction, there is at least one possible squared speed
of propagation determined by the existing deformation from the reference state.
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3. Variation of the amplitode of plane waves

We assume that since the time ¢ = 0, the plane wave has been propagating into a region
which is at rest in a fixed homogeneous configuration. Let the constant tensors y,, Rf;
characterize the homogeneous configuration. Since the first partial derivatives of R, are
continuous across an.acgeleration wave, from the relations (1.4), (1.6), (1.7) and (1.9)
we obtain

5 1 1
[exs] = — T;‘aij, [exs.pl = %3 ayNi Ny,

. 1 .
il = -VaJN;, [Yxs.0) = WaJNin;

. 1 s
[qu.pl o 7 Rgnsqnjaij:

G.1) , 1
[‘E'U.p] = NN, — 7 aj,a NaXpy, 0 — 72 ginncfn&an
: ” 2 . -
[Phy.0] = CNeNp— 7 Naxpy,al,as
. S 5 2y2 0 da,
[0x] = RigJgpCpV?+2R0qJgp T
where .
(3.2 ¢ = RyyNyNo[Vk,pgl, € = HpNpNylox,pql-
If the rank (Q—oV2I) = 5, then the solution of the system (2.1) is of the form
(3) @ =adj, @ = adj,

where a is an arbitrary function.

We assume that the discontinuity across the wave is uniform, so that the amplitude
depends on f alone.

Following a procedure given in [4] we obtain the transport equation

p% +¢a*> =0,
where p, g are constant quantities and p > 0.
The solution of Eq. (3.4) is readily found to be

(G4

___ Ppao
(3.5 at) = P+qact’

where a, = a(0).
Consequently we have
THEOREM 3.1.
1. The vector amplitude A of the wave will decay to zero monotonically in infinite time

if qag > 0.



ACCELERATION WAVES IN HYPERELASTIC COSSERAT BODIES 857

2. The vector amplitude A of the wave will become infinite monotonically within a finite
time t given by

A
4ap
if
ga, < 0.
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