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Construction of a flow of an ideal plastic material in a die, on the 
basis of the method of Riemann invariants 

1 

J. CZYZ (WARSZAWA) 

THE PAPER contains analysis of the problem of flow of a perfectly plastic material inside an 
extruding die. It is concerned with an application of the method of Riemann invariants to 
this problem {1, 2]. When the above method is applied, certain difficulties are removed and 
mathematical precision may be improved. 

Praca zawiera analiz~ przeplywu idealnie plastycznego materialu wewnC~:trz narz~dzia. Jest 
ona oparta na zastosowaniu metody inwariant6w Riemanna do tego problemu [1, 2]. Stoso­
wanie powyi.szej metody usuwa pewne trudnosci i pozwala osili:8DCI:C wiccksZCl precyzj~ matema­
tycznl\. 

Pa6oTa co~ep>KHT aHaJIH3 3a~aqH TeqeHHH ~ea.m.Ho IIJiaCT~ecKoro MaTepHaJia qepe3 MaT­
PH~Y. OIIHpaercH oH Ha npHMeHeHHH MeTo~a - mmapHaHTOB PHMaHa ,wm 3TOH 3aAaliH [ 1] ~ 
[2]. llpHMeHeHHe BhiweynoMHHYroro Mero~a y~aJIHeT HeKoropbie TPYWJOCTH H no3BOJIHeT 
~oCTHrH}'TL 6oJILwyiO MareManNecKyro crporoCTb. 

IN THIS PAPER, we consider the system of partial differential equations 

O',x-2k(O,xcos20+0,ysin20) = 0, 

(1.1) O',y- 2k(O,x sin20 -O,ycos20) = 0, 

(u,y+v ,x)sin20+(u,x-V,y)Cos20 = 0. 

U,x+V,y = 0, 

describing the plane flows of an ideal plastic material. The functions u(x, y), v(x, y) are 
the components of the velocity vector and G(x, y) and O(x, y) define the coptponents 
of the stress tensor 

0' 11 = a- k sin 20, 0' 2 2 = a+ k sin 20, 0' 12 = k cos 20; 

k is a material constant, and k > 0. 
The following theory of plasticity problem is investigated (Fig. 1): it is required to 

determine the flow of an ideal plastic material in a die with friction -i.e., it is required 
to determine the plasticity region ALM and the ·solution of the system (1.1) defined in 
ALM an4 satisfying the following conditions: 

1. on the contour of the die LM 
usincp-vcoscp = 0, cp = 0+ ~' 

where cp is the angle between the tangent to the contour and the x-axis, and the angle ~ 
is the friction angle, 0 < 3 ~ n/4. The absence of friction means that ~ = n/4. 
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2. on the curve AL: usinO-vcosO = - UsinO, U > 0, 

J. CzYi: 

3. on the curve AM: ucosO+vsinO = -U(1-e)cos0, where e is the reduction coeffi­
cient, e = 1-hI H, and (- U, 0), (- U(1- e), 0) are the velocity vectors before and after 
the plasticity region, respectively. 

4. at point A: O(A) = -n/4. The curves AL and AM are the characteristic curves 
c+ and c-, respectively, tangent to the vectors c+ and c-; they are also the slip lines. 

5. the solution should ensure a positive energy dissipation-i.e., 

A.(x, y) = ~ - (u,,+v,x)fcos20 = v,,/sin20 = -u,x/sin20 ~ 0 

in the region AL},f. 
Observe that if we confine ourselves to conditions 1-4, then we arrive at precisely 

the statement of Problem 1 in [2]. The physical meaning of conditions 1, 2, 3 and 5 is 
explained in, e.g., [4, 5, 6]. The problem stated above has already been examined many 
times, for example in [7-10]. However, problems such as the mathematical correctness 
of the methods of solution, existence and uniqueness of the solutions and their complete 
classification, are still not quite clear. Therefore, we present here a method of solution 
by means of Riemann invariants; this makes it possible to treat the above problems. 

The aim of the paper is: 
to present a method of constructing all solutions in the form of double waves by means 

of Riemann invariants [2, 1], both in the presence of friction on the die ( d "#- :),and 

in its absence ( d = : ) , 

to carry {)Ut a complete classification of solutions satisfying the conditions 1-4, on the 
basis of the above method, 

to prove that for a given die, for fixed ,e, U, ~' there exists only one solution of the 
problem. 

In the course of the solution, condition 5 is not taken into account, and in constructing 
solutions we confine ourselves to those corresponding to a profile of. die with a constant 
sign of the curvature. 

We do not consider in this paper the problem of appearence inside the plasticity region 
of what is known as the "gradient catastrophe" (derivatives of the solution become in-
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CONSTRUCTION OF A FLOW OF AN IDEAL PLASTIC MATERIAL IN A DIE 591 

finite, see [11]). We assume in deriving our solution that the boundary problems considered 
do not lead to the gradient catastrophe inside the plasticity regi9n. The possible occurrence 
of the above catastrophe inside the plasticity region may be due -only to the solution of 
the system (2.4), and this fact can be established in the course of a numerical construc­
tion of the solution. In the case of the method of characteristics, this consists more or 
less in the fact that in the region of the catastrophe the characteristic net becomes non­
homogeneously denser. An example of the gradient catastrophe on the boundary of the 
plasticity region is provided by points from which there emanate characteristic fans. 

Within the above limitation, the successively derived solutions are described in such 
a way that the analogy of the solution with friction ~ :P n/4 and without friction ~ = n/4 
is evident. We do not here consider these analogies, since they are readily observable 
in constructing the appropriate solutions. 

2 

The method presented below is based on the fact that the system (1.1) is simple hyper­
bolic [2]. Thus, we may apply the method of Riemann invariants. Then, instead of (1.1) 
we solve two systems of equations: one in the hodograph space H 4 of the variables 
u' V' (]' 0' and the second in the physical space £ 2 of the variables X and y. Then it emerges 
that: 

the equations in the space H4 yield a general rule of determination of all possible 
non-uniquenesses connected with the change of variables (2.10); 

there exists a simple criterion of selection ·· of non-uniqueness in (2.10), leading to so-
lutions satisfying 1-4; 

it is easy to prove the uniqueness of the solution for a given tool U, e, lJ; 
there is no need to solve the system in H4 for every die. 
We may confine ourselves to a few fixed and the characteristic net is obtained by solv­

ing the second system in £ 2 with various boundary conditions. 
All solutions of the system (1.1) can be derived by a successive solution of two systems 

of the form [2, 1]: 

(2.2) u,Jl• = -tgOv,Jl,., u,Jll = ctgOv,Jll [first system (2.2) and (2.3}], 

(2.3) a,11 1 = k'O·"', a,"l = -k'O,Jll' where k' = 2k; 

(2.4) 11-.~sinO- 11-.~cosO = 0, 11-?.xcosO+ p,?,sinO = 0 (second system (2.4)). 

In (2.4), 0 = O{J.t1(x, y), p.2 (x, y)). 

We now proceed to an analysis of the above equations. Introducing new functions 
H(p,1

, p.2
), G(p,1 

,. p.2
) defined by the invertible formulae 

(2.5) H = ucosO+vsinO, G = vcosO-usinO, 

we reduce the Eqs. (2.2) to the form: 

(2.6) H,f.'•-O,Jl,G = 0, G,Jll+O,Jl"H = 0. 

If H and G are of class C2 , then differentiating (2.6) and taking into account (2.5) . we 
obtain the system: 

(2.7) H,JltJll+ 0,~''0,112H = 0, G,11tll"+ 0,11.0.~,G = 0. 
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592 J. Czyz 

Assume now that the arbitrary functions g(p,1
) and f(p, 2) yielding the general solution 

of the system of the Eqs. (2.3) 

1 
O(p,l, #2) = Z [g(p,l) -f(p,2)], 

(2.8) 

are such that 

(2.9) o,p.1 :~= o, o,p.2 :~= o 
for (#1

, p,2
) e Q, where Q is a domain in the plane of the variables p,1 and p, 2

• Then we 
can change the variables: 

(2.10) 

Thus, the systems (2.6) and (2.7) take the form: 

(2.11) H ~:-_!G = 0 G _ _!H = O· 
... 2 ' '11 2 ' 

(2.12) 

Consequently, we have 

1 
H~:--H=O 

... 1'/ 4 ' 
1 

Gl! --G=O. ,.,, 4 · 

THEOREM 1. If u, v, (], () e C2 (Q) and the condition (2.9) is satisfied, then the system 
(2.2) is equivalent to (2.12). 

Consider now the boundary conditions corresponding to the Eqs. (2.2) and (2.3). 
Envisage a solution of the system (2.2), (2.3) constituting a two-dimensional variety ~ 2 

in the hodograph space of the variables u,v,(],O. If U:£2 -+ ~2 c H 4 is the solution 
of the problem considered and constitutes a double wave, then the geometric interpreta­
tion of this solution [2, 1] implies that the mapping U maps the characteristics c+ and 
c- constituting the boundaries of the plasticity region, on to the characteristics r+ and 
r- in the space H 4 : 

U(C+) c r+ c ~2, U(C-) c r- c ~2· 

Since the characteristics r+ and F._ are parametrized by the straight lines p, 2 = const 
and p,1 = const, respectively, it is evident that we may investigate the part of the variety 
~2 parametrized by the rectangle [0, I] x [0, m] on the plane of the variables p,1 and p, 2

, 

where- I > 0 and m > 0. The conditions 2, 3 and 4 require that the solution (2.2), (2.3) 
in the rectangle [0, I] x [0, m] should satisfy the conditions 

a) on the interval [0, /] of the axis p,1 : 

(2.13) u(p,l, O)sinO(p,1, 0) -v(p,t, O)cos0(p,1 , 0) = - UsinO(p,t, 0) 

b) on the interval [0, m] of the p,2-axis: 

(2.14) u(O, p,2)cos0(0, p,2)+v(O, p,2)sin0(0, t-t 2
) = - U(1-e)cos(O, t-t 2

); 

c) 

(2.15) 
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CONSTRUCTION OF A FLOW OF AN IDEAL PLASTIC MATERIAL IN A DIE 593 

Simple calculations prove that the solution of the system (2.2), (2.3) satisfying the condi­
tions a, b and c, has the properties: 

(2.16) 

1 
()+ (p,t) = O(p,l, 0) = 2 [g(p,t)-/(0)], 

v+(p,1) = v(p,1
, 0) = C2 sinO+(p,1

), 

u+(p,1) = u(p,1, 0) = - U+C2cosO+(p.1
), 

O'+(p,1) = O'(p.1
, 0) = k'. [g{p,1)+f(0)]/2, 

o- (p,2) = O(o, p,2) = ~ [g(O)-f(p,2)], 

v-(p,2) = v(O, p,2) = C1 cosO-(p,2), 

u- (p,2) = u(O, p,2) = - U(1- e)- C1 sinO- (p,2
), 

1 n 
2 [g(0)-/(0)] = -4' 

where g and/are arbitrary functions of class C1
, and C1 and C2 are arbitrary constants, 

0 ~ p,1 ~ /, 0 ~ p,2 ~m'. We now require that v+(O) = v-(0) and u+(O) = u-(O); hence, 

(2.17) 
. .,/2 

-C1 = C2 = (U- V)2 - , V= (1-e) U. 

The conditions (2.16) and (2.17) constitute the boundary conditions for the Eqs. (2.2), 
(2.3), for which there exists only one solution of class C2 in the rectangle [0, /] x [0, m]. 
Let U:E 2 ~ H 4 be the solution of the problem considered in the general case ~ =I= n/4, 

which constitutes a regular double wave in the closure of the region ALM (2]. Then U(LM) 
should be a curve on the manifold, connecting the points 

(u(/, 0), v(l, 0), 0'(/, 0), 0(1, 0)) and (u(O, m), v(O, m). 0'(0, m), 0(0, m)) 

along which the following condition, implied by 1, should be satisfied: 

u(p,l, p,2)sin(O(p,\ p,2) + ~) -v(p,1
, p.2)cos(O(p,l, ,u2) + ~) = 0; 

here, u, v, 0', ()are the solutions of (2.2), (2.3), (2.16), (2.17). However, the above equa­
tions define uniquely the variety t§ 2 and the requirement of existence of this curve is an 
additional requirement, which for arbitrary functions f and g in (2.16) is not necessarily 
satisfied. 

The above considerations prove that the determination of the solution of the problem 
stated in the introduction depends on the choice of the set /6 = t§ 2 n R~, where t§ 2 is 
the variety defined by (2.2), (2. 3), (2.16) and (2.17), and R~ is a three-dimensional variety 
defined by the formula: 

~ = {(u,v,0',0)EH4 :usin(0+~)-vcos(0+~) = 0}. 

4* 
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594 J. Czvz 

The determination of the set 11 = f.§ 2 n~ is equivalent to determination of a set -r1 defined 
as follows: 

(2.18) T;, = { (pl, ~t2): (,ut, ~t2) e [0, I] x [0, m] and ( u(Jt1
, Jt2

), ••• , O(j.tt, Jt2
)) e /1}. 

Here, u, v, a,() are the solutions of (2.2), (2.3), (2.16), (2.17). To find the set -r,s, we make 
use of Theorem 1. Making use of the new variables (2.10), we reduce the conditions (2.16) 
to the following: 

(2.19) 

n+ = H(~, 0) = C1 - Ucos(~ ~- = ), 
W = H(O, fJ) = -V cos(~ 1J+ = ), 
o+ = G(~, 0) =Using~-=), 

o- = G(O, 'fJ) = c,- Vsin{~ 1J+ : ), 

where E belongs to an interval with ends 0 and /(f)-/(0) , and 'YJ to an interval with ends 
0 and g(m)-g(O) ; the constants C1 and C2 satisfy (2.17) and/,p:~ ::1= 0 for 0 ~ ~t2 ~m; 
finally, g,JJl ::!= 0 for 0 ,~ p 1 ~ I. 

The change (2.10) maps the rectangle [0, I] x [0, m] onto the rectangle 

B = [0,/(/)-/(0)] x [0, g(m)-g(O)] 

on the plane of the variables E, fJ, and the set -r1 onto the set 

(2.20) -r.J = {(E, 'YJ):(E, fJ) eB and Hsin~-Gcos~ = 0}. 

Now, we are in a position to state 
THEOREM 2. The problem (2.12), (2.16), (2.17) has a unique solution in the rectangle 

B of class C2 , given by the formulae: 

(2.21) H(~, fJ) = -J0 {jl -E;j) V ~2" + ~ f J0 (jl -(~-l)fJ)* 
0 

(2.22) 

0 
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CONSTRUcnON OF A FLOW OF AN IDEAL PLASTIC MATERIAL IN A DIE 595 

If Hand G are defined in B by (2.21) and (2.22), then the set T~ consists of (;, 7}) e B, for 
·which 

(2.23) Fti.~. fJ) = 2sin( (~-tJ)/2+ d-,./4)- ; {Jfisindlo(V- ~fJ) 

f~ (t n ) \ - . Jo( y -H'Y}-t))cos 2 + 4 - <5 dt J = 0, 
0 

and of the point (;, 'YJ) = (0, 0). J0 is the Besse/ function of zero order, J0 (0) = 1. 
For physical reasons (Fig. 1), we have cp(L) ~ 0 and cp(M) ~ n/2~ In other words, 

(2.24) 

The relation (2.23) was examined numerically by the author for various values of 
<5 and various e in the region (2.24); the numerical results are in part identical with numeri­
cal results obtained by other authors-e.g. [5]. They are represented in Figs. (2a-2n). 

(2.23) implies that F~(;, 0) = 0 for E = E~, where 

(2.25) sin(~/2+d- ~) = eJfisind/2, 

and ~(0, 1J) = 0 fQr 7J = 'YJ~, where 

(2.26) si+~/2+ ~-d)= e~l (1-sin~+sin( ~ -~)) 

FIG. 2a. 
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r; 
tf-01 

FIG. 2h. 

3 

Consider now the simplest case of constructing solutions of the problem considered. 
The results of Sec. 2 imply 

COROLLARY 1. /f 
a) u, v,f, g are of class C2, 0 < ~ ~ n/4, ~ = const, 
b) (2.9) holds for (p1, p 2) e [0, /] x [0, m], 
c) ~(1-'1)/, 1J(p2)'-., 

~(/) = E!, rJ(m) = ?J!, 
d) e is such that the Eq. (2.26) has solutions,· then the set -r~ defines a non-characteristic 

curve with ends at the points (0, m) and (I, 0), connecting these two points and situated 
wholly in tho rectangle [0, /] x [0, m]. The function describing this curve p 2 = tp1 (p1

),. 

0 ~ p 1 ~ I is axactly decreasing (Fig. 3a). 
COROLLARY 2. Let 

U1 (pt, 1-'2) = (u(p;t, 1-'2), ... , O(l-'1, 1-'2)) 

be a solution of the system (2.2), (2.3) with the boundary conditions (2.16), (2.17), and assume 
that f and g satisfy the assumptions of Corollary 1 and assumption d) of Corollary 1. Then· 
there exists the solution U of the system (1.1) with the hodograph defined by U1 • In other 
words, there exists a solution of the form: 
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FIG. 3. 

where pf(x, y), p,2 (x, y) give the solution of the system (2.4) which satisfies the conditions 
1-4 and constitutes a regular double wave in the closure of the region ALM, including the 
points L and M. 

This result can be derived as follows. On the plane £ 2 , we prescribe the curve x (the 
contour of the die) by means of the function: 

)( = (x(qy), y(qy)), (/JL ~ (/) ~ (/)M, 

(3.1) 

1 n 
(/)M = l [g(O)+f(m)]+ <5-4' 

( <5 -the friction angle) 

(3.2) 
dx 
dqy = w(qy), 

dy 
dqy = w(qy)tgqy, 

where (JJ E Cl, w(qy) > 0, w(qy) > 0. It follows from (3.2) that the contour of the die 
is uniquely determined by w(qy), (/JL ~ qy ~ (/)M and, conversely, the contour of the tool 
determines uniquely w(qy). 

Let us now formulate the -initial problem for the system (2.4): 

p 1(x(qy), y.(qy)) = a1 , p,2 (x(qy), y(qy)) = a2, 

(3.3) 

The formulae (3.3) associate uniquely with every point of the curve x . a value of the func­
tions p,1 and p,2 at this point, since along -,;6 the parameter qy varies monotonically and 
to every value qy on 1:6 there corresponds only one point (a1 , a2); see Figs. 3a, 3b, 4a, 4b. 

The Cauchy problem (2.4), (3.3) has a unique solution of class C1 : p,1 (x, y), p,2(x, y) 
defined for (x, y) belonging to the closure of the region bounded by the curve x and the 
characteristics c+ and c- emanating from the points L and M. The solution U(x, Y) 
of the problem considered is defined as follows: 

U(x,y) = Ut(pl,p2), p,t = pt(x,y),p,2 = p,2(x,y). 
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111 
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111 

FIG. 4. 

A method of determination of the slip lines consists in applying the method of character­
istics [2, 1]. Thus we proceed as follows: we seek the solution in the form already presented; 
since U1 is known, it is sufficient to determine the function ft(X, y) = (fl1(x, y), ft 2 (X, y)). 
To this end, we introduce in the rectangle [0, /) x [0, m) a characteristic net, so that on the 
curve r~ the points P1 , P2 , ••• are chosen, and two characteristics drawn through them 
(Fig. 4c). If the values of q; at points P1 , P2 are q;1 and q;2 , respectively, then on the basis 
of (3.2) we find on the curve points (x1, y 1) and (x2 , y 2) such that (see Fig. 4d) 

(xl, yl) = x(q;t), (x2, y2) = x(q;2). 

For these points, we assume that 

ft(X\ Y1
) = p1, ft(X 2

, Y2
) = p2 · 

We now demonstrate the method of determining points such that 

ft(X, y) = P, 

ft(X', y') = P', ft(X", y") = P" 

(Figs. 4c, 4d): we solve the system of algebraic equations 

(3.4) 
(x-x1)sin0(P)- (y- y 1)cos0(P) = 0, 

(x-x2)cos0(P)+ (y-y2)sin0(P) = 0, 

for (x, y), where O(P) is the value of the function() at point P, obtained by solving (2.2), 
(2.3), (2.16), (2.17). The solution (x, y) of this system yields a new point of the plastic 
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602 J. Czvi: 

zone and the values of the functions 1-'1 and 1-'2 at this point are assumed to be equal to 
the coordinates of P. To find the points (x', y') and (x", y") we replace in (3.4) successively 
(x1, y1) by (x2

, y 2
) and (x2

, y 2) by (x3, y 3
) to construct point (x', y'), and (xt, y1) by 

(x, y), (x2
, y2

) by (x', y'). Applying this ~ethod step by step, we obtain the plasticity 
zone and the values of the function f', and therefore also the solution U. 

In the course of the numerical determination of the solution it can be verified that 
the additional condition 

. = o(f't, 1-'2)_ ::1= 0 
J o(x, y) 

is satisfied for (x, y) for which the solution is determined, since the procedure described 
above can be pursued to the end for all points of the characteristic net. The solution pf, 1-'z 
of the problem (2.4), (3.3) establishes a one to one correspondence between the points 
(x, y), for which the solution is defined, and the points (1-'1, !-'2) belonging to the set defined 
by the curve -r1 and the axes f1.1 and f'2

• 

We shall now present a modified solution, the difference being that a double wave 
is not a regular solution at point M. 

COROLLARY 3, Let 
Ui = ul ho, 11x[O,m) 

be a restriction of the solution in Corollary 2 to the rectangle [0, /'] x [0, m], where 0 < I' 
<I, and 

X
1 (9J) = (x(f~J), Y(fP)) 

(3.5) __!_ [g(l')-f(m')] + t5-~ ~ fP ~ __!_ [g(Ol-f(m)]+ t5-~ 
2 4 2 . 4 

m' = 'Pt(l') 

FIG . . 5. 

a curve on the plane E2, satisfying (3.2) (Fig. 5). Then there exists a solution (1.1) satisfy­
ing the conditions l-4, defined by 

U(x, y) = U!(p1 (x, y), f1. 2(x, y)) 

f'1 (x, y), p.2(x, y) is a solution of (2.4) which outside point M is everywhere a regular double 
wave. 

This solution has a characteristic fan c+ emanating from point L. 
We seek the solution in the form: 

U(x, y) = Ui(p1(x, y), p2(x, y)). 
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CoNSTRUCilON OF A FLOW OF AN IDEAL PLASTIC MATERIAL IN A DIE 603 

The function p, = (p,1 (x, y), p,2 (x, y)) is first defined in the region G1 and simultaneously 
we construct this region. This is effected by means of the method of characteristics in 
such a way that p,(G1) = M1 (see Figs. 6a, 6b) and U(x, y) for (x, y) e G1 is a solution. 
Next, we define p,(x, y) in G2 in a similar manner, constructing G2 in such a way that 

p,(G2)=M2- and U(x,y) for (x,y)eG2 

a Jl . b 
H 

m 

L 

!12 

A L' 111 

c d 

m 

~ I Q L m 
s 11 p 
LT N R 

L' !J1 

Fi:G. 6. 

is a solution. The construction of p, in G2 is as foiiows: as in (3.3) we state the Cauchy 
problem for (2.4) 

(3.6) 

q; belongs to the interval defined in (3.5). The Cauchy problem (2.4), (3.6) has again 
a unique solution (this follows from the same reasoning as in Corollary 2). The region 
G1 in which it is defined, and U(x, y) for (x, y) e G1 , are deduced by a successive applica­
tion of (3.4)-see Corollary 2. Next, we ·introduce at M 2 a characteristic net (Fig. 6c). 
Now we shall demonstrate the construction of the characteristic fan c+ -i.e. the points 
(see Fig. 6d) (xN, YN), (xM, YM) e G2 such that p,(xN, YN) = N, p,(xM, YM) = M. Since 
U(x, y) for (x, y) e G1 is already known, we know also (xa, Ya) such that 

p,(xa, ya) = Q 
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Solving the algebraic system 

(3.7) 
(x-xL)sinO(M)- (y-yL)cosO(M) = 0, 

(x-xQ)cosO(M)+ (y-yQ)sinO(M) = 0, 

J. Czvz 

we obtain the coordinates (x, y) of the point M. The point (xN, YN) is found by replacing 
in (3.7) O(M) by O(N) and (xQ, YQ) by (xM, YM), etc. The remaining points (x5 , Ys), (xT, YT) 
are deduced by a successive ·application of (3.4). Thus we obtain the characteristic fan G2 

and U(x, y) defined for (x, y) e G2 • If now 

(3.8) 

where c+ is the characteristic c+ obtained in constructing G1 such that 

U(C+) c u~(f(O, m'),(!', m')]), 

where [(0, m'),(/', m')] is the segment on the plane of the variables p,1
, ft 2

, connecting 
the points (0, m'), (/',m'), then the construction described above yields the solution of 
(1.1 ), which satisfies the conditions 1-4. 

The fact that the condition (3.8) is satisfied follows from the fact that a) holds in 
a sufficiently small vicinity of point L, in view of the assumption on the functions f and 
g, and b) the solution is of class C1 (an additional assumption). Moreover, for a given 

• die b, e, V the characteristic c+ is determined uniquely and this implies the uniqueness 
of the solution U(x,y) for (x,y) E G2 • Thus U(x,y) is determined uniquely for (x,y) 

eG1 uG2 • 

In the course of the numerical solution, it can also be verified that 

· = a(ftt, 112) ¥: 0 for 
.I 8(x, y) 

A further modification of the solution of Corollary 3 would consist in a solution with 
two characteristic fans c+ and c-. Then, instead of U we should consider: 

U~' = Uti[O,I']x[O,m')• 0 <m'< m. 

Unfortunately, the assumptions concerning f and g lead to the conclusion that a counter­
part of the condition (3.8) for the characteristic fan c- does not hold, and this means 
that such solutions do not exist. The assumptions concerning/ and g, and the above remark 
imply also that the above method cannot yield solutions of the problem considered if 
the following assumptions are satisfied: 

a)/ and g are of class C2
, 0 < b ~ n/4, b = const, 

b) (2.9) holds for (!11
, ft 2

) e [0, /]x [0, m], 

c) ~(ft') /, ~(/) = ~~' 
d) e is such that the Eq. (2.26) has no solutions. Solutions of the type appearing in 

Corollaries 2 and 3 are presented in Figs. 7 and 8. 
The results of Sec. 2 lead to 
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COROLLARY 4. If 
a) u, v,f, g are of class C2

, 0 < ~ ~ n/4, ~ = const, 
b) (2.9) holds for (p1, p.2) e [0, /] x [0, m], 
c) ~(p.1)\., rJ{p2

)\., F:(~(l), rJ(m)) = 0, 
rJ(m') = fJ=, 0 <m' <m, 

J. Czyz 

d) the segment considered of the curve £: is not tangent to the straight line ~ = const. 
e) e is such that the Eq. (2.26) has a solution, t/zen there exists a non:.characteristic curve 

-r1 with ends at the points (0, m') and (1, m), situated wholly in [0, I] x [0, m]. The function 
p 2 = 1p2 (p1) describing this curve is exactly increasing (Fig. 9a). 

a 

[O,l]x[O,m] 

111 
FIG. 9. 

b 
~(l),O} 

" (O.r;fm?) 

({),fJ(m)) 

Consider now the method of constructing the solution of the system (1.1), satisfying 
the conditions 1-4, for which the variety t'§ 2 is determined by the solution of (2.2), (2.3), 
(2.16), (2.17) and the assumptions of Corollary 4 are satisfied. A derivation of this solu­
tion as in Sec. 3-i.e., satisfying the condition (2.9)-is impossible, in view of the be­
haviour of the curve T,-see Corollary 4. Thus, if there exists such a solution, then it 
does not satisfy (2.9). We shall prove below that this is true; now we proceed to examine 
a certain property of the· system (2.2), (2.3). 

Observe that if U1 (pt, p.2
) = ( u(pt, p.2

), v(pt, p.2), a(pt, p.2), 8(pt, p 2)) is a solution 
of the system (2.2), (2.3), which does not have to satisfy (2.9) and belongs to class C2

, 

then U1(co1 (p1), co2 (p2)) is also a solution of the system (2.2), (2.3) for arbitrary func­
tions co1 , co2 of class C1 [2]. 

Assume that we know the solution U1 of class C1 of the system (2.2), (2.3), defined 
in the rectangle P1 = [0, I] x [0, m], which satisfies the conditions (in the sense of one­
sided derivatives): 

8,p.t(l, p.2
) = 0, 0 ~ p.2 ~m, 

8,Jl2(p1
, m) = -0, 0 ~ p 1 ~ I, 

(4.1) 

i.e., dg(l)/dp.1 = df(m)fdp. 2
• Then the function Uf(p.1

, p.2) defined for {p1, p.2
) e P', 

P' = [0, 21] x [0, 2m] by the formulae (Fig. 10) 

u1 {#1
' p.2) for . I U1 {#1
, 2m- p.

2
) for 

ur (p.l' p.l) = ul (21- p.1' p.2) for 

u.(2/-p.t, 2m-p2
) for 

(p,l, p.2
) E [0, /]X [0, m] = p, 

{p1 , p.2) e [0, /] x [m, 2m] = P2 , 

{pi, p.2) E [/, 2/] X [0, m] = P1 , 

(p•,p.2)e [/,2/]x [m,2m] = PJ 
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is a solution of class C1 of (2.2), (2.3) in the rectangle P', and the assumption (2.9} is not 
satisfied on the two characteristics of the_ system (2.2), (2.3) emanating from the points 
(/, 0) and (0, m). Let us apply this result to the solution U1 of the system (2.2), (2.3) 
satisfying (2.16), (2.17), assumptions of Corollary 4 and the conditions (4.1). Then in 
every rectangle P 1 , P 2 , P 3 there exists a curve satisfying (2.18), created by a symmetric 
reflection of the curve -r1 from the rectangle P (Fig. 10). The assumption (2.9) is not satisfied 
only on the two characteristics of the ·system (2.2), (2.3) emanating from the points (/, 0) 

Fro. 10. 

and (0, m). We shall now prove that there exists a solution of the system (1.1) satisfying 
the conditions 1-4 with hodographs determined by the following solutions of the system 
(2.2), (2.3): 

(4.2) 

(4.3) 

U' = urlro,2/]x[O,m]J 

U" = urho,/]x[0,2mJ· 

Let -r 1 denote the set (p1, p,2 ) e P 1 for which (2.18) holds in the case of the solution (4.2) 
and -r2 the set of these (p1, p,2 ) e P2 for which (2.18) holds in the case of the splution 
(4.3). Assume that we are faced with the case (4.2). On the plane E 2 we prescribe the 
curve x 1 (the contour of the die) by means of the function: 

X1 = (x(q>), y(q>)) (/)L ~ (/) ~ (/)M, 

(4.4) (/)L = ~ [g(21)-f(m')]- : + <5, 

(4.5) 
dx 
dq> = ()) ( q>) ' 

dy 
dq> = w(q>)tgq>, 

where we C1, ro(q>) > 0, w(q>) > 0. It follows from (4.4) and (4.5) that the contour of 
the die is convex. We again seek the solution in the form: 

5 Arch. Mech. Stos. nr 4n4 
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(see Figs. lla, llc). The function f'(X, y) = (f'1(x, y), p.2 (~, y)) _i_s first defined in the 
region D1 ; we construct also at the same time this region. This is effected by means of the 
method of characteristics, so that f'(D1) = M 1 and U(x, y) for (x, y) e D 1 is a solution 
of the system (1.1). Next /t'(x,y) is defined in a similar way in D2 , and D2 constructed 
at the same time, so that !'(D2) = M 2 and U(x, y) for (x, y) e D2 is a solution (Figs. lla, 

a b 

H 

L 

A 

c 

M 

21 111 

F'Ia. 11. 

Uc). The construction of the region D 1 , the solution U(x, y) and (x, y) E D 1 is begun 
by prescribing the initial values of U on the curve x 1

: 

U(x(fP), Y(fP)) = U'(p,t, .1'2), 

(4.6) 
{p,t, p.2) E T 1' fP = ~ [g(p,l) -f(p2)) + lJ- : . 

It is readily observed that the entire reasoning following Corollaries 2 and 3 can now 
be repeated for (p,1, p.2) e [1, 21] x [0, m]. Thus, we obtain the region D1 • In the region 
M 2 we introduce the characteristic net (Fig. llc). We shall now demonstrate the method 
of constructing the points (Xg;yK), (xL, YL) e D1 (Figs. llb, llc) such that f'(XK, YK) = K, 
p(xL, yrJ = L. This construction leads to the characteristic fanc-. Since U(x, y) for 
(x, y) e D1 is already known, we also know the values (xM, YM), (xR, YR) such that 
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Solving the algebraic system 

(4.7) 
(x-xR) sinO(.K)-(Y-Yk) cosO(K) = 0, 

(x-xM)cosO(K)+ (y-YM)sinO(K) = 0, 

609 

we obtain the values of the coordinates (x, y) of the point (x.~:, Y.~:). The values of the 
coordinates of the point L are deduced by replacing in (4.7) xR by xK, YK by YK and O(K) 
by O(L), etc. For nods S, T, etc. we use (3.4). Thus, we find D2 and the solution U of the 
system (1.1), defined for (x, y) e D 2 • 

It can readily be verified that 

(4.8) 

where c- is a characteristic c- such that 

U(c-) c U'([(l, 0), (1, m)]) 

[the latter is the counterpart of the condition (3.8)]. The fulfilment of the condition (4.8) · 
leads to the statement that we have obtained a solution U(p(x, y)) of the system (1.1) 
satisfying the conditions l-4. The uniqueness of the solution is proved as before in Corol­
laries 2 and 3 (for given <5, e, U and the contour of the profile). 

Let us now investigate the case (4.3). On the plane £ 2 we prescribe the curve x 2 (the 
contour of the tool) by means of the functiOn: 

(4.9) 

where CfJM is defined by (4.4) and x(cp), y(cp), x(cpM), y(cpM) satisfy (4.4) and (4.5). Observe 
that the curve (4.9) is no longer convex, but "concave". The construction of the solution 
is the same as in the case (4.2), except that (4.6) is replaced by 

U(x2 (cp)) = U"(pt, p 2
), 

(4.10) 

In the course of the construction, we should again verify the condition analogous to (4.8). 
Thus we have 

COROLLARY 5. Let U be a solution of (2.2), (2.3), (2.16), (2.17), and let the functions f 
and g in (2.16) and (2.17) satisfy (4.1) and the assumptions of Corollary 4. Furthermore, 
let 

(4.11) 

(4.12) 

U' = Uflro,2i]x[O,mJ' 

U" = Uflro,/]x[O,mJ· 

Then, in both cases there exists a solution U of the system (1.1) satisfying the conditions 
1-4 defined by U(x, y) = U'(p1(x, y), p 2 (x, y)) in the case (4.11), and by U(x, y) 
= U"(,U1(x, y), p 2 (x, y)) in the case (4.12). 

The first solution has two characteristic fans, while · the second-the fan c+ only. 
Figure 12 constitutes an example for (4.11). 

So far we have considered only solutions for which the . segJDent of the curve F: was 
situated in one quarter only of the plane E, 11· Now, we can easily remove this restriction . 

.S* 
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Consider the solution of the system (2.2), (2.3), denoted by U and defined in the rec­
tangle [0, I'] x [0, m], where/' > 21 and I has the same value as in (4.2) (Fig. 13) 

{4.15) UI[O,ll]x[O, m] = U' 

(U' here is the same solution as in (4.2)). UI[1, 1'Jx[O,mJ is the solution with the boundary 
conditions prescribed on the segments :(2/, /'] and'[(2/, 0), (21, m')], as in Corollary 1-i.e., 

F10. 12. 

a) l5,~e have exactly the same values as in (4.15), 
b) f, g e C2 on the segments considered, 
c) ;(pl)/', ;(/') = ;:, 

2l L' J1 1 

Fro. 13. 

d) the function 1J{p2) on the segment [(2/, 0), (2/, m')] has the same values as the 
function 1J appearing in Corollary 1 on the segment [0, /], 

e) u, v are defined by (2.16), (2.17) on the segments considered, 

f) dg(~l) I = dg(~l) I . 
dp, +0 df' -0 

In other words, the solution if is a smooth combination of the solution U' of (4.2) 
with the solution from Corollary 2. 

The results of Secs. 2 and 3 indicate the manner of deducing the solution. We begin 
by prescribing on the plane £ 2 the curve x, 

X = (x(tp), y(tp)), lfJL ~ tp ~ lfJM, 

1 n 1 n 
lfJL = ""f(g(/')-/(0)]+ ~-4, .lfJM = ""f(g(/)-f(m)]+ l5- 4' 
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satisfying (4.5). We assume that U(x, y), the required solution of the problem for (1.1) 

satisfies the relation U(x(qy), y(cp)) = U(p,t, p,2) E -rJ, where (pi, p,2) E -rJ. The curve r~ 
is smooth and situated in the rectangle [/, /'] x [0, m] (Fig. 13). The construction of the 
solution is the same as in the case {4.2). The characteristic net derived has one character­
istic fan c-. Outside the point M the solution is a regular double wave. It is readily observed 
that there exists · a modified solution with two characteristic fans. Then, as the point of 
departure we take the following solution of the system (2.2), (2.3): 

Ul(o, l"Jx(o,:mJ, 

iJ having been already defined; /" satisfies the inequality 2/ < /" < I' (Fig. 13). In this 
case, the existence of the characteristic fan c+ follows from Sec. 3, Corollary 3. The type, 
of characteristic nets are in this case presented in Figs. 14 and 15. Thus, we have 

M 

L 
L 

A A 

FIG. 14. FIG. 15. 

COROLLARY 6. For every ~and e, such that the Eq. (2.26) has a solution, and for every 
segment of the curve F: not tangent at any point to the straight line E = const and situated 
in the third and fourth quarters, it is possible to construct a solution of the problem formulated 
for the system (1.1). 

For a given contour of the die (corresponding to the above segment of the curve 
F:) E, ~, U ( (- U; 0) is the exit velocity of the material from the die) the solution considered 
is unique. 

5 

We now proceed to the case in which the curve Fis such that it is tangent to the straight 
line E = const. This problem is described by 

COROLLARY 7. If 
a) u, v,f, g are of class C2

, 0 < ~ ~ n/4, d = const, 
b) (2.9) holds for (J.tt, p2) E [0, /] x [0, m}, 
c) E(J.tt)/'' 1](#2)'\.' 
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d) e is such that the curve P, is tangent to the straight line E = 1 at the point (E(l), 1J(m")), 
0 < m" < m, then the set T1 defines a curve situated in the rectangle [0, /] x [0, m] and 
behaving as shown in Fig. 16, which can be described by two funCtions 

1p'(p,1), 0 ~ p,1 ~ 1 exactly increasing, 

1p"(p,1), I' ~ p,1 ~ 1 exactly decreasing. 

The curve 1:6 has a tangent with the equation p,1 = I at the point(/, m"). It is now readily 
observed that if we confine ourselves to the part of the curve described by the function 

a 
112 

b 
f) 

f.{l} fit? 

' 
m 

q(m') 
m" 

FIG. 16. 

1p", then there exist solutions of the problem considered satisfying (2.9), provided that 
the existence of two characteristic fans c+ and c- is possible. Let u1 (1'1 ' p,2

)' (1'1 ' p,2
) 

e [0, I] x [0, m] be a solution of the problem (2.2), (2.3), (2.16), (2.17) and, moreover, 
let the assumptions b, c, d of Corollary l be satisfied,/, g e C2

, t5 = const, 0 < t5 ~ n/4 

2m ~-----.-o-r--------, 
2m-m'o-=----+-+-+---,---::=-~ 

11 I" I 21-1"21-l' 

FIG. 17. 

21 111 

and (4.1) holds. Then Uf (see Sec. 4) is also a solution of (2.2), (2.3) in the rectangle P', 
and /6 is parametrized by (p,1, p,2) constituting mirror images of tbe set 1:6 of Corollaty 7 
(see Fig. 17). In this case, if we confine ourselves only to the behaviour of the curves 
parametrizing 11 in [0, 21] x [0, 2m], then from this point of view the following curves 1:, 
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are suitable for constructing the problem stated in the introduction, as curves defining 
the hodographs of the tool: 

-the curve passing through the points (2/, m'), (/,m"),(/', m), 
-the curve passing through the points (2/-/', m),(/, 2m-m"), (0, 2m-m'), 
-the curves constituting parts of one of the above curves. 
Let us now verify whether all the above possibilities lead to a solution of the problem. 

Observe that the angle of inclination of the contour of the die to the x-axis has the vahre 

cp = () + <5, 0 < <5 ~ n/4. The vector tangent to the contour of the tool LM is 
( cos(O + ~), sin(O + <5)) and is never identical with the vector c+ or c-. Thus, the contour 
of the die is a non-characteristic curve, and if U denotes the solution of the problem 

--- (+) (-) 
considered, then U(LM) is not tangent at any point to the characteristic curve For F -i.e., 

the vector tangent to the curve U(LM) at no point has the direction of the vector<;> or<;;~ 

a r; 

~ b 
Jl 

m 
m' 
m// 

............ 

""' 
q(mu) __.. / -~ 

q(m') 

q(m) 
I' l" I f)1 

c the profile oF the die 

X 

d 

X 

.f-

the profile oF the die 

FIG. 18. 

wher/)/, <;;>are characteristic vectors in the hodograph space. It follows immediately 
that the above defined U1 (p\ p,2

) and Uf(p,I, p,2) for (p1 , p,2) belonging to [0, I] x [0, m] 
and [0, 2ij.x [0, 2m], respectively, cannot lead to a solution of the problem. Hence, in 
this case the curves defined by (2.18) correspond to the streamline but are not non-character­
istic .. They can therefore be used only after eliminating points at which they are tangent 
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to the straight line E = const. Thus, it is sufficient to find whether there exists a solution 
of the problem considered, confining ourselves to the parts of the curves -r1 situated between 
the points (1, m") and (1', m), and (2/-/', m) and (1, 2m-m"), without the points (1, m") 
and (1, 2m-m") (Fig. 17). In both cases, there should exist a possibility of constructing 
tWO characteristic fans C+ and c-. If We ChOOSe the part Of the CUrVe Ta between the points 
(1, m'') and (1', -m) (Figs. 18a, 18b), then the directions of the characteristic vectors at the 
points L and M are shown in Figs. 18c, 18d; this means that there exists a solution of the 
problem considered. In a similar way, we can verify the existence of the solution in the 
case of the choice of the part of the curve -r6 between the points (21-1', m) and (1, 2m-m"). 
Then the construction is the following: instead of the solution defined above U 1 in 
(0, 1] x [0, m], we take 

U1 = Uli[O,l"Jx[O,mJ, where 1' < 1" < 1. 

Next, in the manner described we obtain from this solution U1 , Fig.18. For the hodograph 
of the solution we take U1N ho,2I"J x [0,2m-m'J. The contour of the die corresponds 
to the curve between the points (2/" -/',m) and (1", 2m-m'). The directions of the char­
acteristic vectors in this case behave as before. Thus, there exists a solution of the problem 
with a "concave tool" with two characteristic fans. However, it does not satisfy the condi-

tion (2.9). Thus, we have -
CoROLLARY 8. a) There do not exist solutions of the problem considered with the contour 

of the die having at one of its points the inclination angle 'Per = (Jcr + 6, 0 < d ~ n/4, where 
(Jcr is the value of the function (J at the point (p1

, ft 2
) at which the curve -r1 is tangent to the 

characteristic ft1 = const. b) There exist solutions of the problem considered with the contour 
of the die having the inclination angles in the interval: 

n 
'Per < 'P ~ T' 

There exist two types of these solutions, namely 
-with a convex contour of the die; then the condition (2.9) is satisfied, 
-with a concave contour of the die; then (2.9) does not hold. 
Both types have two characteristic fans. For a fixed die, the hodograph of which is 

determined by the curve -,;6 of Corollary 1, e, U and 6, the above two solutions are uniquely 

determined. 

6 

Consider now the case of a part ot the curve F: situated wholly in the first quarter 

COROLLARY 9. /f 
a) u, v, g,fe C2

, 0 < 6 ~ n/4, 6 = const, 
b) (2.9) holds for {!-"1, f" 2

) e [0, I] x [0, m], 
c) E{p1

)/', rJ(!-"2
)/', E, '1 ~ o, 

then the set -r1 determines a curve situated in [0, I] x [0, m] and behaving as shown in Fig. 19a. 

The curve -r1 in non-characteristic. 
Let U1 denote a solution of (2.2), (2.3), (2.16), (2.11) with the boundary conditions 
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satisfying the assumptions of this Corollary. The behaviour of the curve r6 does not 
make it possible to construct a solution of the problem satisfying (2.9). If we apply the 
method of continuation of the solution of (2.2), (2.3) described in Sec. 4, then the curves 
contained between the points (21-1', 0) and (/,m), and (/, m) and (/', 2m), have the 

a 
{12 

b 

2m f------..---r----..---~ 

r;{m)l---------. 

21 {11 

c 

F'Io. 19. · 

required behaviour. It can readily be verified that in both cases it is impossible to 
construct the characteristic fan c-. Thus we have 

COROLLARY 10. There do not exist solutions of the problem considered with the contour 
of the die having inclination angles in the interval 0 ~ q; ~ qJp, (/JP = Op+ ~' where Op 

= ~ ~J- : and ~J is a solution of (2.25). 

The question arises whether there exists a solution of the problem with the contour of 
the die with inclination angles in the interval 0 ~ q; ~ (/JM, where (/JM > ({Jp (q;p is defined 
as in Corollary 10). The hodograph of this solution should be as follows (Figs. 19b, 19c). 

In the rectangle [0, /] x [0, 2m], the solution U of the system (2.2) should have the 
form: 

u I[O,l] X [0,2m] = ur ho,l] X [0,2m] 

where U1 is a solution of (2.2), (2.3), (2.16), (2.17) satisfying the assumptions of Corollary 9 
in the rectangle [(0, 2m), (I, 2m)] x [(0, 2m), (0, m')] = P". The restriction UIP'' is 
identical with the solution of (2.2), (2.3), (2.16), (2.17) defined in Sec. 3; this solution 
satisfies the assumptions of Corollary 2. An additional assumption should concern the 
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smoothness of the functions f and g on [0, ll and [0 ,,.. m']. It is evident that there will exist 
a solution of the problem, provide~ it is possible to construct the characteristic fan c+. 
The characteristic directions for this fan are defined by the values of the functions f and g 
on the segment [(/, 0), (/,m)]. Again, it can ·readily be verified that it is impossible to 
construct the fan c+. Thus, we have 

COROLLARY 11. There do not exist solutions of the problem considered with convex 
contours of the die with inclination angles belonging to the interval 0 ~ cp ~ CfJM, CfJM > cpp. 
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