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Hydromagnetic stability of the interface between a gas stream
and a liquid

B. K. SHIVAMOGGI (CANBERRA)

AN INVESTIGATION is made of the inertial effects of the gas motion upon the stability charac-
teristics of the wave motion at the interface between a gas stream and a conducting liquid in
a uniform magnetic field. The analysis considers a body force directed towards the liquid, and
the effects of the surface tension of the liquid. First the case with the applied magnetic field
parallel to the direction of streaming is considered. For a subsonic gas flow, the inertial effects of the
gas motjon are found to lead to overstability of the wave motion at the interface, and the magnetic
field, if sufficiently strong, will eliminate the instability. For a supersonic gas flow, the inertial
effects of the gas motion are found to worsen the instability of the wave motion of the interface,
and the magnetic field, however strong, will not eliminate the instability. Next, the case with
the applied magnetic field transverse to the direction of streaming is considered, both of the
fluids now being taken to be perfectly conducting. For a subsonic gas flow, the magnetic field
is found to reduce the instability of the wave motion at the interface, but will not eliminate it.
For a supersonic gas flow, the magnetic field is found to worsen the instability of the wave
motion at the interface.

Zbadano wplyw efektow wewnetrznych ruchu gazu na cechy stabilnosci ruchu falowego na
powierzchni pomiedzy strumieniem gazu i ciecza przewodzaca w jednorodnym polu magne-
tycznym. Analiza uwzglednia sity masowe skierowane w strong cieczy i efekty napigé¢ powierzch-
niowych cieczy. Rozwazono najpierw przypadek z polem magnetycznym przylozonym rowno-
legle do kierunku przeptywu. Dla przeptywu poddzwickowego gazu efekty inercji ruchu gazu
wplywaja na stabilizacj¢ ruchu falowego na powierzchni oddzielajacej, a pole magnetyczne,
Jezeli jest dostatecznie silne, moze wyeliminowaé niestabilno§¢. Dla przeptvwn ponaddiwicko-
wego gazu efekty inercji pogarszajg niestabilnosé yuchu falowego na powierzchni oddzielajace],
a pole magnetyczne, chociaz silne, nie elimiinuje niestabilnosci. Nastepnie rozwazono przypadek
z pole_m magnetycznym poprzecznym do kierunku przeplywu, przyjmujac obydwa plyny jako
1clealm<; przewodzace. Dla przeplywu poddzwiekowego gazu stwierdzono, ze pole magnetyczne
redukuje niestabilnos¢ ruchu falowego na powierzchni oddzielajacej ale jej nie eliminuje. Dla

pr_zeplyw_u poddz’wigkowego pole magnetyczne pogarsza niestabilnos¢ ruchu falowego na po-
wierzchni oddzielajace;j.

Hccnenoano BnuaAHMe BHyTpeHHUX 3(h(EKTOB ABMYKEHMA Ta3a Ha CBOHCTBa YCTOHUMBOCTH
BOJIHOBOT'O ABMXKEHMA HA NOBEPXHOCTH MEXAY IOTOKOM rasa U MPOBOMSIIEH YKUIKOCTBHIO
B O[HOPOAHOM MAarHHTHOM moJjie. AHAJIM3 YYHTHIBAET MacCOBbIE CHJIbI HATIPABJIEHHBIE B CTO-
POHY >KHIKOCTH M 3(pHeKThbl ITOBEPXHOCTHBIX HANPSKEHHH »KMAKOCTH. PaccMoTpeH cHauana
CIy4aif ¢ MarHUTHBIM TOJIEM, IIPUIIOXKEHHBIM IIApAJIJIENBHO HANPABJIEHWIO TeueHus. A
A03BYKOBOT'O TEUeHHUS Ta3a 3deKThl MHepHMH ABIDKEHHA Iasa BIMAKT HA YCTOHUMBOCTB
BOJIHOBOI'O OBMXKEHMA Ha PasfelIsaioiled MOBEPXHOCTH, @ MardHUTHOE I10JI€, €CJIM OHO [JOCTa-
TOYHO CHJIPHOE, MOYKET HCKJIIOUUTL HEYCTOHUYMBOCTH. I CBEPX3BYKOBOTO TEUEHHA rasa
3 QEKTEl HHEPLMH YXyAIIAIOT HEYCTOMYMBOCTG BOJIHOBOTO NBIDKEHHS HA pasgenAromeH
MOBEPXHOCTH, 3 MATHUTHOE TIOJI€, XOTsI CHJIPHOE, He MCKJIIOUaeT HEYCTOMUHMBOCTH. 3aTeM pac-
CMOTPEH CJIyYafl C MAarHMTHBIM IIOJIEM IIONEPEYHBIM HANPABJICHHIO TEUCHHS, MPHHHUMAS 00e
YKHAKOCTH KaK HOealbHO HpoBoAsuMe. JINA MOSBYKOBOrO TeYeHHs Iasa KOHCTATHPOBAHO,
UTO MArHMTHOE IIOJIe YMEHBLUAET HEYCTOHYMBOCTH BOJIHOBOIO IBH)KEHMsI Ha DPasmelIsiioiiei
TIOBEPXHOCTH, HO HE HCKIMIOUAcT ee. [T MO3BYKOBOTO TeUEHHs MACHMTHOE IOJIe YXYAIIaeT
HCYCTOHYHMBOCTE BOJTHOBOTO [BIDKEHMS HA pPa3felIAoLiell MOBEPXHOCTH.
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1. Introduction

CHANG and RusseL [3] made a study of the stability characteristics of the wave motion
at the interface between a liquid layer and a gas stream adjacent to it and found that the
nature of the waves generated at the interface depends markedly on the state of flow of the
gas. For supersonic gas flow, the gas pressure at the interface is out of phase with the
surface tension so that a purely oscillatory constant-amplitude motion of the interface
is not possible. For a subsonic gas flow, however, the stabilising effect of the surface tension
gives rise to cut-off frequencies. BUTI ef al. [1] extended this analysis to the case wherein
the two fluids are electrically conducting and are subject to a uniform magnetic field.
For the case with the applied magnetic parallel to the direction of streaming, BUTI et al.
[1] found that even the nature of the effect of the magnetic field on the stability of the
wave motion at the interface depends markedly on whether the gas flow is subsonic and
supersonic. In the present paper the latter result is shown to be true also for the case with
the applied magnetic field transverse to the direction of streaming. Both CHANG and
RusseLL [3], and BuTI et al. [1] ignored the inertial effects of the gas motion. Since the
latter become important for waves with speeds of propagation comparable with the gas
speed, the present paper incorporates them and extends the previous calculations.

2. The case with a uniform magnetic field parallel to the direction of streaming

Consider the wave motion at the interface between a nonconducting gas stream and
a perfectly conducting liquid in a uniform magnetic field H' parallel to the interface (see
Fig. 1). The following analysis considers a body force g’ directed towards the liquid,

F1G. 1.

and the effects of the surface tension 7" of the liquid. The liquid is assumed to be initially
quiescent and of infinite depth whose mean level of contact with gas flowing past it is
the plane y = 0, (see Fig. 1). Both the liquid and the gas are assumed to be inviscid and
the effects of the viscous boundary layer at the interface are ignored. If the motion of the
whole system is supposed to start from rest, it may be assumed to be irrotational. If a typical
interfacial disturbance is characterised by a sinusoidal travelling wave with an amplitude
a’ and wavelength A’, (the primes denote dimensional quantities), then all the quantities
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in the following are nondimensionalised with respect to a reference length 1'/27, a time
(X [27g)!!?, and the inertial effects of the gas motion are characterised by the ratio of the
wave speed to the gas speed. The gas density g, is small so that the corresponding body
force is negligible. The potential function of the motions of the liquid and the gas are
taken to be, respectively,

’

(g)'? (—A—)Blzfp(x y, 1)
@.1) and o o

(2);; ) Vx+¢(x, y, ).

The latter are governed by the following linearised equations:
Q2 y=nputey =0,
(23) y = n:¢yy_(M2_1)¢xx_M2(26¢xr+éz¢n) i 0:
where
U=
c’?
5= ( Vg’ )”2 1 wave speed
T\ 2 U’ gas speed

M? =

<1,

¢’ denotes the speed of sound in the gas, V' the ambient gas velocity, and y = #n(x, t)
the disturbed shape of the interface. .
If h' is the perturbation in the magnetic field, one has

(2.4) y < n:h, = Hg,,.

One has the following linearised boundary conditions at the interface:
(i) kinematic condition:

25 »y=0: @y =1,
(2.6) ¢y = On+7s;
(ii) dynamic condition:
H'h, ko

(2.7) y = 0: (p,+1’]+ "Q;T;xz : sz']xx— T Cp,
where
PRIC AT A
= 7 Q; qr » g = l/é—’:—ng’ 2

Cp = —2¢.—268¢,,
o’ being the mass density, and the subscripts / and g refer to the liquid and the gas, respect-
ively.
The infinity conditions are
28 y=—-w: ¢,=0
and if the gas flow is subsonic,
29 y=w0: ¢,=0.

2&
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2.1. Subsonic gas flow

Since we are looking for travelling waves, introduce
(2.10) E=x—ct
so that Egs. (2.2)-(2.9) become
@11) y<0: @utey=0,
(212) y>0: ¢y +yide =0,
213) y=0: ¢@,=—cn,
214 ¢y = (1—3c)ne,

(2.15) i

l

N? |
cpe+ko(1—dc)pe— — P +k*nee,

(216) y=>-—c0: ¢,=0,
217) y=+o0: ¢,=0,

where
yi = mi+26cM?,
mi=1-M2
o g H’z
4mp, U2 "
Let
(2.18) n = Acosé,
A being an arbitrary constant; then from Egs. (2.11)-(2.14), (2.16) and (2.17), one obtains
2.19 _ @ = Ace’sin§.
A g
(2.20) ¢ = Y—(l—ﬁc)e‘“”smf.
1
Using Egs. (2.18)-(2.20) in Eq. (2.15), one obtains the dispersion relation
_ 2
2.21) e ’“"(IYA — (k414N = 0.
3 ]

For é = 0, this reduces to what was reduced by BuTI ef al. [1] in the proper limit.
Recalling that 6 < 1, Eq. (2.21) gives

2
(2.22) c=kd5(L+£)i‘/kz+l+N2—ﬁ,

m, 2m?} my

It is obvious that the inertial effects of the gas motion (d # 0) lead to overstability (CHAN-
DRASEKHAR [2], Chapter I). Also, note that if the applied magnetic field is sufficiently
strong, it will eliminate the instability.

The cut-off wavenumbers correspond to

| S
(2.23) koo = o 7 l/—"t —(1+N?).

2m, 4m?
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Thus there are two cut-off wavenumbers, and all disturbances with wavenumbers above
or below these value propagate without growth or decay. Note that the effect of the applied
magnetic field is to reduce k., and increase k. , i.e. to narrow the unstable window —
further indication of the stabilising nature of the applied magnetic field.

2.2. Supersonic gas flow

Introducing
(2.10) E=x—ct,
again, the system (2.2)-(2.8) becomes
224) y<0: @ete,, =0,
(225 y>0: ¢,,—yide =0,
(226) y=0: @, = —cn,
(2.27) ¢y = (I=60)n¢,

(2.28) 7

N2
cgetko(l—dc)de— — — gtk

229 y=—-ow: ¢,=0,

where
¥} = m3—26cM?, mj= M*—1.
Let,
(2.30) n = Ae*
then from Egs. (2.24)-(2.27), (2.29), one obtains
(2.31) @ = —ide’tY,
(2.32) ¢ =— % (1—dc)ei=1,

Using Egs. (2.30)-(2.32) in Eq. (2.28), one obtains the dispersion relation

Bk ika(1—8c)?
T2

(2.33) —(k*+1+N%) = 0.

For 6 = 0, this reduces to that deduced by BuTI et al. [1], in the proper limit.
Recalling that 6 <€ 1, Eq. (2.33) gives

ikod / iko
2.3 - 2 + k2 1 NZ_ i
(2:34) o= (M 2)_] + 1 )
It is seen that the physical condition is always one of instability, regardless of the presence
of surface tension and the applied magnetic field. The inertial effects of the gas motion
worsen this instability.
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3. The case with a uniform magnetic field transverse to the direction of streaming

Consider the previous model with both of the fluids perfectly conducting this time,
and an applied magnetic field along the z-direction. FEJER [4] found from consideration
of the Kelvin—-Helmholtz instability of a compressible plasma in a transverse magnetic
field that the effect of the latter is to increase the sound speed from ¢? to (¢?+N?). Thus,
for a subsonic gas-flow the dispersion relation, from Eq. (2.22), gives

1 M*? , . ko
(3.1 c-—kaé(ml — *3) ]/k e

where

U2
= wee n? = 1—-M*2,

*2

Clearly the transverse magnetic field reduces the instability of the wave motion at the
interface, but will not eliminate it, for a subsonic gas-flow.
For a supersonic gas-flow the dispersion relation, from Eq. (2.34), gives
3.2) c=%(M*2—2)i ]/k2+l—i:—;,
where
mit = M*2—1.

Clearly the transverse magnetic field worsens the instability of the wave motion at the
interface for a supersonic gas-flow.
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