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Abstract

In the paper (n+ 1) dimensional models describing carcinogenesis mutations are stud-
ied. The models are formulated on the basis of the Lotka—Volterra systems (food—chains
and competition systems) with linear diffusion. We study the properties of the systems
without diffusion (ODE systems), and with the Neumann boundary conditions as well
as the Dirichlet ones. It occurs that the behaviour of solutions to the systems without
diffusion and with the Neumann boundary conditions is similar, i.e. does not depend on
diffusion coefficients, but strongly depends on the type of model. On the other hand, in
the case of the Dirichlet boundary conditions this behaviour is related to the magnitude
of diffusion coefficients. For sufficiently large diffusion coefficients it is similar for every
model, i.e. the trivial solution which is unstable for zero diffusion gains stability.

1. The models
Depending on the environmental conditions we study the folowing systems of
equations (compare [1] for detailed explanation):

Zaito = doAyo + aoyo(l — Yo) — 1Yol

éa_% = diAyi + ayi(1 — yi) + 0Yityi-1 — pis1¥ilisr, 0= 1,...,n =1, (1)
G = DAY+ Y+ DYnYn

a’lito = doAyo + aoyo(l — yo) — 1y

é?_yt = d;Ay; + aiyi(1 — yi) + iYivior — M1 ¥iYirr, 1 =1,...,n—1, (2)
étn = duAYn + Yn — MYnYn—1

:}Lto = doAyo + aoyo(1 — yo) — tyoy

ytz = d;Ay; + aiyi(l — yz) + YY1 — i1 Yilic1, L= 1,...,n—1 (3)
D = Y — Y + YnYn1

with non-negative coefficients and non-negative initial functions y;(0,w) > 0, y;
sufficiently smooth and w € Q C IR, €2 is the open interval in IR (for simplicity),
or  is open, convex, with smooth boundary bd € in three-variable space IR®. We
study these systems with the homogenous Neumann (zero-flux) or Dirichlet (zero)
boundary conditions.
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2. Results

We start our analysis with the case without diffusion. In this case, in favourable
conditions, that is for Egs. (1), there is always unrestricted tumour growth and
without any treatment the patient cannot survive. In the competitive conditions the
dynamics can be similar to those obtained from Egs. (1) but can be also different
from it. If for every ¢ > 0 there is y,_1 < %, that is the number of pre-malignant
cells always stays at the level smaller that the threshold value n%’ then we observe
unrestricted tumour growth. On the other hand, if y,_; is bounded above this
threshold, then the solution is attracted by the critical point y™ with y,, = 0. In this
system depending on the model parameters, we can also expect bi-stable behaviour,
as in the typical competitive Lotka—Volterra system, compare e.g. [3]. The most
stable behaviour we get for unfavourable conditions, described by Egs. (3). For this
model if the positive critical point 7 exists, then it is globally attractive. If not, then
we expect that one of the semi-trivial critical points is attractive, compare also the
analysis for n = 2 in [2].

We also considered the influence of spatial arrangement due to diffusivity of
cells. It occurs that for the case with diffusion the behaviour of the systems strongly
depends on the boundary conditions. In the case of the Dirichlet boundary conditions
the qualitative behaviour of solutions to every studied system for sufficiently large
diffusion is the same — every solution tends to the trivial one for ¢ tending to oco. On
the other hand, the solution to the systems with the Neumann boundary conditions
strongly depends on the system. In the author’s opinion this suggest that either
diffusion coefficients cannot be large or the Neumann boundary conditions better
reflect the real process. In fact, even in the case of malignant cells occurrence we do
not expect extinction of all cellular populations.

It should be marked that in every considered case there is no possibility to re-
covery, because the semi-trivial critical point which describes a healthy organism is
always unstable. Therefore, we should try to target tumour cells paralelly increasing
the competition coefficient 7,.

Acknowledgements. This paper was supported by the Polish Ministry of Science, grant
No 1 P0O3A 028 30.
Bibliography

[1] Ahangar R., Lin X.B., Multistage evolutionary model for carcinogenesis mutations,
Electron. J. Differ. Equ. Conf. 10 (2003), 33-53.

[2] Forys U., Stability analysis and comparison of the models for carcinogenesis muta-
tions in the case of two stages of mutations, J. Appl. Analysis 11 (2), (2005), 281-200.

[3] Murray J.D., Mathematical biology. 1, An introduction, Springer-Verlag, New York,
2002.





