Arch, Mech., 39, 5, pp. 551-559, Warszawa 1987

Nonhomogeneous tension—torsion of neo-Hookean
and Mooney—Rivlin materials

R.M. CHAO, K.R. RATJAGOPAL (PITTSBURGH)
and A.S. WINEMAN (ANN ARBOR)

THE EXACT solutions for a nonlinear elastic layer being non-uniformly extended and then twisted
are presented in the cases of both the neo-Hookean and Mooney-Rivlin materials.

Sciste rozwiazania dla nieliniowej sprezystej warstwy poddanej nierdwnomiernemu rozciaganiu,
a nastgpnie skrgcaniu, przedstawiono w przypadku materialu typu ,,neohookean”, jak i materiatu
Mooneya-Rivlina.

TouHble peleHNA IJIA HENMACHHOIo YIPYToro CIIosl, MOJBEPTHYTOT0 HEPAaBHOMEDHOMY pac-
TAYKEHHMIO, 4 3aTeM CKPYUMBaHHIO, MPEACTABJICHLI B CIIyuac MaTepHajia THma ,,neohookean’’,
Kak M maTepnana MyHes-PHBIHMHA.

1. Introduction

‘THERE ARE few nonhomogeneous exacts solutions that are available within the context of
isotropic nonlinear elasticity. However, in recent years, there has been a great deal of
interest in the study of such deformations, (cf. CURRIE and HAYES [1], RAJAGOPAL and
WINEMAN [2], RAJAGOPAL, TROY and WINEMAN [3]). A discussion on the relevance and
resurgence of interest in such investigations, and the lack thereof in previous years, can be
found in the recent paper on the existence of nonhomogeneous deformations in incom-
pressible isotropic elastic materials by McLEOD, RaAJAGOPAL and WINEMAN [4].

RasAGOPAL and WINEMAN [2] have extended the classical problem of homogeneous
uniaxial extension of an elastic layer, by investigating the possibility of the existence of
nonhomogeneous solutions. They obtain a class of explicit exact solutions to the problem.
The classical solution belongs to this class. To support these nonhomogeneous solutions,
<certain tractions have to be provided at infinity. Nonetheless, these surface tractions can
be precisely determined and such a nonhomogeneous solution induced and supported
by the application of such tractions.

In this short note, we study the possibility of a nonlinear layer being non-uniformly
extended and then twisted. It is found that the problem admits exact solutions in the case
of both neo-Hookean and Mooney-Rivlin materials. The equations of equilibrium reduce
to a set of nonlinear equations which at first glance looks hopelessly complicated. How-
ever, these equations can be integrated and the solution expressed implicitly in terms of
standard integrals.
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2. Kinematics

Consider the deformation (cf. Fig. 1)

@.1) . ?‘? (Xcos2(Z)— YsinQ(Z)},
(2.2) y = 711:, {XsinQ2(Z2)+ Ycosf2(Z2)},
(2.3) z = M2),

where (x, y, z) denote the coordinates in the deformed state of a material point originally
at (X, Y, Z) in the undeformed state. The above deformation corresponds to a nonhomo-

geneous extension followed by twisting !3(}.(Z)) = (Z). As observed in the introduction,

y
Y,

Fic. 1. Domain of deformation.

when 2 =0, i.e., for the problem of nonhomogeneous extension, RAJAGOPAL and
WINEMAN [2] established a one-parameter family of solutions in the case of a neo-Hookean
material, and RAaJAGoPAL, TROY and WINEMAN [3] extended these results in the case of
a Mooney-Rivlin material,

Define C = cosf2, S = sinf2, and

- _ [ Q
(2.4) f=AX,Y,Z)= [2 (l')m (XC—-YS)+ ——— T (XS+ YC)]
2.5 =g(X,Y,Z L (xs+¥0)- L _(xc—vs
() g=g( s Ly ) [2 (21)3/2 ( * )—T( )]

It follows from (2.1)-(2.3) that the deformation gradient F has the structure

c _ S \
Vi oy

(2.6) F = 754 £ 7 ;
l/zr I/I g

| o o



NONHOMOGENEOUS TENSION-TORSION OF NON-HOOKEAN AND MOONEY-RIVLIN MATERIALS 553

thus we find that the Cauchy-Green strain tensor B, and B! have the following matrix
representations:

A

AI
.7 B = 1
N4 5 +g* g
\ e g @yl
A 0 —f
0 A —
(2.8) B! = 8

wff =g (;—) +%(f‘*+gz)

Thus, the principal invariants of B are

Iy = traceB = — +(R)? +f2 4%

2
2.9) I = %{(traceB)L—trace(Bz)} =21+ (%) -+ i, (*+g%.,

Il = detB = 1.

3. Equations of equilibrium

The Cauchy stress T in the Mooney-Rivlin theory of elasticity is given by (cf. TRUESDELL
and NorL [5])

(€X)) T= —pl+ﬂ(1 +ﬁ)B #(l—ﬂ)B“

where —pl is the spherical part of the stress due to the constraint of incompressibility.

The material constants x and f are such that u > 0, — -i— <P <—.When f = -—1— the
constitutive relation reduces to the neo-Hookean case
(3.2) T = —pl+uB.

First, let us consider the equations of equilibrium in the case of the neo-Hookean
material. On neglecting the body forces, the equations of equilibrium reduce to

(3.3) divT = 0.

We shall find it convenient to express the equations of equilibrium in terms of the ref-
erence configuration and thus
oT,; Ty,

(3.4) = OX. Fyt =0.
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Replacing — (p/u) by P, a lengthy but straightforward calculation yields

oY 7 ox oz

(.5) c;/z'(aP 5 o +f§f,) sl/z'(ap 54 33)4,%”1:

: of  og (9P o  eg\ ¥ og
6o /T ( teox T8 ay)”'/’l (aX 8y *8 ax)* 8+ a7

af , 74 of

1372 3/2 _ 1—12

37 c¥ ( + a},)+S/1 (aX ay) A /(Sg+Cf)

1 oP

" oP
ANy + T oz

0,

=0,

+211! -

It follows from the definitions of f and g, i.e., (2.4) and (2.5), that (3.5)-(3.7) can be

re-written as

o2 .._‘:(c i +s__)

(3.8) X V7 aZ
JoP 1 o og

P o S T LN S S S B
G10) o =-¥i +c(;/1[ A,ZX?Z—+_I,—Y—6—Z—+§—72—Y—67

- 2 x ]esvm)|- 34

v
oz

Q _of 1 A", og Q . og
7Yz ta ¥zt az|

It follows from (3.8) (2.4) and (2.5) that

a*P 1 | Y d 2
an Bl s ()
while from (3.9), (2.4) and (2.5) that

d0*P ' 1 1 A, d | &
om e ]
Equations (3.11) and (3.12) imply that
| Y A d Q2
oo [ )

which in turn implies that

(3.14) _"_(ﬂ) =0,
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We assume that the bottom layer at Z = 0 is held fixed while that which was at Z = H is
twisted by angle £2,. Then, by integrating (3.14) we obtain

_ £ _ £
(3.15) 22) = WH) NZ) = I A(2),
On substituting (3.15) into (3.10), and using (2.4) and (2.5), we obtain
JdP LW T
(.16) s = T = (4 Y0(D),
where
B d? N2 02
G.17 0(2) = 177 [(A)172]- T
Next, note that (3.8) can be rewritten in virtue of (2.4), (2.5) and (3.17) as
aP 1
(3.18) i T/_’TTXQ_
It follows from (3.16) and (3.18) that
1 dQ d |
It immediately follows that
1
3.20 T Q...

where A4, is a constant.
Let us introduce a function 7(Z) through

L

3.21 Z)= —ro—.
(3.21) n(Z) V7
Equations (3.19), (3.20) and (3.21) imply that
i AN
(3.22) 7 =A,n+? paE
AZ
=Ain+ —,
1M 7

where the second equality is true in virtue of (3.15) and 4 = £2,/(A(H)) is a constant. If
A = 0, the governing equation (3.22) reduces to that which governs the non-uniform
extension of a neo-Hookean material studied by RajAGopAL and WINEMAN [2] .We shall
now proceed to show that the nonlinear equation (3.22) can be integrated twice, and the
solution exhibited explicitly.

Multiplying (3.22) by n’ and integrating it once, we obtain

(323 )V —Ayn*+4%n7% = 4,,
where A, is a constant. Solving for »’, we obtain
(3.29) N = +[Ayn?+A,— A2~ 22,
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Introducing a function
(3.25) §(2) = n*(2),

(3.24) can be rewritten as

(3.26) + ;3 ds =
2 V(4,8 +4,6—A4%)

Let us define

3.27 A= —44,4>—

Depending on the respective values of the constants 4,, 4, and A, different explicit
expression for the integral of (3.26) are possible. The only physically acceptable solution
corresponds to 4, < 0, 4 < 0, and it follows that (cf. [6])

(3.28) g1 _=1 o ( ziLE_L_Ai)= Z+4,,
2 V-4, V=4
where A5 is a constant. Thus
(3.29) (2) = 24, {— A, F (Y = D)sin[2(y —A,)(Z +43)]}!
and thus

(3.30) AZ) = [ 24, (- A, T (Y =D)sin[2() =4, )(Z+ 45)]}dZ,

where A5 is a constant.

4. Mooney—Rivlin material

Let us now turn our attention to the equations of equilibrium of a Mooney-Rivlin
material. In this case a lengthy but straightforward calculation yields

R e AL

of o of ofy . 1 o
G e 2

; -~ P 1 =\ dg 1 =\ S og
42 SYT g rCyT gy ( +ﬁ)iz‘+(z‘5){““(f or

Vi
o o8\__€C (, 9% 2%\ 1 2%
gﬁ) N (3 oy x|t vaz(= %
1 opP 1 oP 1 oP 1 2\
63 oz~ o G-y~ o GerdNgp + 3+

I = Jt . oogm of o \\_
* (7 ‘5)(" AR iy (2f‘az“ ”g‘a'z“))— G
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It follows from (4.1), (4.2), (4.3), (2.4) and (2.5) that

@y YIS (-—+ﬁ)( . +sﬁ) (w-—ﬁ){—l;}—,--(ch—yS)

C ¢ S 0
+ V,ﬂ @S +y0)+ — a£+7‘a‘%}’
, 2 o\ (1 [ S
@9 vigr=-(y+5)(ci-sag)- (2 A casr0
C og S daf
b v+ G~ Tz
P 2 2 " 3
40 g = (3 8o R+ TR (3 -F) (5 (o
Bryza yay_ LA " 2 4 152
—a XYY 2L L @0+ R YY),
where
1 A o
*=gg V=
@7 LN d @
w2 )~z ()

Notice that (4.4) and (4.5) reduce to Egs. (3.8) and (3.9), when f = —; A simple and
straightforward computation using (4.4) and (4.5) yields

@ AETE) )

Let us introduce a constant § through

+-F

(4.9) B = ‘:‘ —.
,,2, +ﬁ

Then

(4.10) PO (AP =0

It immediately follows that

4.11) Q2) = ["A(Hs)?—ifﬂf] (M2)+B2).
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Using the expression for £2(Z) in (4.11) and substituting this into (4.4) and (4.6), it
follows by cross-differentiating and eliminating the pressure that

’ 14 r 1 ’ ! r__n nr
(4.12)  7'Q—nQ'+4B*nm'f (71-; +ﬂ) = P@B ' B+4Bn ' B2+ 3n*n'n" +0*n""),
where
N
MH)+pH -

On dividing both the sides of (4.12) by 7?, rearranging the terms and subsequently inte-
grating it, we find

(4.13) B=

4.19) % +F = —2B? ;;—3; —2B*?B3 —pn't — By’

where F is a constant. _
It follows from (3.17) and (4.11) that

9 1 i
(4.15) 0 =5’ =B, (777 +ﬁ) )
Substituting (4.15) into (4.14), we get
.B2 ' ”
(4.16) /i 'y —Fn = B*B*(=2pn*+n)—Bnm'* = nn".

On multiplying the above equation by 7' and integrating one obtains

BZ
(4.17) O+ 3 + P = BB (= B+’ = o>+ D.

where D is a constant.
It follows from equation (3.25) that (4.17) can be rewritten as

@.18) § £+ B8 = B~ fO)+ FE + DE- B2,
Thus

, BzﬁZEZ(l—,‘35)+F§2+DE—B2)”2
4.19) £ s 12( [+ E R

which can be integrated to yield

1 (| BE2(1- PO+ FE2+DE-B> ™'
(4.20) ’—'jf( e ) df = Z+E,

where E is a constant. We can thus in principle determine 1.
; . o = 1
In our derivation we have made the tacit assumption that s 0, i.e., f # — 5
£
2 3
(4.21) T= —pl—uB!

If B_ = — the constitutive expression reduces to
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In this case it is easy to show that explicit exact solutions can be exhibited, in a manner
identical to that of the neo-Hookean case.
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