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On the circular crack problem 

1. Introduction 

E. KOSSECKA (WARSZAWA) 

IN THE FRAMES of the mathematical theory of defects, the problem of a crack is re­
duced to the solution of a boundary integral equation for the displacement discon­
tinuity. The equation for the circular crack is worked out. 

THREE-DIMENSIONAL crack problems are difficult from the mathematical point of view. 
The method of integral transforms is effective only for problems with the simplest ge­
ometry. In the frames of the mathematical theory of defects, the crack is represented as 
the elastic potential of a double layer. This approach allows to reduce the crack problem 
to the solution of a boundary integral equation for the displacement discontinuity function 
over the crack surface. No important limitations, either on the shape of the crack or on 
the character of external stresses, are necessary. However, even for finite, plane cracks, 
other than circular or elliptic, the integral equation thus obtained can be solved o.nly 
numerically. Moreover, the numerical solution of this equation is troublesome as, in 
general, we deal with the strongly singular integra-differential equation for the function 
of two variables. 

We present below one of the methods of exact solution of the integral equation for 
the circular crack. Another method was presented in [7]. 

2. Equation of equilibrium of a crack 

The static Lame equation 

(2.1) 

for the isotropic body, for which 

a v -­k- oxk 

(2.2) c,.,., =I' [ ~~~v ~ .. ~ ... +~ .. ~ ... +~, .. ~ .. ] 
has the basic solution G: 

(2.3) 

(2.4) G (X X') 
1 

{ ~tk 1 
V V r} r = x-x'. 

tk - = 4np, -r- - 4(1-v) t k ' 
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The expression called the elastic potential of a double layer is related to the Lame equation 

(see [I]) and has the following properties. LetS be the smooth surface having the normal 

vector n, and u be the displacement field given by the expression 

(2.5) u,(x) = - f ds'Unnbcnbrs VsGtr(x-x'), x'Es, Vs =--:---. 
S UXs 

To the field u corresponds the stress field a: 

(2.6) O'tk{x) = -Ctklm J ds'UnnbCnbrsVsVlGmrCx-x'). 
s 

The following equalities are established [I, 3]: 

(2.7) 

(2.8) 

l[u,]l = U, 

nkl [a,k]l = 0, 

where I[ ... ]! denotes the difference of the one-sided limits of the appropriate functions 

at the surface S, i.e. the jump discontinuity of a function across S. Obviously outside S, 
u satisfies the homogeneous Lame equation. ' 

In the mathematical theory of defects, basing on the linear theory of elasticity, the 

potential of a double layer describes a surface defect to which corresponds the displace­

ment discontinuity U across the defect's surface S, the displacement field u given by Eq. 

(2.5), the self-stress a given by Eq. (2.6), and which is self-equilibrated [3, 4]. 

The macroscopic crack in the infinite, elastic, continuous medium is a defect, described 

by the function U which is given over the crack surface and has a meaning of the relative 

displacement of the crack faces at a given point, caused by the external s'tress a. The 

displacement discontinuity U is to be found from the condition of equilibrium of the 

crack surface: 

(2.9) 

where S is the crack surface having the normal vector n, a is the self-stress of the crack 

and ci is the external stress. 
The equation of equilibrium of a plane crack, opened by the tensile stress p normal 

to its surface, has the form 

(2.IO) - 4n(i -v) Vk Vk f ds'U(r') jr~r'l = p, 
s 

r, r' E S; k = I, 2, 
\ 

r = [x 1 , x2 ], r' = [x~, x;]. 

The crack surface is the region of the plane (x 1 , x 2 ), U is the displacement discontinuity 

in the direction of the x 3 axis; (see [5]). The function U has to be zero at the boundary 
of the crack surface: 

(2.11) U(r') = 0 for r' E ·as. 
If we perform in Eq. (2.10) the differentiation of the integral kernel with respect to the 

variables x1 , x2 , and then the integration by parts with respect to the variables x~, x;, 
making use of Eq. (2.II), we obtain the equation 
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(2.I2) k = I, 2. 

This is the strongly singular integra-differential equation for the unknown function U. 
After the function U satisfying Eq. (2.I2) has been found, the displacement and stres_s 
field of the crack can be calculated from the fromuh,le (2.5) and (2.6). 

3. The circular crack 

We consider the axisymmetrical problem of a circular plane crack opened by the 
normal stress p, depending in the cylindrical coordinates r, q; on the variable r only. The 
opening function U depends on r only. The crack has the unit radius. 

The equation of equilibrium of the crack has the form 

~ 1 ~ 

(3.I) - f.l [_!_ -~ r ~1 J dr'r' U(r') J dq; I r, r' ~ 1, 
4n(1-P) r Or Or O O Jlr2 +r'2 -2rr'coscp ' 

whereas the condition (2.11) for the function U to be zero at the boundary of the crack's 
surface has the form 

(3.2) U(r = 1) = 0. 

To be able to make use of some important tricks, we do not perform now the differenti;. 
ation with respect to r in Eq. (3.1). 

From the formulae A 1, A2, the following representation for the internal integral with 
respect to the variable q; results: 

~ 00 

(3.3) J dq; 
1 

= 2n J dzJ0 (zr)J0 (zr'). 
0 y r2 + r' 2 - 2rr'cos rp 0 

The following substitution for the function U plays the essential role in what follows: 

1 

(3.4) U(r) = 2(1-P) J dt q(t) . 
r J!t2-r2 

The function U(r) . sought for in this form automatically satisfies the condition (3.2). 
Equation (3.1) takes now the following form: 

(3.5) 

1 1 00 

- (_!_ ~ r ~] Jdr'r'fdt q(t) J dzJ0 (zr)J0 (zr') = L. 
r ur ur .. I t 2 _ r' 2 f.t 

0 r' t' 0 

Interchanging the order of integration with respect to the variables r' and t and afterwards 
with respect to the variables r' and t, we obtain the equation 

1 oo I 

(3.6) - (_!_ ~ r ~ ] Jdtq(t) J dzJ0 (zr) [dr' 
1 

r' J 0 (zr') = _!!_, 
r ur _ ur 

0 0 0 
y t2 _ r' 2 f.l 
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We now perform integration with respect tor', making use of (A.4): 

t 

(3.7) rd '. r' 1 ( ') sinzt r ---- 0 zr = --.-o yt2-r'2 z ' 

and afterwards integration with respect to z, making use of AS: 

. ('" t) oo oo ~n ~-

.[ dzJo(zr) sin;zt) = J dCJo(C) C r 
2 

I

n 
for t>r, 

(3.8) 
0 0 

Our equation then takes the form 

. t 
arcsmr for t < r. 

(3.9) [ 
1 iJ iJ ] [J~ .· t n J1 

] p - rTr ra,: dtq(t)arcsm~ + T dtq(t) = -,;· 
0 r 

Performing one differentiation with respect to r (see A.6), we obtain the equation 
r 

(3.10) !_Jdt tq(t) =l!_r. 
iJr o Jl r2 - t 2 I' 

This is the integral equation of the Abel type, which has the solution (see [2]) 
t 

(3.11) q(t) = ~ J du up(u) 
nl' o y t2-u2 . 

The solution for U(r) takes thus the form 
1 t 

(3.12) U(r) = 4(1-v) Jat j'" du up(u) 
np. yt2-r2 o yt2-u2 . 

For the constant stress p, 

(3.13) 
2pt 

q(t) = 1tl'' ' 

U(r) = 4(1-v)p y'I-r2. 
7€1' 

Here we are not going to derive and discuss in details the expressions for the displace­
ment and stress fields for the circular crack as they are well known and can be found 
in [2]. We only wanted to present the application of elastic potentials and the correspond­
ing integral equation method to the three-dimensional crack problem. 

4. Conclusions 

The problem of a macroscopic crack in the elastic medium under the external stress 
field can be· formulated as a problem of a surface defect, to which corresponds the appro-
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priate displacement discontinuity function U. The equation of equilibrium of a crack 
is the strongly singular integro-differential equation for the function U. 

For the circular crack under the axially-symmetric external stress field, we can find 
the exact solution of the integral equation for the displacement discontinuity function u. 

5. Appendix 

The formulae for the integrals series and derivatives we ha~e used in the present paper 
(references to [6]) are 

(A. I) 
00 1 J dxJo(bx) = b' b > 0, G.R. 6.5ll.I, 

0 

00 +2..r Jk(zr)Jk(zr')coskq;, G.R. 8.531.I, 
k=l 

where 10 , Jk are the Bessel functions. 

1 

(A.3) 

It follows that 

(A.4) 

(A.5) 

(A.6) 
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