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On the phenomenological theory of ferromagnetism
A. PRECHTL (VIENNA)

For A riGID ferromagnetic medium field equations and jump conditions are derived from the
global balance laws of micromagnetic theory. Introduction of a dissipation potential allows
the unified description of dissipative effects such as damping processes and conduction
phenomena. The results are specialized for a uniaxial ferromagnet.

Dla sztywnego osrodka ferromagnetycznego wyprowadzono réwnania pola oraz warunki dla
skokéw z ogdlnych rownan zachowania teorii mikromagnetyzmu. Wprowadzenie potencjalu
dysypatywnego umozliwilo jednolity opis efektéw rozpraszania energii takich, jak procesy
tlumienia i zjawiska przewodzenia. Otrzymano wyniki dla przypadku jednoosiowego ferro-
magnetu.

Jna sectxoit dheppoMarHKWTHON cpe/ibl BEIBE[EHBI YPaBHEHUA NOJIA, 2 TAKMKE YCIOBHA 1A
CKayKoB M3 oOHIMX ypaBHeHWI COXPAaHeHHs TeODHM MHMKDOMarHeTusma. Beemenme muccuma-
THBHOTO IIOTEHIMANA JAJI0 BO3MOXKHOCTh OTHOPOIXHOTO OITMCAHHA MUCCHNATHBHBLIX 3ddexToB,
TaKMX KaK IIPOLECChI 3aTYXaHHA M sBJeHus mpoBoaumocty. OBiiue pesynsTaThl crienud M-
POBaHBI AN Chy4as OOHOOCHOro ¢heppoMarHeTHKa.

1. Introduction

AMONG magnetic substances ferromagnetic materials exhibit strong magnetic polarisation,
even at small or vanishing applied magnetic fields, assuming that the temperature is suffi-
ciently low. This behaviour is based on a strong interaction between magnetic moments
on an atomic scale which are, essentially, of quantum mechanical origin and are called
“exchange interactions”. A general description of the behaviour of ferromagnetic bodies
should, therefore, make use of a microscopic model.

Here, we shall confine our attention to a phenomenological treatment which is often
sufficient to describe macroscopic effects. Starting with global balance laws, local rela-
tions and jump conditions are derived for a rigid, ferromagnetic medium at rest in a Lo-
rentz-frame. The introduction of a dissipation potential allows a unified description of
damping processes within the spin continuum and dissipative effects based on the trans-
port of electric charge as well as the derivation of symmetry and reciprocity relations.
The constitutive equations are specialized for a uniaxial ferromagnet; a small-perturba-
tion susceptibility tensor is obtained.

2. Global and local balance equations. Jump conditions. Balance of energy

We consider a rigid, ferromagnetic body at rest with respect to a Lorentz-frame of
reference, and delimitate a macroscopic part with volume v by a closed surface dv. If &
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denotes the internal energy density of the medium, the energy balance can be written in
the form [1]

d ; g
@.1) = | edv = $ (3 t—q) nda+ | (r+J- H+E- S)do.
o= f I

The time rate of change of internal energy enclosed in v is caused by supply through the
boundary and within the volume. n is the external surface normal and q the density of
heat flux. The magnetic polarisation field J is, microscopically, constituted by magnetic
moments coupled together by exchange interactions which vanish rapidly with increasing
distance (spin-spin coupling). Within the frame of a continuum theory, such interactions
can be described as being of the contact type and are, according to Cauchy’s principle,
representable by a second-rank tensor, the exchange tensor t. Hence, we can interpret the
vector t- n as the magnetic contact field strength; the corresponding power per unit area
isJ-t-m (A superposed dot denotes partial derivation with respect to time). r is the ex-
ternal volume supply of heat. With the electromagnetic field, energy is exchanged in the
form of polarisation power J - H (H is the magnetic field strength) and power of electric
conduction current density S in the electric field E. Electric polarisation and charges
are neglected.

Thermodynamically, we consider the system “ferromagnetic body” as being distinct
from the system “electromagnetic field”; the links between these two systems are J'-H
and S E. The energy balance of the system “electromagnetic field” is Poynting’s theorem
in the form

& ((lpoH2+~l—soEz)dv = f—-(ExH)-nda+f(-.i-1{—s-l~:)ds,
ar)\2 2 J J

where (uoH?+¢&,E?)/2 has to be interpreted as electromagnetic energy density, E x H
as electromagnetic energy flux density, and — J-H-S"E as the volume supply of electro-
magnetic energy.

Since the global energy balance is supposed to be valid for arbitrary regions of space,
we obtain the local form (in Cartesian tensor notation)

.2 & =r—qu+SiE+t;d, j+H + 1y ),
and on singular surfaces
ity—aim = 0,
if the integrands in Eq. (2.1) are bounded. The symbol [4] = A* — A~ denotes the jump

of a quantity 4 on a surface with normal directed from — to +.

Spin balance

The magnetic moment of the body is connected with an internal angular momentum
via the gyromagnetic ratio y. We suppose the magnetic polarisation to be distributed in
a spin continuum, linked with the electromagnetic field by a couple density J x (H, and
with the lattice continuum by a couple density J x ;{H and a damping moment —R. Parts
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of the spin continuum act on each other through exchange forces of the contact type and
cause a surface density of couples J x t- n. If changes of external angular momentum are
compensated by mechanical torques, we have

d |1
2.3) EJ - ddo =ijt-nda+!{Jx(H+Lm-R]@.

The local magnetic field strength ;H describes anisotropy effects as spin-orbit coupling
and interactions with magnetic moments of higher order. The corresponding local form is

|
(2.4 ';'Ji = g Ji(He+ LHe+ 1 )+ ejcJj it — Ry,

and the jump condition on singular surfaces
el Jitu]m = 0.

Clausius-Duhem inequality

The Clausius-Duhem inequality
d 1 1
(2.5 —-de'v P~ f— —=9q- nda+f—rd'v
dtu 2 T J T

represents a form of the second law of thermodynamics ([2, 3]) stating that the temporal
increase of entropy enclosed in v with the density S is never smaller than the sum of entropy
supply through surface and volume. T denotes the thermodynamic temperature assumed
to be positive, q/T the density of entropy flux and r/T the external volume supply of entropy.
Passing over to the local relation and jump condition

€2.6) $> ol (—l— qj) and
W

|1
J|“f41—‘ﬂ; =20

T T

we have again supposed boundedness of integrands.

The system of equations given so far is extremely underdetermined. To obtain a complete
system, besides Maxwell’s equations of the electromagnetic field, a set of constitutive
equations has to be added.

We define the free energy density by F = ¢— TS, supposing this function to depend
only on the magnetic polarisation, its gradient, and the thermodynamic temperature,

2.7 F=F(;J,;T),
and introduce it into the local energy balance (2.2):

oF . oF . oF - :
(2.8) (5—.;', S Ht_fij.j)"ﬁ*‘(m = rl})JIJ"" (ﬁ o S)T =r—qi +S:E—1T8S.

In accordance with the usual assumptions of the micromagnetic theory (e.g. [4], [5]),
we set the magnitude of magnetic polarisation equal to the saturation polarisation and
assume both temporal and spatial temperature variations to be sufficiently small, so that

(2.9) JiJy=Jt=const, JiJ,=0, JJ,;=0.
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The variables J; ; serve to describe the exchange interactions [4]. Since the damping mo-
ment R is, in essence, caused by conduction electrons, we take it as independent of J,,; and
assume, after transvecting the spin equation (2.4) by J;,

(2.10) edidiatu =0 and J,R, =0.

Next, the field strength H is eliminated from Eq. (2.8) by means of the spin equation.
For this purpose, we split H into components perpendicular and parallel to J,H = H, +
+H,,, take the cross product of Eq. (2.4) and J, and obtain with Eq. (2.9)

1]1
Hy, = Tz [—'am-}}Uﬁ'Rt) JiaJita—=JJJi(LH + 15, l)]] —(Hi+1;,)).

Transvection of this equation with J renders, since J- H, = J- H,
g 1 ;
(2.11) Hi+t;,)J, = [-J—Z(JJfjk-lx.k—em-GRk)'LH:]J;-
5

Neither the spin equation (2.3) not the energy equation (2.1) contains components of the
contact field strength t- n parallel to the magnetic polarisation. Without physical restric-
tion we can, therefore, demand

(2.12) Jitj =0,
and conclude from this and Eqgs. (2.8) and (2.11)

JoF 1 oF . oF . :
(2.13) (a.! + Hi+ B su,‘.{fR,‘)Jﬁ ( 6J r“-).ft_j+ (6—’[’ -+ S) T=r—q.+SE~-TS.

We define the density of entropy production by
. 1 1 1

(214) Y= SwTr—FT-q,_,——f;z—qiT,;
and write the Clausius-Duhem inequality (2.6) in the form
(2.15) y=0

or, after elimination of the external heat supply r,

1 oF oF :
(2.16) |.UT= S[Et——fql T.l (aT +S) (‘a};_tu)"!,j

JF l
(Wz +oH; + b‘uwﬂRn) > 0.

3. General constitutive equations. Dissipation potential

The variables of the free energy density function have been adjusted by the relation (2.7).
With respect to the other constitutive functions we presume the following list which will
be discussed later:

Hy = H(J, 7,5, T) local anisotropy field strength,
b= t(Ji, Ji,is T) exchange tensor,
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§=58,;T) entropy density,
4 =q(, E, T, T,;) heat flux density,
S =8, E,T,T,) electric current density,

@3.1)

R, = R,(J,,f,, T) damping moment.

The inequality (2.16) is, therefore, linear in T and .;',_ ; and, since Eq. (2.16) must hold
for arbitrary processes, the coefficients of these quantities vanish. We obtain

oF daF

(3.2) S=- a7’ = Ejl._j’

and the remaining inequality

1 . [ OF 1
(3.3) ‘UT= EISI“T.I —fq‘_Jl(a—‘;“i'LHj‘!' J_szstJt‘I-ka) ; 0.

Now, the arguments of the free energy density function are summarized in a vector

(3.4 Y={,J.;T}

furthermore, two other vectors X and I are introduced by

3.5) X ={E;, T, J;}

and

- I= {S;,—-]l;q,,- %""LH;'{'%SEJ'.*JJR*)},
=I(Y; X).

The inequality (3.3) can be written in the form
3.7 pyI'=X-I>20 or #u(Y;X)=>0 with (Y;0)=0;

the entropy production has, therefore, a minimum at X = 0. If we assume the vector func-
tion I(Y; X) as being continuously differentiable with respect to arguments X for all Y,
this minimum is analytic, hence,

(3.8) I(Y;0)=0 forall Y,
expecially,

Si(‘fis Ei - 0: T’ T.i = 0) =0
3.9 forall J;, T.

(i, E=0,T,T;=0)=0
Electric and thermal flux densities are zero if the electric field strength and temperature
gradient vanish together, independent of special values of magnetic polarisation and
temperature.

A vector function I(Y; X) on abstract vector spaces is uniquely representable in the
form [6]

(3.10) I(Y; X) = V,6(Y; X)+U(Y; X),
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where the symbol V, denotes partial differentiation of the twice continuously differentiable
scalar-valued function ¢ with respect to components of the vector X. The vector-valued
function U fulfills the requirements

(3.11) X-UY;X)=0 and U(Y;00=0 forall Y;
the function ¢ represents the solution of the differential inequality
(3.12) Ty(Y; X) = X- Vi¢(Y; X) > 0
and is given by
1
(3.13) B0 X) = W)+ [ Ty(¥; AX) 2,
0

where A(Y) is an arbitrary, physically irrelevant function.

For our purposes, the possibility of the representation (3.10) of the vector I and the
existence of a twice continuously differentiable function ¢, the dissipation potential,
is important. With the properties of ¢ we conclude

2 @ 2
XX, 3—)&(& Ua) = 6—X¢(Iﬁ Up),

where the coordinates of the 9-dimensional vectors are indicated by Greek suffixes. The
definitions (3.5) and (3.6) render explicitly for the relations (3.10)

§ e

(3.14)

'—‘E'FAn
1 o¢
(3.15) —qu‘—a—ﬁ*‘ci.
oF
—:.Hi—“gj_——jfsrjk-ﬁ& - “‘—T+G:

The vectors A, C, G are composed of the coordinates of the 9-dimensional vector U and
are (see Eq. (3.11)) restricted to

(3.16) EiAi+T.Ci+J,G, = 0.

They represent effects not connected with entropy production, e.g. the extraordinary Hall
effect [7] through A. In the following, we neglect such phenomena in our description and
satisfy Eq. (3.16) by setting the vectors A, C, G equal to zero. The relations (3.14) can be
collected in the set

as;  as; dg; _ 0g;

O T 3K oT, " or;’

@3.17) eijudi 6{?,‘ = ey a}fk i - L og - 95
aJ; aJ; T 0E; dT;’
I 6Rk aSj 1 5R, 1 6qj
BT =—=, —Ztph ===
J2 OE; aJ; J2 oT; T dJ;

where Eq. (3.1) has been used. We note that the last two relations are identically satisfied
by the choice of the variables (3.1); the remaining equations represent nonlinear generaliza-
tions of Onsager-relations of classical thermodynamics.
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In the following some simplifying assumptions are made. First, the dissipation po-
tential is taken as being independent of exchange interactions, i.e. the polarisation gra-
dient J; ;. This is reasonable since, first, no derivatives with respect to J; ; occur; secondly,
the damping moment R is, in essence, caused by interaction of the spin continuum with
conduction electrons and lattice; and, finally, the heat flux density results from lattice
oscillations and conduction electrons and can therefore, like the electric current density,
be considered as not being strongly affected by exchange forces.

Since the Hall effect has not been taken into account, we consequently neglect also
other magneto-galvanic phenomena (magnetoresistive and magneto-thermoelectric effects)
and assume the dissipation potential as being independent of magnetic polarisation, but

not of the time rate J.

Since the drift velocity of electrons is much smaller than the speed of propagation of
disturbances in polarisation, the damping of these disturbances can be considered as not
being affected by electric current density and, as a consequence, by the electric field
strength E. Since the damping effect is a local one, we assumed in Eq. (3.1) independence of
the temperature gradient. On the other hand, neglection of dynamic conduction phenome-
na led to the independence of J in Eq. (3.1),.s.

Summing up, we write the dissipation potential in the form

(3.18) ¢ = 6:(T, T.i, E) +6(T, J)).
Furthermore, we split Eq. (3.15); with G = 0 into the two relations
oF 1 o
3.19 s =l wol eyl
- o AR Y A

since, as shown by Egs. (2.7) and (3.1), the free energy density and the local anisotropy
field strength are not dependent of J.
Let
(3.20) F(J;, 015, T)  and  ¢,(T, Ti, E) +¢(T, J)
be given functions whose values represent the free energy density and energy dissipation,

respectively, for special processes. The entropy density and the local anisotropy field
strength are then determined (see Egs. (3.2) and (3.19)) by

oF oF
3. = = ——
(3.21) S AT LHi 3,
The exchange tensor is given by
oF

3.22 A .

( ) lij aJ"j
and obeys the conditions (2.10) and (2.12),

3.23) endiiatu =0, Jit;=0.

From Egs. (3.15) we obtain for the electric current density and heat flux density

5(;51 a¢l
3. P . = e Tl
3.29) S; 3E, and g T T,
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respectively, where the symmetry and cross relations (3.17)

(3.25)

0E, 0E,’ oT; 0T, OE; aT;
are valid, independent of special material symmetries. For the damping moment we get
from Eq. (3.19) with Egs. (2.10) and (3.17)
¢ 0 0¢, 0>
326) R; = €ij J-—.—, J 1 Ji—=—=J-—= =
( T “aj.(‘aii ‘aJ,) 0
Furthermore, we have the condition (3.3)
1

1 . 0Py 09, . 0,
3.2 T=ES-T;—q——e¢eptiJiR = E,—+T;——+J—— 20,
(3.27) L4 :Tqi 72 ijkdidj g iaE; ‘5T.f i aJ,

as a restriction on ¢, and ¢,.
The remaining part of the local energy balance (2.13),

(3.28) @14 = —TS+S,E;— 71—2-—85_,-,,.}5.}}R;+r,

represents an extended form of the equation of heat conduction.

4. Special constitutive equations. Uniaxial ferromagnet
A simple expression for the dissipation potential is

1 11
¢ = ‘2‘UUEEEJ+ﬁUE‘ T-J+ETA‘J LT,

@.1) 1
¢, = m"u-ﬁfj’

where the tensors oy;, 4;;, 7i; can, without loss of generality, be assumed to be symmetric
and are in general as f;; functions of the temperature. The condition (3.27) requires posi-
tive semi-definiteness of the form

1 1 3
U;jEJE}"‘Zﬁqu ?.:j+ -j;lu T_iT_J+ ‘u_otujijj = 2¢

for arbitrary vectors E;, T ;, J;, so that the tensors 0y, Aij and 7;; as well as
i | Bij
[ 1
Bij | i
have to be positive semi-definite. From the relations (3.24) and (3.26) we obtain
S; = oy Ej+ By T j,
@42 ai = —iy;T;— By TE;,

1 5
R = - ;g%k-{f it
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the relations (3.25) are satisfied by our choice and Eq. (3.26), requires
(4.3 (Jj fit—JsTjt)Jk =0
as a condition for the damping tensor 7;;. o;; represents the electric conductivity tensor
for the vanishing temperature gradient and 4;; the thermal conductivity tensor for the
vanishing electric field. §;; describes the Thomson effect [8].
For uniaxial anisotropy with the unit vector n in the direction of the anisotropy axis,
material tensors of second rank assume the canonical form [9]
(4.4) AU =a a,'j"'azﬂ‘-ﬂj
and we obtain
Gij = O'(éu'f'sﬂiﬂj),
ij = l(éu-%-fn;nj).
ﬁi}' = —O'x(éjj'f‘bﬂiﬂj),
Ty = 1(6,;+rm;ny),
with

(4.5)

0, 220, 720, #26T<2A, x*T(1+b)*< iA(l+s)(1+1]),
Ep

=1, Iz=1, rz-l.

— Tdx[dT is the Thomson coeffcient. In vector notation we have
S = ¢[E—xVT+n(sn- E—xbn- VT)],
q= —A[VT+in(- VT)]+oxT[E+bn(n- E)],

and the condition (4.3), gives tr(Fxn)(J-ny = 0.
If the polarisation is not restricted to special directions with respect to the anisotropy
axis, the damping is isotropic, r = 0, hence,

(4.6)

%)) R="JxJ.
Ho

Now, we turn to the free energy density function. Assuming that a uniaxial ferromagnet
which exhibits spatially uniform and temporally constant polarisation along its anisotropy
axis is subjected to a small perturbation

(4.8) J = Jon+j,

where (see the relation (2.9))
Jg=J% j'n=0.

A possible expression for the free energy density for this special case is
1 1

4'9 = . — |2 i —— ¥ T s j s

4.9 F=Fy+ 2ue Bi*+ 2pto ij kit

Bi*/210 with B > O represents the anisotropy energy [8] and oy ji,jk.j/2u0 With ay =
a(d;;+on;n;) (see Eq. (4.4)), the exchange energy. Temperature variations connected with
the perturbation are assumed to be small so that the coefficients can be regarded as con-
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stants. Perturbations of the anisotropy-field strength and ‘the exchange tensor follow from
Eqgs. (3.21), (3.22) as

1 1
Hy=——38j; and t; =—ayfix,
LIt o ﬁf i Ko ik Ji,k
respectively; the conditions (3.23) are met, and the damping moment assumes the form
T ,
R=—Jynxj.
Ho ape
If the magnetic field strength is taken as
H = Hyn+h, H, = const.,

the spin equation (2.4) can be written as

Iz

(4.10) ” i= Jonxhe,

where we have introduced the effective magnetic field strength

Ho\. ) 2
@4.11) polher)i = pohi— (ﬁ"’ #—TIO—U’JH‘“}U:.H— Tji.

The relation (4.10) with Eq. (4.11) is the central equation for the investigation of pertur-
bations in uniaxial ferromagnets. If these perturbations are represented by their Fourier

components i(k, ) and il(k, w),

@12)  j(x, ) = [j&, 0)e®x-ondkdo, h(x, 1) = [ bk, 0)e*-mdkdo,

we get from the relation (4.10)

A A

4.13) Ji = poish
with the susceptibility tensor

o ?’Ja (Q—fOJC)(éu— ﬂ;ﬂj)'!“f(l)ﬁu*”t
Y W=y (@-ialy-w?

and the abbreviations

19 9=lo(gy ol i o), =Py

Ho

Equation (4.15) can be used immediately to describe such phenomena as ferromagnetic
resonance and propagation of spin waves in uniaxial ferromagnets of the easy axis type.
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