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Generalized continuum theories for directionally
reinforced solids

J. D. ACHENBACH (EVANSTON)

A THEORY of elasticity with microstructure for fiber reinforced composites with a rectangular
array of the fibers is outlined. The theory is based on expansions of the displacements across
representative cells. The transition from the actually inhomogeneous composite to a homo-
geneous continuum is achieved by introducing continuous fields for gross displacements and
local deformations. The elastic constants are expressed explicitly in terms of the constants
defining the mechanical behavior of the fibers and the matrix material, and the parameters
describing the geometrical layout of the composite. A number of specific examples involving
the dispersive behavior of time-harmonic waves propagating in directions parallel and normal
to the fibers are discussed. These cases are relevant to available data of ultrasonic tests on
composite materials. Analytical results are compared with test data, and with some results
obtained by the finite element technique.

Naszkicowano teorig sprezystosci z mikrostrukturg dla kompozytéw wzmocnionych wiéknami
przy rozmieszczeniu wibkien w ksztalcie prostokgtnej tablicy. Teoria bazuje na rozwinigciach
przemieszczen wzgledem reprezentatywnych komorek. Przejécie od niejednorodnego do jedno-
rodnego kompozytu osiagnigto dzigki wprowadzeniu ciaglych pdél dla duzych przemieszczen
i lokalnych odksztalczn. Stale sprezyste wyrazono jawnie przez stale okreslajagce mechaniczne
wilasno$ci materiatu wiokien i matrycy oraz parametry opisujace geometryczng strukture kom-
pozytu. Przedyskutowano kilka odpowiednich przyktadéw opisujacych dyspersyjne zachowanie
si¢ fal harmonicznych rozprzestrzeniajacych si¢ w kierunku réwnoleglym i prostopadlym do
wibkien. Wybrano takie przypadki, dla ktdrych istnieja dostgpne dane do§wiadczalne uzyskane
w badaniach ultradiwigkowych, przeprowadzonych na prébkach wykonanych z materialu
kompozytowego. Wyniki numeryczne poréwnano z danymi do$wiadczalnymi oraz z niekt6-
rymi wynikami otrzymanymi metodg elementéw skonczonych.

Ha6pocaHa TeopHA YIPYTOCTH C MEKPOCTPYKTYPOI I KOMIIOSHTOR YINPOYHEHHBIX BOJIOKHAMH
NpH pacnpeesieHHd BOJMOKOH B hopMe NMpAMOYTOMBHOM Tabmuubl. DTa Teopusa OasHpyeT Ha
PasIoyKeHHAX MEPeMEIleHHii o OTHOLIEHHIO K IpeACTABHTENBHEIM Aveiikam. Ilepexox ot
HEOJHOPOAHOrO K OJHOPOZHOMY KOMIIOSMTY MOCTHTHYT GJ1arofapA BBEEHHIO HEMPEPBIBHBIX
monel nns GONBIIMX IepeMellieHHit ¥ NOKATMBHBIX Hedopmaiumi. Ynpyrae nocrofgHHbIe BhI-
payKeHBI ABHO uYepe3 IOCTOSAHHBLIE, ONPEAEIUIIOIINE MEXaHHUECKHE CBOMCTBA MaTepHana BO-
JIOKOH M MaTpHIBI, 3 TAK)Ke MApaMeTphbl, OMUCHIBAIOLIME FEOMETPHUECKYIO CTPYKTYPY KOMIIO-
auta, OBGCYHIEHO HECKONBKO COOTBETCTBYIOUIAX IPHMEPOB, ONMMCHLIBAIONINX AMCIEPCHOHHOE
MoBeJIeHHE TapMOHMYECKHX BOJH, DacCHPOCTPAHMAIOLIMXCA B HANPABJICHHH NapaylIeIbHOM
M TEPHNEeHIUKYJIAPHOM K BoJokHam. M3bpaHel Takue ciayuau, JUIA KOTOPBIX CYIIECTBYIOT
IOCTYNHBIE KCIEPHMEHTANGHBIE JaHHBIE, IONYUYEHHBIE B Y/IBTPa3BYKOBBIX MCC/IeJOBaHHMAX,
NpoBe/IeHHBIX Ha 00pa3suax, M3roTOBJIEHHBIX M3 KOMIIO3HTHOrO marepuana. YucneHHble pe-
3YJILTaThI CPABHEHBI C 9KCIIEPHMEHTANBHBEIMH JAHHBIMH, 8 TAKOKE C HEKOTOPBIMH Pe3yJIbTaTaMi
NoNy4eHHBIMH METOJOM KOHEUHBIX 3JIEMEHTOB.

1. Introduction

For many practical purposes the mechanical response of a directionally reinforced com-
posite can be analyzed adequately on the basis of a theory which accounts for the gross
mechanical behavior of the composite material. Gross mechanical behavior is described
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by averages of field variables over representative elements. In the simplest theory the
averaged stresses are related to averaged strains by means of effective elastic constants.
In this theory, which is termed the “effective modulus theory”, the mechanical response
of the composite medium is equivalent to the response of a homogeneous but generally
anisotropic medium whose “effective moduli” are determined in terms of the elastic
moduli of the constituents and the parameters describing the geometrical layout of the
composite. The computation of effective moduli has been a research topic of long-stand-
ing interest.

The effective modulus theory is useful if a pertinent length parameter characterizing
the structuring of the composite is sufficiently smaller than a characteristic length of the
deformation. Consequently it is conceivable that a number of interesting problems, mainly
of a dynamic nature, cannot be analyzed adequately on the basis of the effective modulus
theory. It should be noted, for example, that the effective modulus theory cannot account
for dispersion of free harmonic waves in an unbounded body, i.e., the dependence of
the phase velocity and the group velocity on the wavelength. It has, however, been verified
experimentally that dispersion is pronounced if the wavelength is of the same order of
magnitude as a characteristing length of the structuring. Wave propagation experiments
on composite materials have also revealed higher modes of wave propagation, some-
times called optical modes, in addition to the two lowest modes (which are usually called
the acoustical modes). Only the acoustical modes, and then without dispersion, can be
described by the effective modulus theory.

The propagation of harmonic waves in a layered composite consisting of alternating
layers of two elastic materials can be analyzed rigorously, see e.g. Refs. [1,2 and 3]. It
is also quite simple to construct an effective modulus theory for a laminated medium, as
shown in Ref. [4). Thus, a laminated composite provides a very suitable model to display
the limitations of the effective modulus theory. This was done in Ref. [5].

The exact results for a laminated medium presented in Ref. [3] exhibit the different
nature of the dispersive behavior for harmonic waves propagating in the direction of
the layering, and normal to the layering. For waves propagating along the layering, the
layers act as waveguides, and there are no stop-bands, i.e., frequency ranges in which
propagating harmonic waves are not possible. For waves propagating normal to the
layering, the dynamic interaction between neighboring layers does generate stop-bands,
which are very similar to those found in elastic lattices (see e.g. Ref. [6]).

Exact solutions within the context of classical elasticity theory are not available for
fiber-reinforced composites. It is, however, to be expected that qualitatively an analogous
difference should exist for dispersion of waves propagating in the direction of the fibers,
and normal to the fiber-direction. This expectation has been confirmed by experimental
results presented in Refs. [7 and 8].

For a laminated medium the restrictions of the effective modulus theory have motiv-
ated the formulation of an extension of that theory, see [5]. The extended theory, which
is known as the effective stiffness theory, can describe typical dynamic effects due to the
structuring. The displacement equations of the effective stiffness theory which were derived
in [5] were used to investigate the propagation of plane harmonic waves in the directions
parallel to the layering and normal to the layering. The limiting phase velocities at vanish-
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ing wavenumbers agreed with the constant phase velocities according to the effective
modulus theory, as well as with the limiting phase velocities obtained from an exact treat-
ment. For the lowest modes and for waves propagating parallel to the layering the dis-
persion curves according to the theory of Ref. [5] agreed over a significant range of wave-
numbers with the exact dispersion curves. It was subsequently shown in [9] that the theory
can be refined to increase the accuracy. Higher order theories were reviewed in Ref. [10].
For waves propagating normal to the layering, the theories that have been worked out
thus far remain, however, unsatisfactory, even with higher order terms. A more accurate
representation of the interaction between neighboring layers should produce the desirable
improvements.

It is a legitimate question whether the relatively small wavelengths, with frequencies
in the megahertz range, at which dispersion effects and higher modes occur, are of practical
significance from the point of view of technological applications. In a few examples of
pulse propagation that have been worked out, see Refs. [11 and 12], it has been shown
that the contribution of the lowest mode often predominates. It has also been shown,
however, that the curvature of the phase velocity versus wavenumber curve at zero value
of the wavenumber governs the shape of the pulse at larger values of time. On the other
hand, there are several other potential sources of dispersion, such as the overall boundaries
of the body and inelastic behavior of the constituents, which may produce dispersion
predominating that due to the structuring of the composite.

An important motivation for a detailed study of the propagation of harmonic waves
in fiber reinforced composites is that effective elastic constants can conveniently be
measured by ultrasonic testing techniques. These techniques have the advantage that
small specimens can be used, and that good control and reproducibility can be achieved.
Typically one measures phase velocity or group velocity for a number of frequencies.
The extrapolation to zero frequency then provides the velocities for very long waves,
from which the effective elastic constants can be determined. Clearly, these testing pro-
cedures require a good understanding of the dynamic behavior of composite materials.
The major part of this paper is, therefore, concerned with wave motions that are relevant
to ultrasonic testing techniques.

A continuum theory which models more accurately the structuring of a fiber-rein-
forced composite can, of course, be expected to yield better results for smaller character-
istic lengths of deformation. In recent years several attempts have been made towards
the development of such more accurate theories. On the basis of kinematical considera-
tions within a typical cell of the directionally reinforced composite, a hierarchy of theories
can be developed, which shows a close resemblance to the generalized continuum theories
which were apparently first introduced in the literature towards the end of the nineteenth
century.

As a research topic in theoretical and applied mechanics, generalized continuum
theories enjoyed a renewed interest and a brief period of glory in the fifties and the sixties.
Much of this interest was from an abstract theoretical mechanics point of view. Several
theories were formulated and several specific problems were solved. The enthusiasm
waned, however, when few practical applications could be found. In particular, it turned
out to be difficult to relate the multitude of material constants appearing in these generalized
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continuum theories to the structuring of real materials, either by theoretical considera-
tions or on the basis of experimental results.

In this paper the applicability of generalized continuum theories to the mechanics of
directionally reinforced solids with periodic structuring is discussed. A theory of elasticity
with microstructure is outlined for fiber reinforced composites with a rectangular array
of the fibers. The theory is based on expansions of the displacements across representa-
tive cells. The transition from the actually inhomogeneous composite to a homogeneous
continuum is achieved by introducing continuous fields for gross displacements and
local deformations. The elastic constants of this theory of elasticity with microstructure
are expressed explicitly in terms of the constants defining the mechanical behavior of the
fibers and the matrix material, and the parameters describing the geometrical layout
of the composite. The potential applicability of generalized continuum theories to des-
cribe the mechanical behavior of composite materials was earlier discussed by RIVLIN
[13, 14] and HERRMANN and ACHENBACH [15].

A number of specific examples involving the dispersive behavior of time-harmonic
waves propagating in directions parallel and normal to the fibers are discussed in this
paper. The results are compared with some recent experimental results, and with results
from other theories, including some obtained by finite element techniques.

Alternative approaches to the one discussed here, have been presented by other authors.
Among these we mention mixture theories [16, 17], and variational methods [18, 19].

2. A homogeneous continuum model

In this section the basic ideas for the construction of generalized continuum theories
for fiber-reinforced composites are presented with reference to a specific model. The
equations governing a general state of deformation, according to this particular model,
are lengthly. These equations have already been presented in some detail in Ref. [20]
and they are, therefore, not listed once again in this paper.

We consider a fiber-reinforced composite consisting of uni-directional fibers embedded
in a matrix material. It is assumed that the fibers are cylindrical rods of radius a arranged
in rectangular arrays. The distances between the center lines of the fibers are d, and d,,
in the x,- and x,-directions, respectively, as shown in Fig. 1. Each fiber is identified by
two indices: the first index identifies the row and the second index identifies the column
in which the fiber is located. The position of the center line of fiber (k, /) is defined by
x, = x3 and x; = x%. The elastic constants of the high-modulus reinforcing fibers and
the low-modulus matrix material are denoted by A,, ur and A, um, respectively.

To describe the displacement field the fiber-reinforced medium is divided into strips
by the planes of structural symmetry of the composite, see Fig. 1. Each strip is of width
d, and of height d,, and each strip contains one fiber. We focus attention on the strip
which contains fiber (k,!). An element of unit length of this strip is labeled cell (k, /).
Next, we define a system of local cylindrical coordinates r, 6, x,, as well as a system of
local Cartesian coordinates x,, X,, X3, see Fig. 2. Now, provided that the characteristic
length of the deformation is sufficiently larger than either d, or d;, the displacements
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FI1G. 1. Fiber-reinforced composite.

FiG. 2. Cell (k,!) of the fiber-reinforced composite.

in the cell can be approximated by expansions in terms of quantities which are defined
at the center line of the fiber, which is also the center line of the cell. These expansions
are analogous to the expansions used in rod theories. For the particular model con-
sidered here, we consider linear expansions of the forms (in indicial notation i = 1, 2, 3):
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in fiber (k, 1), (r < a):
.1 uf®D = 7 4 rcosyff-D + rsinOyfth;
in the matrix material of cell (k, /), (r > a):
(2.2)  uf®D = uf*P +acosOypi*P +asinfyp{*? + (r—a) cosOyFD + (r—a)sinbyFt-D.

Thus, the displacement in the matrix is expressed as the displacement at the fiber-matrix
interface plus additional terms which increase linearly with the distance from the inter-
face. By expressing »*? in the form (2.2) the displacement satisfies the condition of
continuity at the fiber-matrix interface. Equation (2.2) can also be written in the form

(23)  uf®d = ufd+acos(plf*" — y3?) +asinf(pi" — 3" D) + X, 5D + X5yt
The field quantities and their dependence on the coordinates are summarized as
gross displacements u* D (xy, xh, X5, 1);
local fiber deformations UeD(xy, xh, x5, 1),  off*P(x,, x5, X%, 1);
local matrix deformations ¥T*P(x,, x5, x5, 1),  ¥I*P(x,, x5, x5, 1).

Note that within the actual fiber-reinforced composite the gross displacements and the
local deformations are defined at discrete values of x, and x;, but they are continuous
functions of x, and 1.

The displacements should be continuous at the interfaces between cell (k, /) and the
neighboring cells. It is, however, not possible to require point by point continuity. What
can be done is to impose the condition that the average displacement is continuous at
the interfaces of the cells. Thus, at the interface between cells (k,/) and (k,/+1) we
require

34
24) J Al ® 0%, ga,— [P, 34} d%; = 0.
_i,dj
Substituting Eq. (2.3) into (2.4) we obtain upon working out the integrals

(2.5)  uf+D _gghh _ "7”;2_ In[C+ (1 + 2212 (pffet+ 1 — ynglet +)

Iy — L d I ) = O,
In Eq. (2.5) the ratio ¢ is defined as
(2.6) =

The displacement expansions (2.1) and (2.3) can be used to compute the correspond-
ing strains. Substituting Eq. (2.1) into the expression for the components of the small
strain tensor,

1
(2-7) &y = ?(aju;+3;uj),
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in which
(2.8) Oju; = duyfdx;,

and where the differentiation in the x,- and xj-directions should be with respect to the
local coordinates x, and x;, we find

2.9) ef®h = pf®D  (no summation),

2.10) D = - I+ i,

@.11) el = 30D 4%, 0, ph*D +35 9, D,

Q12) kD = el = - (2,3, 0, PO+, P +plD).

In Eqgs. (2.9)-(2.12) the Greek index y can assume the values 2 or 3 only. An analogous
set of strains can be obtained from the displacement distributions in the matrix material.
These strains are listed in Ref. [20].

In an isotropic linearly elastic body the strain energy density can be written as

1
(2.13) W= & (A+2p) (63, + 832 +833) + A6y, €22+ 814 £33+ 852 £33) +2u(e], + 655 +613),

where 4 and x are Lamé’s elastic constants, and ¢; are the components of the strain
tensor.

Substitution of the strains (2.9)-(2.12) into W, and integration over A4,, where
(2.14) Ay = ma?
is the cross-sectional area of the fiber, yields the strain energy W/®:» stored in the fiber

element of cell (k, /). Substitution of the expressions for the strains in the matrix material
over A,, where

(2.15) Am = dydy—na?,

yields the strain energy W™*? stored in the matrix material of the cell (k, /). The total
strain energy averaged over the volume of cell (k,/) is

1
(k.1) rf (k.1) ke, 1y
(2.16) wkh — T (WHkD . ymekby

The displacement expansions (2.1)-(2.3) can also be used to compute particle veloc-
ities. For the kinetic energy stored in the fiber element of cell (k,!) we have

3
@.17) Tt = o, [ [ Y] Gf*0yda,.

Ay i=1
By employing Eq. (2.1) we find
1 3
Y .
(2.18) TID = 0y D) (AL + HGARY + HGHY),

i=1
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where

(2.19) H = [ [*3d4,,
Ar

(2.20) K= [ [%d4,.
Ar

The kinetic energy stored in the matrix material of cell (k, /), T™*", can be computed
in the same manner. The total kinetic energy stored in cell (k, /) is the sum of Eq. (2.18)
and 7™%D. The average over the volume of the cell is

1
k0 _ f ik, )y
2.21) = id ¥ b o ki B

The displacement distribution in the fiber-reinforced composite is now described by
the field variables #{*?, pf*D, p{fD 2D and kD, These variables are defined
only on discrete lines x, = x5 and x; = x%. To obtain a continuum model we now in-
troduce fields that are continuous in x, and x;, and whose values at x, = x} and x; = x}
coincide with the values of the actual field variables at the center lines of the cells. The
step is indicated by writing #,(x;, ) rather than u{*"(x,, x5, x4, 1), etc. In this manner
five continuous fields are introduced:

gross displacements u;(x;, 1),

local deformations  4;(x;, ) and f; (x;, 1),

yoi(x;, t) and $3i(x;, 1).

As a direct implication of the foregoing step we can also state a strain energy density
W(x;, t) and a kinetic energy density T(x;, t), which are continuous functions of x; and
t, and whose values at x, = xX and x; = x} agree with W&D and T%. The explicit
expressions for W(x;, t) and T(x;, t) are stated in Ref. [20].

It remains to examine what happens to the continuity conditions in the transition
from the system of variables defined in discrete planes to the system of continuous variables.
Considering %;, etc., as continuous functions of x, and x;, Eq. (2.5) is a difference relation
of the form

222) Au- aiz In[C+(1+%)2)Quhi+ Ao 9l — 295 — 4, 97)

1
— 7d;(2gv?,+é|21p’;,) = 0.
In Eq. (2.22) the field variables are considered at x, = x}, x5 = x5. The difference 4,u;
is defined as
(2.23) Azﬁi = ﬁilxz:‘xlz-n —E£|x=qx1: ’

with analogous definitions for A,w{, and 4,v7;. Noting that x4*' = x}+d,, we see
that in the limit dy — 0, d, — 0, but keeping { = ds/d, and a/d, constant, the difference
relation (2.22) can be replaced by the differential relation

(2.29) Sy = dauy— % In[¢+(1+8)V2) (whi—y3)—y5: = 0.
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Similarly we obtain for displacement continuity between cells (k,/) and (k+1,1)

20 [1+(1+<:=)”z

(2.25) Sy = d3u———In ] hi—v5) -y = 0.

It is now assumed that (2.24) and (2.25) are also valid for finite values of d, and d;. The
continuity conditions in the system of discrete cells have thus been turned into constraint
conditions between the continuous field variables.

At this stage we have constructed a strain energy density as an expression in terms
of local deformations and the gradients of the local deformations and the gross displace-
ments. A kinetic energy density has been obtained in terms of the first-order time de-
rivatives of the gross displacements and the local deformations. Considering a fixed re-
gular region ¥ of the medium, the displacement equations of motion can then be obtained
by invoking Hamilton’s principle for independent variations of the dependent field quan-
tities in 7 and in a specified time interval ¢, < ¢ < t,. For the region ¥, Hamilton’s
principle states that

1y T
(2.26) o [ [(@-wyarav+ [ sw,di =0,
h V o

where dW, is the variation of the work done by external forces and dV is the scalar
volume element. Here we are interested only in the displacement equations of motion
and we restrict the admissible variations to ones that vanish identically on the bounding
surface of V. In the absence of body forceds the variational problem then reduces to find-
ing the Euler equations for

t
@.27) 8 [ [ Farav = o,
oV

where the functional F is defined as
(2.28) F=T-W.
An elegant and convenient method of taking the continuity conditions (2.24) and (2.25)

into account is to introduce them as subsidiary conditions through the use of Lagrangian
multipliers. The variational problem may then be redefined by using the functional

3
(2.29) F=T-W- 2 (I2i 82+ 1'3:83),
im

in Eq. (2.27), where the Lagrangian multipliers I';; and I';; are functions of x; and ¢.
Since the functional F as given by Eq. (2.29) depends only on the dependent field variables
and their first-order derivatives, the system of Euler equations may be written as

4
(2.30) A, a[ oF ] oF

AR
In Eq. (2.30), f; represents the dependent variables %, i, ¥ and I;, and g, are

the spatial variables x; and time ¢. A system of 21 governing equations follows from the
Euler equation (2.30) and from the constraint conditions (2.24) and (2.25).
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3. Particular examples: theory and experiment

The model described in the previous section can represent the effects of the discrete
structuring of a fiber-reinforced composite on the mechanical field variables. It may be
expected that the model is superior to the effective modulus theory, especially for dynamic
problems.

One check on the accuracy of the model is a comparison with experimental results
of the phase velocity at various frequencies, for specific harmonic wave motions. This
comparison shows that linear expansions within a cell give good results, over a sub-
stantial range of frequencies, for transverse waves propagating in the direction of the
fibers. The analytical results are valid over a smaller range of frequencies for longitudinal
waves propagating in the direction of the fibers, and over a still smaller range for longi-
tudinal waves propagating normal to the fibers.

In this section it is shown that the homogeneous continuum model can be improved
by using more accurate displacement distributions, and by improving the representation
of the interaction between neighboring cells. We will consider a number of special cases
for which experimental results are available.

3.1. Transverse waves propagating in the direction of the fibers

For a number of frequencies, measurements of what is thought to be the group ve-
locity, have been presented by TAUCHERT and GuzeLsu [7].

A simple theory for transverse waves can be based on the following assumed displace-
ment representations in cell (k,/), see Fig. 2:

in fiber (k,!), (r < a):

3.1) uf{®D = %, plld,
(3.2) u{(l.l} i ﬁ&k'h;

in the matrix material of cell (k,/)
(3.3) upeh = b,

%23 0, [Fol < 0: 41 = (@~ TVl + [y — @2~ T Iy,
(4 < [Bal < s 3D = Ty,

%, <0, [R5l < 03wt = — (@ = RE)AED+ %y + (02— X LyR.

The corresponding strains are
1 ez
8{*2'!) 2 (alu&*.l) t 'P{(‘klh)l

Sk _ % (k..
&y = X0, ’{’51 H

(3-91.2

ETik'l) _ __%_ (3‘§5k.l)+w;§t.u)'

kD _ % k1
erf{"? = x,0,y3{""

(3.6)s,2
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or

(3.6) {0 = £(a*—33)"20, pf" + [X, £ (6>~ X3)"/2] 0, y3 .

The strains e7$" are neglected.

Next, we will consider the conditions at the interface between cell (k, /) and cell (k+1,1).
Since periodicity with respect to x, implies 9{{*” = p{{+'", and 3D = yTFEHD, we
obtain by virtue of Eq. (2.4):

3.7 Vil = - el
where % is the volume density of the fibers, i.e.,

_ 4
e il =

The strains given by Egs. (3.5);,, and (3.6);_; are now substituted in Eq. (2.13), and
the resulting expressions are integrated over the appropriate regions of cell (k, /). The
computation of the total strain energy averaged over the volume of cell (k, ), as defined
by Eq. (2.16), and the subsequent transition to the continuum model, as described follow-
ing Eq. (2.21), then yield the following strain energy density

B9 W= a @) @) ph + o 2+ 2@ vh)*

Here we have used the relation between y35; and 4, given by Eq. (3.7). The constants
are:
ay = g +(1-n)p",

a, = (W —u"n,
(3.10),-4 :

az = nul + T~

19
ag = 0.259(A,+2u,)a% + (Am+2um) C,

The kinetic energy density is obtained as

S :
(3.11) T=-50 (uz)’+—2~b(w£1)‘.
where
(3.12) o =n0r+(1=n)om, b =0.2590,0>+0.C,

and C is defined by Eq. (3.10)s.
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Application of the Euler-Poisson equation (2.30), where F = T— W (the interface
conditions have already been taken into account via Eq. (3.7)), yields

(3.13) PUy—a,9, 0,4, —a,8, 94, =0,
(3.149) bipf, —a4d,0,95 +a,0,u,+aspf, = 0.
We will consider harmonic waves of the forms

(3.15) (@2, yhy) = (Uz, Pfy)e* e,

where k = 2n/A is the wavenumber, A being the wavelength, and c¢ is the phase velocity.
Substitution of Egs. (3.15) into (3.13) and (3.14) yields

2
2 az

(3.16) gct = a;— ‘(m .

This is a quadratic equation for the phase velocity.

We will simplify the computation of ¢, by observing that for X — oo, we have g¢? = a,.
Since this upper limit is reached quickly, we substitute this result in the denominator,
to obtain the explicit but approximate result:

a3
(as—ba, [o)k*+a;)
The group velocity c,, is related to the phase velocity by

de
(3.18) Cg = c-i-kﬂ 3

(3.17) pc? = a,—

Table 1. Mechanical and geometric parameters of the boron-epoxy composite [7]

Mechanical parameters Boron Epoxy (PR-279 resin)
Young’s modulus in fiber direction, 10° psi, (E) 55.0 0.73
Ib sec?
Mass density, 1076 — — (o) 251 118
in
Poisson’s ratio, (v) (estimated) 0.2 0.4

Geometric parameters

fiber radius, in, (a) 0.002
volume density, () 0.54
fiber radius/fiber spacing, (a/d) 0.41

Numerical results are presented for a boron-epoxy composite, for which experimental
results were presented by TAUCHERT and GuzeLsU [7]. The mechanical and geometrical
parameters are summarized in Table 1. We use the same system of units as in Ref. [7].
The values of the relevant ratios are

Y = prltm = 88.1, @ = pslo, =213,
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while
in
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FIG. 3. Analytical and experimental results for transverse waves propagating in the direction of the fibers;
see Table 1 for mechanical and geometric parameters.

The results computed from Egs. (3.17) and (3.18) are plotted in Fig. 3. Experimental
results from [7], Fig. 6, are also plotted in Fig. 3. It is noted that there are some devia-

tions at small and relatively large frequencies, but the agreement is not altogether un-
satisfactory.

3.2. Longitudinal waves propagating normal to the fibers

Measurements of the phase velocity for various frequencies have been presented by,
among others, SUTHERLAND and LINGLE [8].

To construct a useful model for this more difficult case, it is necessary to include
quadratic terms in the expansions inside cell (k, /) and to provide an accurate representa-
tion of the interaction between neighboring cells.

Let us start off with expressions for the strains which are consistent with longitudinal
motions in the x,-direction. We consider

k, kil k.1 kD).
(3.19)1., D = 9D, D = I,
x
k.l k.1 2 k.l k.1
(3.20);,, g2 =y VU2 ap, 5 ) = 30
2

Corresponding displacements in the fiber of cell (k,/) are
(3.21)y,, w0 = Uy (x5, )+ X988, wf*D =y,

2 Arch. Mech. Stos. nr 3/76



270 J.D. ACHENBACH

while in the matrix material we have

X, 20, [%;] < a:

(3.22), “m(k D=1u,+ (@* _‘xz)“z'}’{(k Dt [x,— (@ —-"‘:3)1';2.1'."”'[Ir Dt 33— (a® xs)] tpu

X250, [x;]<a

(3.22), WBED =, — (0 —X2) 2D 4 [x, + (a2 — X2) 2] D 4 [%2 — (a2 — x2)] P2z,
2
1
a< x| <—5ds:
2
(3.22); kb — 3, +x2vm(k by x2 9;22 .
2
Ea .2 0, Iizl < d:
(3.22), kD — (g2 —32)12pfdh 4 [, — (a2 —X2)12] kD ;
ES & 0; |E;I < a:
(3.22)s W3ED = — (a2 —xD)V2ED 4 [%, + (a2 — X2) V2] ke,
= 1
a< Ile < sz:
(3.22)s uPoD = 3

These displacement distributions also give rise to shear strains 35?, which are easily

computed. It is evident that &J{*"V assumes different values in different regions of the
matrix material of cell (k,[), and that the expressions for &5 ' depend on the local co-
ordinates. The averages, 55", over these regions are, however, easily computed. For

example, for the region g < Xx; < —;—da, —a<Xx; <0 we find

(3.23) kD = (?’{S" ) _ gy
while for 0 < x; < a, (a*—x3)'?2 < X; < a, we have
. B = L (D ROyl D).

These expressions can be further simplified, since p§$" and p{§"? may be neglected as
compared to y3%P and yTP, respectively.

Just as discussed in Sect. 2, and exemplified in the first part of the present section,
the strains in the discrete cells lead us to the construction of a strain energy density. We
find

(329) W= 3 aly k) + + abs(pho)® +ada phayha + o TR

l m m m 1 m
5 aTa(y3s)? +aTsy, via + 5 b72(932)
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where
af, = afy = n(As+2uy),
aly = nly,
i 2 1 d, 1
a3, = (1=n) (An+2pm) + g 4-nmu"'+( p: 2) pos Nlm s
2 1 d 1
(326) 3?3 = (l _7?) (Am+2ﬂm)+ ;4___;3 '?#m"‘ (Ta _2) ; Nlm

. 4 1
ay; = (1—n)lm+;m Nfm s

o 1 a?
b3, = ('3" —n—d}—) A+ 2ptm) .

In these expressions, % is defined by Eq. (3.8).

In the computation of the kinetic energy we only take into account the gross displace-
ments, and we find
327) T= 38,
where ¢ is defined by Eq. (3.12),.

The conditions at the interfaces of neighboring cells require careful consideration.
Substituting the displacement expressions in Eq. (2.14) we find

- 1 1
(3.28) Aguy—piapf, — 5 psad,pl, — (d;—psa)ys, — bl (dy—p3a)4;975,

1 4 a3
+d, (“4“" T@;) 4,903, =0,
where

Tta nid
(3.29);,, P2 = &’ P3s= Ts .

In a similar manner we find

(3.30) S3 = —Pz‘"{’{a—(da—Pzﬂ)'!’?a =0.
To place Eq. (3.28) within the context of the transition to the continuum model, we
introduce Taylor expansions for the differences 4,u, etc. Defining the operator P[ ] as

00

(331) PL 1= D)y

n=1

we find that Eq. (3.28) can be replaced by

all
o

(332) S, = PGl ~psapha— 5 ps0Plphal~ (a—ps0)¥s

1 1 4 a*
—‘?(dz"‘Psa)P[‘P;'ﬂ"‘dz ‘4——?2%73 Plpsa] = 0.
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The functional to be used in Hamilton’s principle is now defined as
(3.33) F = T'_ W-' AzSz_Agsay

where A, and A; are Lagrangian multipliers. To obtain the appropriate Euler-Poisson
equation which follows from Eq. (2.27) with F defined by Eq. (3.33), we employ a well-
known result which states that the Euler-Poisson equation for the integral

I L fF(xs ylsyis _._yi"l)’yz y(Z";)’ ---9ym }”(:"'))dx
is given by
’,".‘ d*
(3.34) Z (=1 P = 0,
k=0 dxt :

The system of equations resulting from the application of (3.34) to (2.27) and (3.33) is
—gi—Q[4] = 0,

1
“‘3‘53'P{z"3{3%3+P3022+'§P30Q[)~z] =0,

1

—a3, 93, —a33y53 +(d, —p3a) 12+3 (d,—p30)Q[4,] = 0,

—adspls—afspl, +prad; =0,
—afyyih—afs v+ (ds—pa) 1, = 0,

1
—b32922— —“_“sz[Az] =0.

(3.35)

In these equations the operator Q[ ] is defined as

(3.36) 0 1= Y 2 @r(-1F

n=1

We will again consider expressions for the field variables representing harmonic waves,
in this case propagating in the x,-direction:

(EZ) AZ’ 23’ ?7) = (U2$ AZ: AS: Q)eik(xz_“);

(¥h2, vis, 52, ¥35) = (PL, Pi5, W5, P5s) e,
Substitution of these expressions into Egs. (3.35) and (3.30), (3.32) yields a system of
eight homogeneous equations for the eight amplitudes: U, ... ¥35. The condition that
the determinant must vanish yields an explicit expression for the frequency in terms of
the wavenumber. We find

F(d, k)
3.37 2
e g ni+1—9
where 0 = p,/o,, and the dimensionless frequency £2 is defined as
Q2 — w?d?

" tmlOm

(3.38)
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and 7 is defined by Eq. (3.8). The function F( ), which is a function of the dimensionless
wavenumber d,k, is defined as

1—cos(d, k)

(3.39) Fidik) = [1+cos(d, k)] M + [(1—cos(d k)N’

where
_ 025n[nD—(1-n) B]+0.25(1 —5)[(1—7n) 4 —nC]
AD—-BC ’

0.0625 (A + 2/tm)
[0.333 —7a?/d3] m

M

and

(d5—p,0)? (3{3)2) 1 a7;als
A_:af_ _— B=C= d— a)——,
( 22 7aa E )un (d3—p2a) 4

[ am _ pza(a';;,)z_ RS _ (d3—psa)* , m
D= (azz E ) e’ E = Tasaﬁozaasa-

The function F(d, k) given by Eq. (3.39) implies a typical feature of wave propagation
normal to the direction of the fibers, namely a maximum for £, with a corresponding
stop band, and a value d,k = =, i.e. A = wavelength = 2d,, at which the phase velocity

vanishes.

Table 2. Mechanical and geometric parameters of the tungsten-aluminum composite [8]

Mechanical parameters Tungsten Aluminum
Longitudinal modulus, dyne/cm?, (A+2u) 5.15x 102
Shear modulus, dynefcm?, (u) 2.65x 10"
Poisson’s ratio, (v) 0.28 0.34
Density, gm/cm? 19.19 2.44 (22.1%)
27 (2.2%)
Geometric parameters 2.2% 22.1%,
volume density, () 0.022 0.221
fiber radius, mm, (a) 0.127 0.127
fiber radius/fiber spacing
a/d, 0.098 0.20
aldy 0.071 0.353

Experimental results for a tungsten-aluminum composite are presented in Ref, [8].
The mechanical and geometrical parameters of this composite are summarized in Table 2.
We use the same system of units as in Ref. [8]. The phase velocity ¢ = w/k was computed
from Eq. (3.37), and the results are compared to the experimentally obtained values in
Fig. 4. Satisfactory agreement between theory and experiment was obtained.
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FiG. 4. Analytical and experimental results for longitudinal waves propagating normal to the fibers;
see Table 2 for mechanical and geometric parameters.

3.3. Longitudinal waves propagating along the fibers

For longitudinal motions in the x,-direction, the displacement distributions are sym-
metric with respect to the planes of structural symmetry of the fiber-reinforced composite.
The case d, = d; = d, for which experimental information is available, has the additional
simplifying feature that the dependence of the field variables on x, is just the same as

the dependence on X;.
Consistent with the foregoing observations we consider the following displacement

distributions in the fiber of cell (k,I).
(340);-3  u{*P = (x;, 1), wW*P =% "0 (x,, 1),  w®D = XM *D(xy, 0).
The corresponding strains are

ot = 0, o = oD = i,

1.

(341) E{(gk") - 5 % 31 'Pr(k.l), s{&"‘” — %J—csalw{(k.u.

For the displacements in the matrix material we choose

(3.42) WD = T, (xy, 1)+ dsin (% %) o(x1, 1),
where b is a radius such that
(3.43) wb? = d2.

Note that the displacements in the x,-direction are continuous at r = a, and that
the slope vanishes at r = b. The latter approximates the condition of displacement sym-

metry at the boundaries x, = + -;— d and x; = + %dof cell (k, I). The displacements
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of the matrix material in the x,- and x,-directions are neglected. The strains in the matrix
material follow as:

kb = 9 uﬁ-dsm(z b = )3 @,

micy _ % d T r—a\x,
(3:45)i: 82 = h—a °°s(2 - ) 2
mek, 1) = f_ d T r—a x3
— 3 b—a (2 b—a
The usual steps lead to the following strain energy dens;ty
1 — 1 _
(3.46) = —2‘“31 (014,)* + 2 az(ipf)2+aa dyuyf

1
34(311(”’) +3531“1319’+ 36(31?’) +“_a??’ ’
where
a; = N(As+2u)+ (1 =) (An+24m), a3 = 29(Ar+2u,)+2n4,,

1
a3 = ly, 2, =—5may,

(347)  as = -:—,—(1—??”’)2+-z—n”2(1—n"z)]d(i...+2#m).

- [ 8 s 1;3 2 12 1;2 2
te = |z (! ) 16 7)1 A=) 32 (A + 2tm) s

_ﬁ“ 7 w2 1/2y-1
a"LT(T"l)*T’? (=227 | ttm

For the computation of a kinetic energy density we consider the following particle
velocities

- = m T r—a .
(3.48)1‘2 u{‘*'n = Uy, kD = u +d5]n ( 2 3:-&—-)@.
We find
1 e s
(3.49) T= 7eui‘+blul¢+ 5 ba¢,
where p is defined by Eq. (3.12),, and

(3.50)4,, b, = [*E‘z_(l —5'2)? + %"i‘”z(l —"?“2)] dom,
b, = [:—z(l n'2)? (T; +%) +7'3(1 —n”z)] dom.
A straightforward application of Eq. (2.30) to F = T— W yields the following set of
governing equations
(3.51) 0y +by§—2,0, 0,4, —a30,9/~250,0,9 = 0,
(3.52) a9 +a;0,u,—2a,0,0,9 =0,
(3.53) bty +byp—2sd; 8,y —260; d, p+2a,9 = 0.
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Substituting harmonic wave solutions of the forms
@1 3 'P‘r- qj) = (U9 Wf! @)e&(xl_—ﬂ)
in Egs. (3.51)—(3.53) yields a relation between the phase velocity and the wavenumber as

a% (bl cz_as)2k2 =0
32+a4k2 bzczkz‘—askz—a-_t e

(3.59) pct—a, +
This is a quadratic equation for ¢2, which can easily be solved.

Table 3. Mechanical and geometric parameters of a fiber-reinforced composite of silica fibers and
polystyrene matrix material [21]

Mechanical parameters Silica Polystyrene
Shear modulus, dyne/cm?, () 3.12x 104 0.1323x 10"
Poisson’s ratio, (¥) 0.17 0.353
Density, gm/cm? 2.2 1.056

Geometric parameters

fiber radius, cm, (a) 0.051
fiber spacing, cm, (d) 0.236
volume density = ma?/d?, (i) 0.147

In a recent article, Ref. [21], the finite element method was employed to investigate
the dispersive characteristics of a fiber-reinforced composite, for longitudinal motions
propagating in the direction of the fibers. The computations were carried out for a com-
posite whose mechanical and geometric parameters are summarized in Table 3. The
results are shown in Fig. 5 by the solid line. The circles indicate experimental results

— fin. el. sol.
@ experiment

0.2 1 1 1 1

[¢] 0.5 1.0 1.5 2.0
|
5 kd
FiG. 5. Analytical, experimental, and numerical results for longitudinal waves propagating in the direction
of the fibers; see Table 3 for mechanical and geometric results.
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presented in Ref. [21]. For this composite the dimensionless phase velocity c¢/(us/os)!?
was computed from Eq. (3.54) versus—%kd, and the results have also been plotted in
Fig. 5, by the dashed line.

4. Concluding remarks

In this paper we have outlined a procedure to construct a generalized continuum
theory for fiber-reinforced composites. For certain special wave motions, which are rel-
evant to available data of ultrasonic tests on composite materials, equations governing
the mechanical behavior were presented in detail, and analytical and experimental results
were compared.

Within the framework of the theory presented here, the mechanical parameters of the
constituents, and the geometric parameters describing the structuring of the composite,
enter into coefficients in the set of governing partial differential equations. Thus the govern-
ing equations can be determined if relevant information on the constituents and the
structuring of the composite is available. No unknown correction factors or other fudge
devices, introduced for curve fitting purposes, enter in the theory presented here.

It should be realized, of course, that the mechanical behavior of the constituents is
not always known to the accuracy desired by theoreticians. In fact, due to manufacturing
processes, the mechanical properties of the constituents may be somewhat different when
part of a composite, as compared to the solitary state. In this light it seems to this writer
that it is hardly necessary to require agreement on three digits accurate with “exact
results”. The agreement with experimental results presented here, which is in the five to
ten percent range, is very satisfactory.
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