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1. Lecture I: Maximum of a Gaussian load

The celebrated Rice formula for the expected number of times a station-
ary process X(s), s € [0,t], “crosses” a fixed level u has found application
in various engineering problems, especially in safety analysis of structures
interacting with the environment, for example through wind pressure, ocean
waves or temperature variations. The safety of a structure may depend on
extreme and rare events such as loads which exceed the strength of a compo-
nent, or on everyday load variability that may cause changes in the properties
of the material, e.g. cracking (fatigue) or other types of aging processes. In
the first case, the number of rare events that occur in time or in space is
often modeled as a Poisson process. Then, the Rice formula is used to com-
pute the intensity of events, and hence gives the parameters in the Poisson
model. In the second case, the aging process may depend both on frequencies
of some events as well as their magnitudes. A magnitude of an event is called
a “mark”.

Let us start by demonstrating in a few typical examples some applications
of the Rice’s formula in engineering problems.

1.1. Design load — crossing intensity

A structure should sustain the everyday variability of load during its
service time. Usually the stronger (and safer structure) tends to be more
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expensive, hence one needs methods to quantify risks in order to achieve
some balance between strength and cost.

Still at the design stage, one has to choose the so-called “design loads”
and to plan the strength of the components so that, with high probability,
those will sustain the loads. Exceedance of the design load limits, by the
real load, results in structural damage. So it is important to know how often
those potentially dangerous conditions may happen. A convenient measure of
load severity is the so-called “return period” which equals the inverse of the
frequency of exceedances over a certain limit. Let us assume that a design
load limit was set-up to be u and that the future load can be described
mathematically, as a continuous function z(s), s > 0. Let us also denote by
n¢(u) the number of times the function z(s) takes the value u, i.e

n¢(u) = number of times z(s) =u, 0<s<t. (1.1)

With some abuse of terminology, we will call n;(u) number of level crossings.
If z is also differentiable, the number of upcrossings of the level u, may be
defined as

n/ (u) = number of times z(s) = u, z'(s) >0, 0<s<t. (1.2)
The crossing, upcrossing - intensity of the level v by the load z may be
defined as: i
e (u) ny (u)

n(u) = lim ==, n¥(u) = lim ==, (1.3)

provided the limits exist. Then the return period is given by T = 1/n* (u).

Often in practice one has only one historical record of the load z(s),s €
[0,¢]. If nf(u) > O then the return period can be estimated by means of
t/n7 (u). Under the assumption that the future load will demonstrate the
same kind of “behavior” as the historical one, the estimated return period
may be used for safety evaluation. However, it often happens, especially when
t < T, that n} (u) = 0. In such situations, one needs to employ some mathe-
matical models in order to extrapolate n?’ (u) for t approaching infinity. Two
methods are commonly employed:

e Statistical algorithms (fitting of extreme value distribution, POT) are
used to estimate the tail of the cumulative probability distribution
of z(s). Then the return period is computed using the fitted model for
the tail.

e A family of random processes is used to model the load, whose param-
eters are estimated by means of the historical data. Then the return
period is computed for the chosen family. The Gaussian processes are
often employed as useful models.
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In these notes we will only consider the second method.

Suppose that the function z is modeled as a random function. By this
we mean that z(s) is a realization of the random process X(s). Functionals
defined on z become random variables and according to our notational con-
vention are denoted by capital letters. Hence we write Ng(u), (N, (u)) for
the number of crossings (upcrossings) of the process X in the interval [0, ¢].

Remark 1. The crossing intensity n(u) is defined as the limit, n,(u)/t
as t approaches infinity. It is not obvious that such a limit exists for all ran-
dom functions z. However, if X is a stationary process then the sequences
Ni(u)/t and N, (u)/t converge as t tends to infinity, with probability one.
Still though, the limiting values (crossing intensities) denoted by N(u) and
N+ (u) respectively, may vary for different random functions z, see the fol-
lowing Example 1.

For stationary loads the upcrossing intensity is random N*(u) and hence
the return period 1/N*(u) is also random. To avoid using a random variable
in order to measure the risk of exceedance of the design load, we modify the

above definition to i

T EWH(w)
The expected values E(N(u)), E(NT(u)) will be denoted by w(u), u*(u)
respectively. The important property is that

E(N(w) = tu(u), E(N () =tu"(u). (1.4)

Often the expectations p(u), ¥ (u) can be computed using the Rice’s for-
mula, given in the following section. The formula gives us the tools to solve

the following inverse problem; given the return period T find the design load
u, i.e. solve

T

1
+ () =
OEES (L5)
for u.

Example 1. Consider a simple Gaussian wave X (t) = gRcos(At + 0)
where R, are independent r.v’s distributed as Rayleigh and uniform respec-
tively. The variable R has probability density f(r) = re=/ 2 r>0.Itis
easy to see that the upcrossing intensity N*(u) is a random variable given by

A
N“"(u) — {Q-rr’

0, otherwise.

if u € (—oR,0R),

The expected upcrossing intensity u*(u) = E(N*(u)) is easy to compute, viz.

2

E(N*t(u)) = %P(u € (—oR,0R)) = %P(R > ujfo) = %6_%’. (1.6)
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Using Rice’s formula we shall demonstrate that the last equation holds for
any differentiable stationary Gaussian processes X (t) having expectation
E(X(t)) = 0, variance V(X(t)) = o2 and the mean angular frequency A
equal to A, see (1.15).

Suppose that we model the future load by means of a random process X.
If the load is a simple Gaussian wave then for a particular random function
z(t) (yet unknown) the load will exceed (almost immediately) the design
level u or will stay for ever under it. So the safety is zero or one depending
on which of these two possibilities will happen. The return period defined
as 1/p% (u) can be still used to measure the uncertainty whether the design
load will be exceeded or not.

In the following we will always assume that the process is ergodic. If
X is a stationary and ergodic process, N(u) = p(u), N*t(u) = p*(u) with
probability one. This means that crossing intensities are constant and equal
to the expected crossing intensities.

1.2. Extreme loads — safety

The return period is a very simple measure of the severity of a load.
Often one wishes to know the probability that the structure will experience
load exceeding the design load u during a service time S, say. In other words
one wishes to find probability that Mg(X) = maxo<s<gs X (s) > u. Finding
this probability is an important problem both in probability theory and in
applications.

As we will demonstrate next, finding the probability P(Mg > u) is equiv-
alent to estimation of P(Ng (u) > 0), since

P(Ms > u) = P(X(0) > u) + P(X(0) < u,NJ (u) > 0)
(1.7)
~ P(NS () > 0) < E(V3 (u) = Su™(u) = 5

where T is the return period. The approximation in the second line can be
motivated when the probability that the load exceeds the design value at
t = 0 is negligible. However, if S is very short then one should rather use the
following bound

P(Ms > u) = P(X(0) > w) + P(NZ (v) > 0|X(0) < w)P(X(0) < u) 8
< P(X(0) > u) + E(NF (u)| X (0) < uw)P(X(0) < ). '

The Rice’s formula for the intensity of upcrossings of the level u will be
employed to compute bounds (1.7).
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Example 2. Design of sea-walls. When designing protection against the
high sea level, one speaks about 100-year or 10 000-year storms which means
that in average one have to wait 100 or 10 000 years, to observe a storm
stronger than the 100-year or 10 000-year storms. We will discuss two exam-
ples of design of sea-walls: at Ribe in Denmark (at the North Sea) and in the
Netherlands. In Denmark, one chose in the 1970s a design load with a return
period of 200 years. (The old level was 30-45 years.) In the Netherlands, after
disastrous floods in the early 1950s, the decision was taken to design the sea-
walls against return storms of 20 000 years. Let neglect the sesonal variability
of strength of storms, use of Eq. (1.7) gives the probability of catastrophical
floods in the following 50 years, i.e. at least one flood, p < 4, which, in case
of Ribe in Denmark, gives a considerable risk with likelihood 1/4. Due to
this risk, it is worth to have some alarm system to warn the inhabitants of
the possibility of a flood. Such systems are installed. In the Netherlands the
chance is negligible if all computations and constructions have been done
properly.

However, aspects not known at the time of the analysis have obviously
not been taken into account. Wave climate in the Atlantic Sea may change,
knowledge about the impact of ice melting at the poles is uncertain. Besides
this “model type” uncertainties we need to acknowledge that we have also sta-
tistical uncertainty due the fact that one wishes to find properties of storms
that are very rare. Consequently our estimates will be uncertain values too.
For example the storm, which we consider as 20 000 years storm may have
return period of 1000 years or less. All this means that the calculated val-
ues of risk for rarely occurring catastrophes should not be treated as exact
values.

Finally, note that we have not said how to find the size of the sea-walls
which will sustain storm with return period of 50 or 20 000 years, or equiv-
alently how to find parameters describing those storms. O

Finding the probability P(N$(u) > 0) is a very difficult problem. The
following two asymptotic results are often useful: under some assumptions on
the process X, e.g. X is Gaussian with covariance function rx(t)-Int — 0
as t — oo, see Leadbetter et al. (1983) for more detailed discussion, one can
demonstrate that

e ast and u go to infinity in a way that E(N;' (u)) is constant (say equal
to ) then P(N;" (u) = 0) converges to e ¥.
e for fixed u, t='/? (N (u) — tut(u)) is asymptotically (as t tends to
infinity) normally distributed.
The first asymptotic result is often used to approximate P(N& > 0) in the
case when both u and S take large values. Then, by taking u = E(N; (u)),
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one can derive the following approximation
P(Ms > u) = P(NF (1) > 0) ~ 1 — e~ ENs (), (1.9)

If E(N#(w)) is small then 1 — e"ENs () ~ B(NF(u)) = Sp*(u). Conse-
quently if the service time S of the structure is much shorter then the return
period for the design load then

P(orgnfngX(t) > u) = %

Accuracy of this approximation for moderate levels u will be studied in
Sec.1.3.1. In the case when u is not very high and t very long then the sec-
ond asymptotic result could be applied. Namely, for a fixed level u, N, (u)
is asymptotically normally distributed. In order to be able to use this re-
sult one needs to be able to compute (or estimate) the variance V(N; (u)).
The approximation is applicable when ¢ is large (E(N; (u)) is large and
V(N;"(u)) # E(N;' (u)). We mention the last condition since even Poisson
asymptotic may lead to the Gaussian approximation. More precisely, if both
t and u are large and p* = E(N;"(u))) > 10 then N, (u) is approximately
N(u, w)-distributed.

In the following example the design load is the endurance limit for fatigue.

Example 3. Multiarial fatigue - extreme stresses. Multiaxial fatigue
failure criteria are now widely used design tools to evaluate design margins
against long term fatigue for metallic structures subjected to multiaxial pe-
riodic loads. The criteria are generalizations of the uniaxial endurance limit,
defined as the smallest stress level S, leading to the initiation of a macro-
scopic crack, which generally appears after N, = 10% — 107 cycles under an
alternating sine stress of constant amplitude. Even if its existence is being
called into question, the endurance limit is generally used design tool even
for variable amplitude loading, i.e. if a component is subjected to fluctuat-
ing stresses never exceeding the stress level S, a component is supposed to
have an infinite fatigue life. The extension of this concept to multiaxial stress
states is often done by separation of the stress space into two parts, the un-
safe one and the safe one. We shall illustrate the approach using the so-called
Crossland’s criterion, which will be given next. (Crossland’s criterion belongs
to the category of global approaches which are based on stress tensor invari-
ants, see Crossland (1956). Comparison studies of multiaxial criteria, see e.g.
Papadopoulos et al. (1999), report that Crossland’s criterion can lead to a

deviation error between predictions and experimental values ranging from
—30% and +15%.)
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Let us consider a material point q in a structure subjected to biaxial
stress fields where s;(t), sy(t) and sgy(t) are the normal and shear stresses
expressed in the local coordinate system (Z, ). Crossland’s criterion can be
formulated as follows: if

maxp<¢<s |Sc(t)|/\/§ + e MaXp<t<s P(t)
Be

then no fatigue crack will initiate before the time S - Ng; otherwise, a fatigue
crack is expected to appear at every point of the structure where the condition
is not satisfied. Clearly service time should be shorter than S - N,.

Here s.(t) is the von Mises stress that is defined in the biaxial case by

s2(t) = s2(t) + s2(t) — sa(t)sy(t) + 32, (t), (1.11)

while p(t) is the hydrostatic pressure defined as the first invariant of the
stress tensor s;;(t) and which can be written as follows

<1 forall q, (1.10)

1
(1) = 5(52(0) + 5,(0) (112)
with a. and . determining material properties

{ac = (t-1 — f-1/V3)/(f-1/3),
ﬂc =t_1,

where f_; and t_; are the endurance limits for a reversed tension stress and
a reversed torsion stress respectively.

Clearly if the applied load is random then also s(t) = (s¢(t), 5y(t), 5zy(t))
is a vector of random processes. (Since the stress tensor is also dependent on
location q it can also be considered as random vector valued field.) In Fig. 1
we give simulated records of the stress tensor under the assumption that the
load is stationary Gaussian process.

In safety analysis one wishes to compute the probability that Crossland’s
criterion fails or, slightly easier problem, to check if

1.13)
q Be (
In following we will assume that the load is a zero mean stationary Gaussian
process and hence p(t) will be a Gaussian process too, while s2(t) is a x?
process. In order to compute the expectations in (1.13) we will compute
the crossing intensities pu} (u), p:g(u) and use the approximation (1.9) of

P(Mg > u). (Note that E(Mg) ~ f0+°° P(Mg > u)du.) We return to the
computations of the expectation E(Ms(p)), E(Ms(s?)) later on.

e (ma.XOStSS |se(t)l/V3 + e maxﬂstssp(t)) <1
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Ficure 1. (a) The power spectral densities of sz, sy, 8zy. (b) The simulated
stresses.

1.3. Rice’s formula-Gaussian processes

Let X (t) be a stationary Gaussian process with mean m and finite zero
and second order spectral moments, Ag, A2 < 0o. Such a process possesses a
derivative X (t) and we have

m=E(X(t)), V(X(t)=h, VX{®)=l.

For the process X (t), the expected crossing intensity is given by the Rice’s

formula
1 A —(u—m)2/2x0
U) = —/ — ; 1.14
wu(u) W\/)‘Oe (1:14)

Since on average there are equally many up- and down-crossings, p(u) =
2ut(u), and hence the intensity of upcrossings of the mean level,

1 Dy A
+ B _— = —
#imy 2tV X0 27 (115)
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The parameter \ = Vv A2/ is called the mean angular frequency of the
process. Clearly the intensity can now be written as

ptu) = %e-(“—m)z/?'*o, (1.16)
For the simple Gaussian wave in Example 1, we have that Ao = 02, m = 0,
while A = A and we have verified that the Rice’s formula holds for the simple
Gaussian wave.

Example 4. Significant wave height. In oceanography one often assumes
that under relatively short period of time, between 20 minutes and a few
hours, the sea surface elevation at a fixed point can be, with sufficient ac-
curacy, described using a stationary Gaussian process X (t), say. The exact
shape of the spectral density S()) is usually not known and one is charac-
terizing the sea conditions by means of the so-called significant wave-height
H and zero-crossing wave period T, i.e. the inverse upcrossing intensity of
the still water level. The mean m, of X (¢) is called the still water level and
is often taken to be zero. (Note that for non Gaussian sea models the still
water level can be defined as the level most frequently crossed by X (t).) The
variance and the angular frequency of the process X(t) are defined by the
parameters Hg, T, as follows

2
= HS

2
R = il

== A==
16 T
Obviously, for Gaussian sea the parameters m, Hs and T, define the crossing
intensity

1 _gﬁ.“_:%)_z
u) = —e Hj

T,

In the analysis of frequency of occurrence of extreme waves in an interval

of length S, one is sometimes using the following parameter

T

_As

N—2—7T-,

(1.17)

which is equal to the expected number of waves in [0, S].
We turn now to our main example and compute E(Mg(p(t)).

Example 5. Multiazial fatigue continuation of Example 3. If the load
applied on the specimen is stationary and ergodic Gaussian process then (as-
suming the linear theory) the stresses s, (t), sy(t), szy(t) at a fixed position q
represent a Gaussian vector valued process. Consequently the hydrostatic
pressure p(t), see (1.12) is a Gaussian process too. Knowing the mean and
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spectral density (measure) of the load one can, by means of the finite ele-
ment program, estimate the mean m and spectral moments Ag, Ay for p(t).
Obviously the parameters will vary between the different locations in the
structure. For simplicity only let us assume that m = 0. Now for a fixed S
we want to derive an approximation for E(maxg<i<g p(t)).

As before let us denote by Mg(p) = maxo<i<s p(t). As we have mentioned
earlier for extreme levels v and long periods T one can use the Poisson
approximation, i.e.,

P(A’.{S > 'u,) 1—e" (Ns (u)) — — —S;ﬁ(u).

Clearly for long periods S and low positive values u Sut(u) is large and
hence P(Ms > w) =~ 1. From this we are drawing the conclusion that for
long periods S the last formula is an accurate approximation f01 any positive

u. Consequently, since for Gaussian processes Su™(u) = Ne ”0 , where N =
%S is the expected number of waves (upcrossing of mean), we have

2

E(Ms) z/P (Mg > u)du =~ /1 = du. (1.18)
0 0

The last integral can be computed numerically.

However, for Gaussian processes an alternative asymptotic result has been
proved. Namely that Mg is asymptotically Gumbel distributed as w and S
tend to infinity.

Let X(t), 0 < t < S, with E(X(¢)) = m be a stationary Gaussian
process having expected number of waves N = é’\;S , where where A is the
average angular frequency, see (1.15). Now, under suitable assumptions on
the covariance function, e.g. rx(t) -Int — 0 as t — oo, we have, as S — 00,

P(Ms < u) = exp{ =fa bN)/‘IN}’

where
ay = Yo
V2InN'
and

by =m+ vVAV2In N.

Now the Gumbel distributed variable X, say, with parameters a,b has the
mean

E(X) = b+ 0.5572a.
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Let, for the process p(t), N, be the expected number of waves in [0, S] while
M = V(p(t)), then

: 0.5772
E(Ms(po) = /8 (\/2 In N, + m) . (1.19)

Finally one can ask how the two formulas (1.18) (1.19) are interrelate. This
will be shown next. For simplicity only we assume that m = 0, then

P(Mg < u) =~ e E(NG () — o—Sut(u)

= exp {_Ne—u2/2)\o} = exp {_e_u2/2,\0+ln(N)}

Y _ (u=by)(utby) (1.20)
=exp{ —e 2o »=exp {—e 0 }

- “_"Cl _u—b
R expy —e 2"0/2”17‘4} = exp {we aN } ,

since u = by. Consequently for very long times S both approaches are equiv-
alent.

Conclusion of the last example is that assuming that hydrostatic pressure
is Gaussian then knowing mean value m, variance )y and the mean angular
frequency X is sufficient to approximate the expected value of the Mg(p) =
maxo<<s p(t). Since we proposed to use a Gumbel distribution to compute
E(Mg(p)) the accuracy of this approximation is satisfactory only when AT /2m
(expected number of waves) is large.

However, it is not easy, for a particular process X(t) to give conditions
when N = AS/2r (average number of waves) is sufficiently large so that us-
ing asymptotic results gives accurate approximations. The name asymptotic
approrimation is motivated by a general result that, under some assumptions
on how fast the covariance function r(t) decreases to zero as t — oo, the dis-
tribution of a suitably normalized points {t € [0,S] : X(t) = u, X(t) > 0}
converges to a Poisson process as the level u and S tend to infinity. (This
fact also holds for some non-Gaussian processes).

The Poisson approximation can be very accurate even for moderately
high levels u if the process has a broad-band spectrum, e.g. the covariance
function r(t) converges rapidly to zero as t goes to infinity. For a narrow
band process, upcrossings may occur in clusters or “clumps”, and then the
level u has to be very high to assure an acceptable accuracy of the asymptotic
approximation, as we shall see in the following subsection.
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1.3.1. Maximum of a narrow-band Gaussian process. Let X (t) be the
displacement of a damped harmonic oscillator driven by a Gaussian white
noise process, i.e. the solution to the equation

X)) +2X(t)+ X(t) =cW(t), t>0,

where W (t) is a Gaussian white noise process. (The relative damping is
¢, 0 < ¢ < 1.) Assuming that 0 = 4¢ then X(0), X(0) are independent
and standard Gaussian variables. The process X (t) has mean m = 0, mean
angular frequency A =1 and the zero spectral moment Ao = 1. The spectral
density of X (¢) is given by

20/
SO = = A2)§/+ T (1.21)

For the process X (t) (due to the particular choice of constants), the crossing
intensity is simply
1 2
+ _ —u?/2
u) = —e :
() 2w

7’

By choosing the damping parameter ( close to zero we obtain a narrow
band spectrum while for ¢ > 0.2 the process becomes broad-band. In Fig. 2(a)
and (b) we have parts of a simulated process X (k - At) where At = 0.1,
for ¢ = 0.01 and ¢ = 0.4. The narrow band character is very clearly seen
in Fig. 2(a).

We take u = 3 (three standard deviations from the mean) and find the
distances between consecutive upcrossings of the level w = 3 in a sample of
X(t), 0 <t < S. Here we have used S = 10° and hence by Rice’s formula we
have an expected number of %e‘"”z = 176.8, u-upcrossings in the entire
interval, and the mean length between the upcrossings (return period) is
2me?® = 565.6 seconds. Since the average number of upcrossings is finite we
can order all the points in {t € [0,S] : X(t) = u, X(t) > 0} and let denote
them by t;.

In the asymptotic Poisson approximation the intercrossing distances
t; — t;_1 are independent exponential variables. From Fig.2(a) it is obvious
that this model can not be correct for a narrow band process with ¢ = 0.01,
since after an upcrossing u there is a high probability that the next upcross-
ing is located approximately in a period 27. This can also be seen on the
Weibull probability paper in Fig.4(a). Often the maximum of a narrow-band
Gaussian process is approximated by the maximum of its envelope process,
see Fig.6 for the illustration of the relationship between the process and
its envelope. The Poisson approximation is then applied to crossings of the
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FIGURE 2. Narrow- and broad-band linear oscilator: (a) ¢ = 0.01, (b) ¢ =0.4.
envelope, see Ditlevsen and Lindgren (1988) for more detailed presentation.
Consequently, one can approximate

P(max X(t) >u)=1-— e_S“E(“),
0<t<S

where crossing intensity of the envelope process ut(u) is given by (2.9). The
intuitive motivation is that the envelope crosses less frequently the level u
than the process X and hence would give better approximation. This is not
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Ficure 3. (a) Comparison between the empirical distribution of Ms(X), ¢ =
0.01 and S = 10*s, (irregular line) with the asymptotic Poisson approximation
PMs(X) > u) = 1- e~ 54" 5olid line and using the envelope P(Ms(X) >
u)=1-— e~ SHE™) dots. (b) The simulated number of upcrossings of the level u
by the process X plotted on the normal probability paper.
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Ficure 4. Illustration of the asymptotic Poisson approximation for upcrossings
of narrow- and broad-band damped linear oscillator. Empirical distribution of
upcrossing distances on Weibull paper: (a) ¢ = 0.01, (b) ¢ = 0.4.
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the case for the narrow-band process studied in this example, see Fig. 3(a).
Figure 3(b) shows NJ (u), S = 10, the number of upcrossings of the level
1 = 3 plotted on normal probability paper. Clearly N;: (u) is not normally
distributed indicating that the time period S, corresponding to 1600 waves, is
still too short for the asymptotic results to be valid. The same conclusion can
be drawn from the Fig. 3(a). We conclude that approximating the maximum
distribution for the narrow-band process studied in this example is a very
complicated problem.

For a broad-band process the asymptotic approximation works well for
the level u equal to three standard deviations from the mean. In Fig. 4(b) we
show the distribution of t; —¢;—; on Weibull probability paper. The estimated
parameters are k = 0.97 and a = 624.3 which are very close to the exponential
density, i.e. k = 1 and a = 565.6. Note, that we have only 168 observations,
and the expected number of u-upcrossings in [0, 10°] equals 176.8 by Rice’s
formula.

Finally, in Fig.5 one can see that the Poisson asymptotic result gives a
very accurate approximation of the distribution of the maximum Mg, for
the broad-band process X. Note that S = 100s is very short, one has in
average only N = 16 waves in simulated paths. The envelope approximation
is not applicable at all for this case since it has much higher maxima than
the process X.

1 15 2 25 3 35 4 45
FIGUuRE 5. Comparison between the empirical disstribution of Ms(X), ( =04
and § = 100s, (irregular line) and the asymptotic Poisson approximation
P(Ms(X) > u) & 1 — e~5#" ) (s0lid line) and using the envelope P(Ms(X) >
u) & 1 — e~ SKEM (dots).



FIVE LECTURES ON RELIABILITY APPLICATIONS OF RICE’S FORMULA . .. 257

2. Lecture II: Maximum of a y%-load

2.1. Rice’s formula for non-Gaussian processes

Rice (1944, 1945) and Kac (1943) obtained (1.14) for a certain class of
Gaussian processes and polynomials with random coefficients, respectively.
The formula is often written in the following alternative way

+00

ww) = [ 161760, (2.1)

W= [ @50, 2.2)
0

where f(,z) is the density of X (0), X(0). In the following example we will
demonstrate that (1.14) follows from (2.2).

Remark 2. We know that for a stationary Gaussian process X, the
process value X (t) and the derivative X (t) at the same time are independent,
so the joint density is just the product of the densities

fla,z) = f(2)f(x).
Furthermore, if X (t) € N(m, \o), then X(t) € N(0, Az). So, we can write

o 0]

) = F) f ££(2)di = FEX()Y),

0

where z+ = max(0,z). Now, for any Gaussian variable Y, if Y € N(m,o?),
then E(Y*) = 0¥ (—m/0o), see (A.4). Using the last property we get

1t () = f(u)v/A2%(0).

This is just the formula (1.14) since

- Lie—(u—m)zﬁﬁo_

v2r Vo

It has been proved that (2.1), (2.2) hold even for many non-Gaussian
processes X, see e.g. Leadbetter (1966), Marcus (1977) for sufficient condi-

tions. In engineering literature formulas (2.1), (2.2) are used to compute the
expectations E(Ng(u)), E(NJ (u)) for non-Gaussian processes as long as the

¥(0)=— and f(u)
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joint density of X (0), X(0) is available. Generally the Rice’s formula always
holds if the expectations E(Ng(u)), E(Ng (u)) and the integrals in (2.1-2.2)
are continuous functions of u (proof of continuity of E(Ng(u)), E(NJ (u))
can be technical).

The difficulty in evaluating the Rice’s formula for non-Gaussian processes
is that the integral f0°° zf(&,u)dz, usually, can not be evaluated analytically
and that for many important classes of processes X, the explicit expression
for the joint density f(&,z) of X(0), X(0) is not known.

We shall illustrate these problems by considering the class of non-central
x? processes which find many applications in engineering. We give first a
motivating example.

Example 6. Suppose we are interested in modeling the response of a
structure to a wind load. Also, suppose that the structure is linear and can
be approximated by means of the second order oscillator. Now the wind
load F(t) = cV(t)? where V(¢) is the wind velocity process and ¢ denotes
a constant. We assume that V() is a stationary Gaussian process with the
mean E(V(t)) = v and the spectrum S(A). Now let Y (t) = V(t) — v, i.e. Y ()
is a zero mean Gaussian process describing fluctuations of the wind velocity
around its mean value, then the response X (t) of the structure is defined by
the following differential equation

2cv c

—Y(@)+ —=Y(t)?

V(1) + Y (),

where M is the total mass, A, is the natural frequency of the system, ¢ is the
relative damping. (Note that we have not included in the model the constant

load cv?.) Since the differential equation describing the structure is linear,
the response process can be written as a sum

X(t) = Xi(t) + X,(t),

X(t) + 200X (t) + X2X (1) =

where X;(t) is the zero mean Gaussian process defined by

Xi(t) + 200X (t) + A2X(t) = %Y(t),

while X(t) is the quadratic correction for non-linearity and is defined by
Xq(t) + 200X (1) + A2X,(t) = ﬁm)2

Suppose now that the process Y (t) can be well approximated by means of a
sum of N independent Gaussian waves defined in Example 1, i.e.,

N
Y(t) = ojR;cos(Ajt +6;), (2.3)
j=1
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which means that Y has a discrete spectrum with atoms at A;. Here orjz is the
average energy of the wave with angular frequency A;. In engineering, one
usually assumes that Y (t) has continuous spectral measure with one-sided
spectral density Sy(A), A > 0, say. Often a cut-off frequency A, is chosen,
so that Sy(A) = 0, for A > A.. This implies that the process is analytical
(all spectral moments are finite). Now the process can be approximated by
the process defined in (2.3) with o; = /Sy(X\;)A\, where \; = jA;/N
and AX = A\./N. Actually it is easier to write the defining equation for the

nonlinear response X,(t) using complex random variables. This will be done
next:

Let A\p = 0 and o9 = 0 and define U] = Rjcos(6;) and V; = R;sin(6;). It
is well known that U;,V;, j = 1,....N are independent N (0, 1) variables.
Defining o_; = 0, U_; = U; V_; = =V}, the process Y (t) defined in (2.3)
can be written in the following alternative way

N
Y()= Y G- vy,
j=—N
which is the so-called spectral representation of the process Y, see for-

mula (A.23). Since the transfer function of the structure (oscillator) is
equal to
1

A2 = AT+ 2i0OpN

the Gaussian response is given by

H(\) =

N
2c1 Y
Xi(t) = _M_ E EJ D(U; —iV)e ik, (2.4)

Next, since

z Z EJ% V) (Ux — iV)efdtaelt

—Nk=—N

(properties of the Y(t)2 process were studied already in Rice (1944)) we have
that the quadratic correction term is now given by

Xq(t) = 2M ZNLZ o0 H (A + M) (U; —iV5) (U — iV )Pt (2.5)

As before, if one wishes to study the extreme responses of the structure, one
needs to first compute the upcrossing intensity u*(u). However, we face the



260 I. RYCHLIK

problem that in general, one can not find analytical expression for the density
f(z, ) of the process. In Machado (2002), Section 4.2, a detailed discussion
is presented.

For the chosen parameters, the author demonstrated that the quadratic
correction term X,(t) can not be neglected if one is interested in the distri-
bution of maximum response P(Mg(X) > u).

In the last example we have introduced the process (2.5), which describes
the non-Gaussian properties of the response process. Through matrix diago-
nalization and some matrix algebra, see Machado (2002) for detailed presen-
tation, we can rewrite the equations (2.4), (2.5) so that the response process
X(t) = Xi(t) + X,4(t) is a non-central x* process as defined next.

Definition 1: The process X (t) will be called non-central x? if

g t) +7%;(t)%) = m0+Z'y, (Zj(t) %]) , (2.6)

ji=1
where Z(t) = (Z:1(t),...,2Zn(t)) is a vector-valued stationary Gaussian pro-
cess, such that for each t Z;(t ) € N(O 1) and the variables Z;(t), Zx(t) are
independent. If Z(t) = (Zl(t) Zn(t)), then (Z(t),Z(t)) € N(0,X), where
|1 L2
a = |: 2{2 222 :I ’ (27)

where I is the identity matriz (note that matrices X129, Xa2 do not need to be

. ; ; : 8?
identity matrices). Finally the constant mo = m — ?:1 4—%

Many processes can be transformed into this form, for example the von
Misses stress, envelope process, Stoke’s waves, motion of a moored floating
structure, second-order sea-surface and many other. In order to study the
global maximum of the process X, one needs to compute the crossing inten-
sity ut(u). As we have already mentioned, an analytical expression for the
density f(z,x), except for some special cases, is not known at present and
hence one can not use the Rice’s formula to compute ™t (u).

An important property of the process, defined by (2.6), is that one can
compute the so-called moment generating function of (X(0), X (0)), M (s, t),
defined by

[ ol o]
M(s,t) = / f gintte f(z,:i:)dj:dazzE(esx(0)+tX(0))_

—00 —00
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Theorem 1: Suppose that X(t) is a non-central x* process, specified in
Definition 1. Then the moment generating function is given by

t? 1
M(s,t) = _&ﬁ exp (ms i 56TV5 . 5&4*%) ,

where _

A =TI —2sT = 2(T'EL, + ©)oT) — 42TV,

t = (s] +tT12 + 2°TV)5,

V = Egp — EL, 500,
Here I is a diagonal matriz with v1,...,vy, on the main diagonal and 8 =
(615 5 o aﬁn)T'

Knowing the moment generating function, the density of X (0), X (0) can
be obtained by means of the two-dimensional Fourier inverse

100 100

Fle &)= —ﬁ / / M (s, t)e" 5=+ s dt.
—100 —100

Consequently, one could compute numerically the last integral and then use

the Rice’s formula to compute the crossing intensity u% (u). This can be done,

but the numerical algorithms are often slow and can be unstable. Another

approach is to approximate the integral

cO 100 100
() = # f f f M(s, t)de =) dg dt di

0 —ioo —ico
using the so-called saddle-point approximation, introduced in statistics by
Daniels (1954). For the process X the saddle point approximation of the up-
crossing intensity p}(u) will be denoted by ﬁ} (u). Note that for the Gaussian
X, iix(u) = pk(u). The algorithm is presented in Butler et al. (2003) and
contains the following steps:

e Compute the cumulant generating function K(s,t) = In(M(s,t)) and
its derivative Kjo(s,0) = 0K (s,0)/0s.

e For a fixed u find s such that Kjp(s,0) = u.

e For s, compute at (s,0) the following derivatives: Kag, Koz, K30, K12,
K93, Ko4, Kog. The final approximation is an explicit function of the
derivatives.

The program is included in the toolbox WAFO, see Brodtkorb et al. (2000),

that can be downloaded, free of charge, from:
http://wuw.maths.1lth.se/matstat/wafo
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2.1.1. Crossings of the envelope process. An important process that
can be written in the form (2.6) is the square of the envelope of a Gaussian
process. More precisely, let X (t) be a zero mean stationary Gaussian process
having finite spectral moments A, A1, Az. If X (t) denotes the Hilbert trans-
form of X, see Cramér and Leadbetter (1967), then the envelope process is

defined by
E(t) = /X ()% + X (t)2.

In engineering literature E(t) is often called Cramér and Leadbetter envelope.

Remark 3. In this remark we shall write E(¢)? in the form (2.6). First,
one can show that Z,(t) = X (t)/vAo and Zo(t) = X (t)/v/ Ao are independent
N(0,1). Then the covariance matrix ¥, defined in Definition 1, consists of
the following blocks

s._[ 0 N/ 5o _ [ A/ 0
B~/ 0 | 270000 x/x

Consequently E(t)? = AoZ1(t)? + MoZ2(t)? is in the form (2.6) with n = 2,
G =02=0,v7 =7 = A and m = 0. Since both 3 coefficients are zero
therefore E(t)? is actually a x? process. By Theorem 1 the moment generating
function M (s,t) is given by

1
—_ _1/2 — 2
M(s,t) = det(A) s — o)’ (2.8)

where a; = A\1/V/ Aoz is called the groupness parameter.

The process E(t) has found several applications in engineering. The one
which is of special interest, is in the study of wave groups in the sea. In ocean
engineering for example, the sea surface is usually modeled by a stationary
Gaussian field with a special form of the spectrum which follows from the
dispersion of water waves.

From a formal standpoint, wave groups are difficult objects to study.
They can be observed only under special circumstances when the sea surface
is narrow-band and long-crested. For a confused sea there is no noticeable
organized movement of waves and thus each large extreme wave can be taken
as a crest of a wave group.

In his pioneering work, Longuet-Higgins (1957) has introduced the de-
composition of traveling random waves into the envelope (low frequency vary-
ing amplitude) and the carrier (high frequency oscillations). The simplest
(one-dimensional) record in which wave groups can be observed, consists of
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two sinusoidal waves traveling together, given by

2 XZ
W(z,t) = cos(Ait + ﬁm + ¢1) + cos(Aat + s’ S ¢2)
g g

— 2 _ )2 —_
=2cos(/\2 )‘1t+)\2 )‘11+¢2 ¢1)

2 29 2
Xz 4 & A2 X2
-sin( 2; 1t—i— 2;9 1$+¢2;¢1).

The sinus in the last formula represents individual waves while the cosine
which modulates their amplitudes describes the motion of a wave package.
The group velocity is given by vg = g/(A2 + A1) and the wave velocity by
vw = g(Aa+A1)/(A3 +A?). In the “narrow band” case when A\; 22 Ay we have
vw = g/M =~ 2vg, thus individual waves travel approximately twice as fast
as wave groups.

More generally, the envelope is a positive process that is always higher
than the sea elevation process. For narrow-band processes, the envelope is
passing close to local maximum of the process and hence can be used to
describe the evolution of wave groups (see Fig.6). Often, one uses the so-
called groupness parameter o = % which is a measure of how broad-

Ao A2
band the power spectrum is. For a; close to one, the process is considered

0 200 400 600 800 1000

0 2000 4000 6000 8000
(m]

FIGURE 6. Envelope and wave groups in the narrow-band case. Records:
in time (top), in space (bottom).
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narrow-band and one can observe grouping of waves. As we have mentioned
before, the other two important parameters describing sea spectrum are: the
mean wave period T, that equals 27/ ), and the significant wave height Hy,
defined as 4y/Ag. The three parameters o, \ and H define the upcrossings
intensity #E(u) of the envelope process, namely

u‘l

A T3
pg(u) = T 1 - \/—6 (2.9)

Note that fiy(u), the saddle point approximation of the crossing intensity
ph(u), is exact.

Often, a wave group is defined as a part of a space or time record that
lies between two consecutive upcrossings of the level ugy, where the level ug is
the one at which the envelope attains the highest intensity of crossings. For
the intensity of crossings pf(u), see (2.9), the maximal intensity is attained
at the level ug = v/Ag. In Fig. 6, this level is marked by a horizontal line.
Changing the level would lead in average to smaller number of wave groups.
Finally, the average length of the wave group can be computed by combining
the following two results: P(E(0) > wp) is equal to the fraction of the time
(distance) the envelope spends above the level u and pf(uo) is the intensity
of wave groups. Hence the average length of a wave group is equal to

P(E(0) >wo) _  V2r
pp(uo) AM1-af

Similarly one can com})ute the average length the process X stays above the

level uq by means of ZX%2%0)  Congequently, the fraction
Hx (uo)

P(E(0) > uo)/p
P(X(0) > uo)/n

B(uo) _ e'v2Zrd(-1) _ 1081
T Vical | Jisal

could be taken as an approximation of the expected number of waves in a
wave-group.

For the responses of narrow- and broad-band linear oscillator with { =
0.01, ¢ = 0.4, respectively, discussed in Section 1.3.1, the parameter a; is
equal 0.995, 0.85, and hence the average number of waves per group is ap-
proximately 11, for the narrow-band case, and 2 for the broad-band one. This
example motivates why «; is called the groupness parameter.

We finish this subsection by proving formula (2.9).

Example 7. Proof of (2.9). Let R(t) = E?(t)/ho = Z1(t)? + Z(t),
where the processes Z;,Z> are defined in Remark 3. Since ,u;g(u) =
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u"’é(ug/)\o), we only need to show that
pEr) = ~;\— 1—a?re 2. (2.10)
V2n
Denote by f(#,7) the joint density of R(0), R(0). Then by Rice’s formula
o

uh(r) = [ #1G)d.
0
Consequently we need to find the joint density f(7,7). Since Z1(0), Z2(0) are

independent N(0,1) we know that 2R(0) is exponentially distributed and
hence the marginal density of R(0) is given by

~z
e 2,

Fri=

B —

Next we write f(r,r) = fRIR(ﬂr)fR(r), r > 0, where f(7|r) is the conditional
density of R(0) given that R(0) = r. Consequently we get

wh(r) = £(r) f #f(F|r) dF = f(r) / yfw)dy,
0 0

since r is fixed, we suppressed it in the notation. It can be shown, by a
simple change of variable that the conditional density f(y) € N(0,0%(r)),
where o%(r) = 4r\%(1 — o). Consequently,

O] yf () dy = o(r)¥(0) = a(r)\/%r

by means of (A.4). Since ph(r) = f(r)o(r)/v2n the formula (2.10) has
been derived. What remains is to show that the conditional density f (y) €
N(0,0%(r)).

Let introduce the additional variable 8 defined by the relation sin(f) =
Z,(0)/+/R(0). Obviously, Z;(0) = /R(0)sin(#) and Z2(0) = 1/ R(0) cos(8).

Let z = (21,22)7 and r = 27 +z%. Now using (A.20), (A.21) we have that
the conditional density of Z;(0), Z;(0) given Z;(0) = 21, Z2(0) = 2 is a
two-dimensional Gaussian with mean and variance given by

A

= _ M| T2
m(z) = X9z = » [ y } .
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and the conditional covariance matrix has the following form

B 1 [ A=M/x 0
Yoz =Y - Y= |0 Aa—A2/x |
Consequently the conditional density of R = 2(2, Zr 4 Zng) with Z1 = z1,
Zy = 29 is Gaussian with mean

A
2/\—1(.21(—7:2) + 2221) =0,
0

and variance

2 ;2 A 2
4(z" +y7)(Aa — )\—0)/1\0 =o(r).

Since the conditional density does not depend on the angle @ it is easy to
demonstrate that the conditional density of R(0) given R = r is zero mean
normal with variance o2(r).

2.1.2. Narrow-band Stoke’s waves. Let us consider the sea containing
only one Gaussian cosine wave, i.e. X(t) = o Rcos(A\t + ¢), where R is
a standard Rayleigh distributed variable and ¢ is a uniformly distributed
random phase, which is independent of R. As before o2 is the energy of the
wave. The Hilbert transform of the cosine wave is X(t) = o Rsin(\t + ¢).
The Stoke’s wave can then be written as follows:

2

W (t) = 0 Rcos(At + ¢) + /2\—02R2 cos(2At + 2¢)

g (2.11)

’)\2

=X(t)+g

(X1 - X(®)?).
We shall now generalize Eq. (2.11) and let X (t) = v/A\oZ1(t) be a zero-mean,
stationary Gaussian process with spectral moments Ag, A1, A2 < o0. As in
the previous subsection let X (t) = v/AgZ2(t) be its Hilbert transform. Define
Gaussian Stoke’s wave as follows
)‘2
W(t) = VXoZi(t) + /\02—;’(21@)2 — Zy(t)?), (2.12)

where A, is the peak angular frequency of the spectrum S(A). Note that
Ap is usually close to the mean frequency A. Clearly the process W (t) is a
non-central x? process written in a standard form (2.6).

In oceanography the process Eq. (2.12) is sometimes used to model sea
surface elevation when the power spectrum is concentrated around the peak
frequency )A,. Such sea is called narrow-band.
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Although the process W (t) is given by only slightly more complex for-
mula (2.12) than the squared envelope process, however the explicit analyti-
cal formula for the upcrossing intensity ,u'v‘{,(u) is not known. In Butler et al.
(2003), the intensity i, (u) is given as a one-dimensional integral that can
be computed numerically with very high accuracy. So, computed values are
used to check the accuracy of the saddle-point approximation it (u) of the
crossing intensity u;; (u). The relative error is presented in Fig. 7. The ap-
proximation it (u) is performing very well giving a relative error below 10%.

As can be see in Fig. 7, taking only the linear part will give fewer crossings,
leading to high relative errors.

20 T T T T T

18} e el -
16} :

jak : |

—
N
T

’
’

relative error [%]
=
:
4

L P

u[m]

FIGURE 7. Relative errors of the saddle-point approximation ot (u) (dashed line)

and the crossing intensity of the linear (Gaussian) part of the sea v/ AoZ1(t) (dot-
ted line).

2.1.3. Crossings of general y2-processes. We turn now to a more gen-
eral x2-process:

R(t) = i X;(t)?, (2.13)
=1

where X(t) = (X1(t), X2(t), ..., Xn(t)) is a stationary, vector-valued, Gaus-
sian process that can also be assumed zero mean, though the variables X;(t),
X;(t) can be correlated. Note that in the case of an envelope process X(t),
X,(t) were independent. Obviously, (X(0),X(0)) is a Gaussian vector, i.e.
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(X(0),X(0)) € N(0, %) where the covariance matrix has the following block

structure
v = [ Yxx Xyx ] _
Dxx Zxx
We shall now write the process R(f) in the form (2.6). First, we shall in-

troduce an important variable transformation Y7 = AX7, where A is an
n-dimensional matrix.

Suppose X € N(m, X) is n-dimensional Gaussian vector such that det(¥X) >
0. Let A be the (n,n) matrix whose rows are the eigenvectors of ¥£. The
eigenvectors are normalized to have unit length, i.e. AAT = AT A = I. Denote
the corresponding eigenvalues by <y; and let ' be a diagonal matrix with the
7y; as the elements on the main diagonal, then

T=A'TA, T =4z4A".
Consequently
YT = AXT € N(Am, T), (2.14)

i.e. Y is a vector of independent Gaussian variables with variances equal to
eigenvalues, i.e. V(Y;(t)) = ;.

Suppose that det(Xxx) > 0 and let A be the above defined transforma-
tion, then

R(t) =X)Xt)T = Y1) AATY)T = Y(1)Y(1)7,

where Yj(t) are independent N(0,+;) variables. Consequently, with Z;(t) =
Y;(t)/\/7;, the process R(t) defined by (2.13), can be rewritten in the stan-
dardized form of Definition 1, as follows

R(t) =M1 Z1(t)2 + ... + 1mZn(t)?,

where Z;(t) and Z;(t) are independent N (0, 1). Since Z(t)" = I'"1/24X ()T,
the covariance matrix £, defined in Definition 1, consists of the following
blocks

Tip=T"YV2ATS, LAT™YV2) 50 =T"V2 (ATE, , A) T2,
Here ['"1/2 '~ are diagonal matrices with elements 1//7j, 1/7; on the main
diagonals, respectively.

Example 8. Multiazial fatigue continuation of Example 3. We turn now
to computation of the approximation of the expectation of the second term
in the Crossland’s criterion, namely

Ms(|sc|) = Orgfgs |sc(t)]-
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Since E(Ms(|sc|)) = [y~ P(maxo<e<s |sc(t)] > u)du we will next approxi-
mate the probability P(Ms(|sc|) > u). First we shall demonstrate that s2 is
a x2-process. Note that after the variable change:

~

Xi(t) - SI( )’ Xz(t) e Sy(t)

o = 20t

we get s.(t)2 = X ()2 + ... + X4(t)%2. Although the covariance matrix %
of X(0) = (X(0), X2(0), X3(0), X4(0)) is degenerated, we still can find the
transformation A where one of the eigenvalues is zero. Let us change rows in
the matrix A so that ; > 2 > 3 > v4 and define Y (t)7 = AX(t)7. If some
of the eigenvalues are very small relatively to 44, we can replace them by zero.
Now for the j for which v; > 0 we define Z;(t) = Y;(t)/,/7;- Suppose that
there are k < 3 positive eigenvaleus ~;, then

Xa(t) = V3sgy(t),

se(t) =mZ1(t)° + ... + W Zk(t)™.

We see that s2(t) is represented in the standard form of Definition 1 and
we can apply the saddle-point method to approximate the crossing intensity
,uj,(u). As before denote the saddle-point approximation be ™ (u). Since

|sc(t)] = v/sc(t)? hence
b () = 1) = B @2),

Consequently, the expected maximum value of |s.(t)| on the interval [0, 5],
1s approximated by

[0 ]
E(Ms(|sc])) ~ ] | — e=SAY W) gy,
0

The function 2% (u?) can be computed using a program in WAFO. We observe
that an alternative method to compute ,u,;;(uQ), which uses Hasofer-Linds
safety index, was proposed in Breitung (198c8).

The simplest approximation of the crossing intensity of s2(t) is obtained
by letting the eigenvalues y2 = 3 = 44 = 0. In that case |s.(t)| is an ab-
solute value of the Gaussian process with mean zero and Ag = 7. Now
for zero-mean Gaussian processes, under some assumptions, one can demon-
strate that up- and down-crossings of level u, —u, respectively, converge to
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independent Poisson processes. Consequently, asymptotically Mg(|s.|) has
the same distribution as Mag(s.).

Let V be the eigenvector corresponding to 7; and let Y99 be the covariance
matrix of X(O), then the second order spectral moment of s., Ao = VT X9oV
and hence the expected number of waves in [0,2S5] is given by

VT
N, = § 14 ZQQV’
™ "

E( max_|s.(t)]) = \/’)Tl( 2In N, +

0<t<S

and, similarly to (1.19),

0.5772 ) ‘ (2.15)

v2In N,

Combining (1.19), (2.15) we derive an approximation of the expected value
of the Crossland’s criterion at a fixed position q:

E(Ms(|sc]))/v3 + aE(Ms(p))
Be

The approximation depends only on the parameters v;, A} and expected num-
ber of waves N, V.. The parameters are easily derived from the spectrum of
the stress tensor. For the particular structure and loading presented in Fig. 1,
the resulting expected value is presented in Fig. 8. The regions where the ex-
pectation exceeds one, one predicts that cracks will start. In the left plot we
have the estimate of the expectation based on a long simulation and in the

L
j@ 1
Ll

FiGURE 8. The estimated from simulations (left) and approximated (right) ex-
pected value of the Crosslands criterion.
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right the approximated one in the way discussed above. Since the expected
value is exceeding one at several locations, the conclusion is that the time S
should be shortened. Note that the expectation is basically a linear function

of VIn S.

3. Lecture III: Crossings of intervals

In the previous two lectures we have presented means to compute the
crossing (upcrossing) intensities for Gaussian and x? processes. The upcross-
ing intensity was then used to find the return period for a load to exceed the
design load u and to bound the distribution for the highest value (global max-
imum) of the load during the service period S, see formulas (1.5) and (1.7).
The crossing intensity is an important characteristic describing the variability
of a process. One additional property, for a stationary X (t), is that

+00

[ () du = E(X(0)))

-0
is equal to the average total variation of the process on interval [0,1],

E(J [X ()| dt). If X is Gaussian then E(|X (0)]) = \/)Tz\/% . The total varia-
tion is a simple measure of severity of the load for the fatigue damage. We
recall that fatigue is a process of initiation and growth of cracks in a mate-
rial, usually metal, due to variable stresses. However, often one needs a more
complete description of the loads horizontal variability and such parameter
is the following function, called oscillation-intensity, defined as follows.

Definition 2: Suppose that X(s), s € R, is a stationary and ergodic ran-
dom process with continuous sample paths. The oscillation intensity p°¢(u,v)
of the interval [u,v] is defined by

OSC(

P (u, v) = tlirgo% (number of upcrossings of [u,v] by X(s), s € [0,t]),
Note that the number of upcrossings of [u,v] by a continuous function
z(t), 0 < s < t, is equal to the largest index n such that there are times
0 <81 <t <82 < ... < 8y < ty, satisfying z(s;) < u < v < z(t;)
and s, < t. The number of crossings of an interval is well defined even for
very irregular functions, which may have infinite total variation and hence
infinitely many crossings of u in any finite interval. The oscillation intensity
can be defined using the concept of downcrossings of [u,v], viz. (see Fig.9):

1
u¢(u,v) = itlim Y (number of downcrossings of [u,v] by X(s), s € [0,1]).
—00
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Down oscillations across (0,1)
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F1GURE 9. Oscillations between levels v =1 and u = 0.

Obviously, u®¢(u,v) is equal to the average rate of oscillations between
sets (—oo,u) and (v,+oc) by X(t), which motivates the name. The cross-
ing intensity is difficult to compute. The explicit formulas which exist are
for processes with Markov structure, e.g. Ornstein-Uhlenbeck process having
A2 = o0, see Rychlik (1996).

There are, however, the following explicit bounds:

SR *{ 05¢(y,v) < min pt(z), (3.1)
u<z<v

p(u,u) = p"(u), p
since one has to cross, at least once, all levels in the interval [u,v] in order

to cross the interval.

3.1. Wave crest distribution

Design of offshore structures and safety of offshore operations both de-
pend on accurate prediction of frequencies of occurrences of high waves (for
given sea conditions). In this subsection we shall demonstrate that the cross-
ing intensity is the most important “simple” characteristic of sea conditions
relevant to the wave height prediction.

Let X (t) be the height of the sea level at a fixed point as a function of
time. In oceanographic applications X (t), is often viewed as a sequence of
“apparent waves”. There is no general agreement about the formal definition
of a wave. Often one uses the so-called upcrossing waves, where the apparent
individual wave is the part of the record between two consecutive upcrossings
of the so-called still water level m, say, see Fig. 10. (The still water level is
generally unknown. It is often estimated by the mean of the recorded sea
elevation X or is chosen to be equal to the level most frequently crossed
by X.)

The intensity of waves is by definition equal to the intensity of upcrossings
of the still water level m by the process X. Assume that the level m is known.
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FIGURE 10. Some characteristic wave parameters: A. (crest amplitude) and Tc
(crest period), m = 0.

By Rice’s formula the intensity of waves is equal to ut(m), given by (2.2),
while the intensity of waves with crest higher than v is more difficult to
compute. An important relation linking the crest height distribution and the
oscillation intensity is that

(intensity of waves with crest higher than v) = p%°(m,v). (3.2)

We turn now to an important upper bound for the P™(A. > v) which is
defined as the proportion of waves with crest higher than v that is observed
in X(s), 0 < s <t ast tends to infinity. For ergodic sea P™(A. > v) =
wuos¢(m,v)/ut (m). Since u®¢(m,v) < u*(v) and hence

osc i +
A > ) < K50 )
pt(m) = pt(m)
Consequently, if we assume that the sea elevation is well modeled by a Gaus-
sian process then, using Rice’s formula, we obtain

v=m. (3.3)

h

P(Ac—m>h) < ) (3.4)

In oceanography one often approximates the distribution of A. — m by the
distribution of %-‘lR, where R is a standard Rayleigh distributed variable.
That actually it is always a conservative bound, is less known.

Example 9. Assume that at a location of a buoy the sea has T, = 10 s,
and Hg = 10 m. Then the probability that a crest height is above 10 meters
is less than e~®. Practically, if one assumes that the sea state rest for 1 hour
then it will be in average 360 waves passing the buoy and of them less than
100e~8 ~ 3.3% (12 waves) will have crests higher than 10 meters.
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The Rayleigh approximation for the crest height distribution in Gaussian
sea is well established in oceanography. The deep water sea with moderate
waves (not too steep) is often well described using Gaussian fields based on
the linear wave theory. However, for severe sea states considerable asymmetry
is observed; troughs are shallower while crests are higher than predicted by
the Gaussian model. Since the crests can be up to 20% higher, these effects
can not be neglected. In the literature one is often modeling the observed
wave asymmetry by adding a random quadratic correction to the Gaussian
model term, i.e X(t) = X;(t) 4+ X,(t) similarly to the example of response of
a wind loaded structure. The proposed model is a noncentral x? process, see
Machado and Rychlik (2003). For this model, the upcrossing intensity p*(u)
can be approximated by i (u), computed using the saddle-point method.

Example 10. Consider a deep water location having JONSWAP spec-
trum, see Hasselmann et al. (1973), with H; = 7m, peak period T}, = 11 [sec]
and peak-shape parameter v = 2.385. In Fig. 11 the accuracy of the approx-
imation of the conditional distribution of the crest height given that crests
are higher than one meter is presented, i.e.,

P™A:> h) it (k)
Pr(A > 1)~ @r(1)

P™(A, > h|A.>1) =

10°

£
o

P(A>hIA >1)

5 6
him]

Ficure 11. Conditional distribution of crest amplitudes A, i.e. P(Ac > h|Ac >
1), hm. Irregular line: empirical distribution estimated from simulated 24-hour-
sea elevation, dotted line: Gaussian approximation (X (t) = X(t)), i.e. the dis-
tribution of A. given in Eq.(3.4) and dashed line: the approximation based on
saddle-point approximation i*(u).
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(The reason for considering only the waves with crest above one meter is
to exclude small waves that can not be well approximated by means of
bound (3.3). Such small waves are less important in safety analysis of off-
shore structures.) In the figure we can see excellent agreement between the
approximation and the empirical distribution obtained from simulated sea
surface elevation.

We shall quantify the difference between the linear- and quadratic-model
by giving the size of the so-called 10 days crest height, i.e if the sea had
the same JONSWAP spectrum for 10 days, then (on average) one wave in
10 days would have crest higher than the 10 days crest. The 10 days crest
height is predicted to be 8.4m and 9.8 m, if we model the surface by means
of a Gaussian linear sea X; and the second-order sea, respectively.

3.2. Fatigue of metals

The first systematic quantitative investigation of fatigue damage was per-
formed by August Wohler (1870), and resulted in the widely known Wéhler
curve, which shows the relationship between the amplitude S = v — u and
mean m = (u + v)/2 of the applied stress function

u©u—+v V—1Uu

)= 5 + 5

sin(Ar), 72>0, (3.5)

and the number of periods to fatigue failure. Wohler discovered that the
number of periods to failure depend mostly on v,z and that it is almost
independent of the frequency A. In practical tests, it is hard to obtain stresses
that are exactly sinusoidal, however the particular shape of the function z is of
secondary importance as long as the local maxima are approximately v high,
while local minima have height «w. This property is called rate independence.

Although the tested specimens are almost identical and the loading func-
tion x is the same for all specimens, one observes a large variability of times
to failure of a specimen due to variability of material properties. The number
of cycles to failure, sn(u,v) is used as a measure of material strength against
fatigue. Often a simple regression model is fitted to the observed data and
the strength of material is modeled as

sn(u,v) = K - f(u,v), K = exp(cX), (3.6)

where X is a standard normal variable, while f(u,v) is a deterministic (me-
dian) strength. In fatigue codes one often uses

flu,v) = k(v —u)"%, (3.7)
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where a > 1, k and o are material dependent constants. In the experiments
one is observing that o often depends on (u,v); however, this dependence is
usually neglected. The parameters are estimated by fitting regression line to
the logarithmed data.

Obviously real loads are seldom so simple as a constant amplitude load.
Consequently one needs to find methods to characterize variability of a load
relevant for fatigue life prediction. The approach presented here is based on a
concept of linear damage accumulation model proposed by Palmgren (1924)
and Miner (1945). This approach is commonly used in engineering practice.

Traditionally there are two main approaches to define D(z), say, the
damage caused to material by a variable load z:

e Define a suitable damage accumulation rule for the constant amplitude
load (3.5) and then extend it to the case of more complicated loads by
means of cycle counting schemes.

e Specify a number of properties that the fatigue damage accumulation
process should satisfy. This will define a suitable class of functionals
D(z) which are then calibrated using Wéhler curve.

We limit ourselves here to the first approach. Assume that z has finite
intensity of local extremes. Let us begin with the damage caused by a simple
load function z(7), 7 € [0,¢], defined by (3.5). Denote by N, the number of
local maxima of z (IV; &~ tA/27). Since damage D(w) is rate independent then
it is a function of u,v and V; alone. Using (3.6) a (dimensionless) damage is
defined by

Dy(z) = Ni/ f(u,v).

By (3.6), we derive the following fatigue criterion:
“the load z is safe for fatigue” if D; < K, (3.8)

where K is a random threshold with median one. Obviously, the condition
D; < K is equivalent to Ny < sn(u,v).

Now we shall write the damage D;(z) in a way that is easy to extrapolate
to more complicated loads than (3.5). Let ¢; be times of local maxima in z.
Suppose that the damage is constant in the intervals (¢;_;,¢;) and increases
at t; by

D; = , then Dy(x) = Z D;.

1
f(u’ U) £1St
We turn now to a general load z. Even in this more complicated situa-
tion accumulated damage D(z) is a function of the sequence of local max-
ima and minima of z. As before let ¢; be the time of ith local maximum
with value v; = z(t;) and the damage increment in the interval (¢;_1,t;]
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equal to D;. For a constant amplitude load z, the damage increases by
D; = 1/ f(ui, vi)(= 1/ f(u,v)), where u; = ming, |, <s<t, z(8) is the value of
the preceeding minimum. Since u;, v; are well defined for general load hav-
ing finite number of local maxima one could use D; = 1/ f(u;, v;) to model
damage increase between the two consecutive local maxima. Such fatigue ac-
cumulation rule was used before, but since it often gives too small damage
increments it has been abandoned. It was concluded that the damage incre-
ments depend on the sequence of the local extremes in a more complicated
way, and not only on the last two extreme values (u;,v;).

At present, the most commonly used definition of the damage increment
D; is the so-called rainflow method proposed by Endo, the first paper in
English is Matsuishi and Endo (1968). It is a complicated algorithm us-
ing hysteresis properties of metals to define D;, see Brokate and Sprekels
(1996, p.76) for details. While original algorithm for the computation of D;
is complicated the damage functional Dy(z) = )_; o D; is much simpler to
compute, see the following theorem, proved in Rychlik (1987).

Theorem 2: Let each local mazimum v; = x(t;) in = be paired with one
particular local minimum uy, determined as follows: from the ith local maxi-
mum (value v;) one determines the lowest values in forward and backward di-
rections between t; and the nearest points at which z(t) ezceeds v;. The larger
(less negative) of those two values, denoted by u}’¢, is the rainflow minimum
paired with v;, i.e. u:f © is the least drop before reaching the value v; again
on either side. Thus the ith rainflow pair is (u}°, v;), see Fig. 12. The total

damage D;'°(z) defined using the rainflow method of Endo is equal to

Df¥(a) = Y

FIGURE 12. Definition of rainflow cycle.
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As is evident the rainflow minimum does not necessarily immediately fol-
low or preceede the corresponding maximum. This explains why it is difficult
to compute the damage increase in the interval (t;_1, ], D;.

The fatigue criterion (3.8) is reformulated as follows

“z is safe for fatigue” if D}/°(z) < K. (3.9)

Obviously, the environmental loads are not known in advance and hence one is
modeling those by means of random processes. Suppose that X (s), s € [0,¢],
is a random load, then the accumulated damage D[°(X) is a random variable
and hence one would like to compute the failure probability, i.e probability
Pf=1- P(fo “(X) < K). Since the computation of the failure probability
is often very difficult thus, similarly as in the case of multiaxial fatigue,
one is checking if the criterion is satisfied in average. More precisely, one is
replacing, in (3.9), the random strength factor K by its median value that is
1 and the damage D}°(X) by the expected damage E(D/’¢(X)). However,
the recent investigations by Johannesson et al. (2003) demonstrated that
for non-sinusoidal loads K should be lognormally distributed variable with
median smaller than one. It is not unusual that median is as low as 0.3, which
expresses the fact that the variable load is more damaging that the equivalent
[having the same expected damage E(D; ! )] simple sinusoidal load is. This
results in the following fatigue criterion

“X is safe for fatigue” if E(D}°(X)) < 0.3. (3.10)

For stationary load X there is a damage intensity /¢, such that
E(Dtrfc(X)) = t-d'fc. If, in addition, the load is ergodic then the damage
intensity is given by

d'’c = lim M

Finally, if the service time of a component is denoted by S, then no fatigue
failure is predicted if S -d"/¢ < 1 [or more conservatively if S -d"/¢ < 0.3].
Not many explicit general results are known about the rainflow damage
intensity d"/¢, one of them is that in the special case when a = 1 the dam-
age intensity is proportional to the average variation of the process in the

interval [0, 1], more precisely
o o]
/ ut(u (3.11)
—o0

drfe = E(|X(O

a-w
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Note that the result is true for any stationary load. For o > 1, which is the
most important case in practice, it can be shown that

2
[/8 15/1{312)1} 1%(u, v) dudv, (3.12)

see Rychlik (1993). As we have mentioned before the oscillation intensity
can be computed only in a few special cases. However, since — %%l >0,
thus by bounding p%*¢(u,v) by min(u™* (u), u* (v)) we obtain the conservative
estimate of the rainflow damage intensity. In the following example we shall
derive the bound for a Gaussian load.

Example 11. Let load X (), 0 <t < S,be a zero-mean Gaussian process
with variance Ao and average angular frequency A = y/Ag/Ag. Further, let
N=S5- )‘ be the average number of zero-upcrossings of X during the service
period S The load is safe for fatigue if S - d"f¢ < 1. We shall demonstrate

that, according to this criterion, X causes (in average) less damage to the
material then the following simple Gaussian wave:

Y(t) = VXoRcos(At +6), tel0,9],

where R is a standard Rayleigh distributed variable independent of the uni-
formly distributed . Since Y is a constant amplitude load we have

Ds(Y) = DYe(y) 2\/

Note that for Y (t) one can compute the failure probability, i.e.,
B =i P (—aln(R) +oU > In(N) + aln(2y/20) - ln(k)) ,

where U € N(0,1) is independent of — In(R), which is Gumbel distributed.
However, the computed failure probability is not necessarilly a conservative
bound for the failure probability for the X load, see discussion following
Example 1.

The damage intensity for the load Y is

dfe(y) ——5‘— (2¢/ o) 2E(R). (3.13)

We shall next demonstrate that d’/¢(Y) > d™/¢(X). Using (3.12) and the
bound

= A B
C(u,v) < — min|e Po,e 2 |,
H ) ’
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and some symmetries (u®¢(u,v) = p%¢(—v, —u)) we get

(92
f/ 18/1{6‘1:)1)) 1% (u,v) dudv

u?
< — 5= a—z, —2x
Z 2ﬂk/-fa(a 1) (v — u)®2e” 2% dvdu

—00 —u

A = A o0 _a
=2—2ﬁ ; a(2u)* e 2’\0 du = ﬂ2“/0 au®te 2% du

x co
— A a a+1 ~r2/‘2 _ /\ a o
= 2ﬂ'k(2\//\()) fr e dr = k (24/20)“E(R%)
0

Thus we have shown that d"f¢(X) < d"f¢(Y). The derived bound is often
called narrow-band approximation for Gaussian loads. The bound is usually
very accurate if the groupness parameter a; = 1. Similar bounds can be
derived even for non-Gaussian stationary loads when the upcrossing intensity
is known or can be computed.

Note that for Gaussian process and a = 1, the upper bound

1 1 -
2 (2V/0)E(RY) = 1 v/Aefn = o E(XO)),

is the exact value of damage intensity, see (3.11).

4. Lecture IV: Derivative and other marks at crossings

In the previous section we have discussed computation of the intensity
of points t such that X(¢) = w, where X is a random process while u is a
fixed level. In many applications one would like to know more about the fine
details of X (t) near the points where it exceeds some level u, e.g. the slope
or velocity by which it passes the level, or the duration and height of the
excursion above u. Looking at local extremes, which are located at t where
X(t) = 0, one is interested in their heights, e.g. frequencies of ¢, such that
X(t) = 0 and X(t) > u. Such intensities are useful in evaluation of some
characteristics of cycle amplitude used in fatigue analysis. In this section we
will present methods to estimate intensities of the solutions to the equation
X (t) = u that satisfy some restrictions, see the following simple example.

Example 12. The upcrossing intensity is the intensity of ¢ such that
X(t) = uwand X(t) > 0, i.e. we are not interested in all solutions to the equa-
tion X (t) = u but only those that satisfy the additional condition X(t) > 0
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4.1. Intensity of marked crossings

Let Z(t) be a smooth process, such that the joint density f(z,z) of
Z(t), Z(t) exists, and say we are interested in the intensity of ¢ such that
Z(t) = u. Suppose that, in addition to Z, one has a vector of processes
Y(t) = (Yi(2),...,Yn(t)) such that Z(t), Y (t) are jointly stationary and er-
godic. Consider now a statement A about the outcome of Y (¢) and Z(t) for
which we can say if it is true or not at any time t. Let

Ci(u) = {s € [0,t] : Z(s) = u},

and we shall write
Cu = Ci (u). (4.1)

Now denote

N¢(Alu) = number of s € C;(u) such that A is true,

and let e
w(Als € Cy) = lim NelAin)
t—oo t
be the intensity of the solutions of the equation Z(s) = u, such that

Y (s), Z(s) satisfy A. By assumed ergodicity of these processes, u(A|s € Cy)
is well defined (and deterministic). Obviously, E(Ny(A|u)) = tu(Als € Cy).
Using the introduced notation, u(u) = u(s € C,) is the intensity of the solu-
tions Z(s) = u. Usually we will write p(A|u), p(u) instead of u(A|s € Cy),
u(s € Cy), respectively.

Example 13. Let Z(¢) = X(t), Y(t) = X(t), and A be the statement
A="Y(t) > u, Z(t) < 0", then N;(A|0) is the number of local maxima of X

observed in [0,¢] exceeding level u while u(A|s € Cp) is the intensity of such
local maxima.

Now the “long run” probability of A observed at s € C,, i.e. such that
Z(s) = u, is defined as

Pls € ) = i RO = EES

(4.2)

Note that P(A) = P((Y(0),Z(0)) € A) (likelihood that A is true at time
zero) is usually not equal P(A|s € C,). The reason for this is that values of
Y (s), Z(s) at points such that Z(s) = u can have different distribution than
Y (s), Z(s) observed at s = 1,2,3,.... We turn now to the computation of
the intensity u(A|u).
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Theorem 3: Under the general assumptions of this section, if the joint
density f(2,z) of Z(0), Z(0) exists then

sl Ay = f Pl dfu, 5|5 f6.4) d, (4.3)
where P(A|u, 2) is the conditional probability
P((Y(o), Z(0)) € A|Z(0) = u, Z(0) = é)

= P((Y(O),z) € A|Z(0) = u, Z(0) = ;':).

In addition, if also the density f(y,z,z) of Y(0),Z(0), Z(0) exists, then

w(Alu) = j 51£(y, £, u) dy d. (4.4)
A

The proof of this theorem can be found in Leadbetter et al (1983).
In the Appendix we have introduced the concept of conditional probabili-
ties; for any statement A there is a function P(A|z,z) such that P(A) =
J P(A|z,2)f,;(2,2)dzdz. The formula (4.3) is a generalization of Rice’s
formula since it simplifies to (2.1) for A which is always true.

Studying the x? processes we found that Z (O),Z (0) may have a den-
sity f(z,2) whose explicit analytic form is not known. Now an additional
complication arises if one also needs to find the conditional probability

P(A|z, %) = P((Y(O),z) e A|Z(0) = 2, 2(0) = é).

Finding the conditional probability can be a very complicated problem if
Z(t) is a non-Gaussian process. There are only few examples of such anal-
ysis. The first one is given in Rice (1944) where the author was inves-
tigated the height of local maximum in the envelope process (Rice used
another definition of the envelope than given in this presntation). An-
other one is presented in Ditlevsen and Lindgren (1988) where the authors
studied frequencies of empty envelop excursions. In that work the process
Z(t) = E(t) = \/X(t)2 + X(t)? while Y(t) = X(t + 1), where 7 € Ris a
fixed constant. The statement A was a very complicated property of X called
‘empty excursion”, which means that the upcrossing of the level u by E(t)
is not followed by the upcrossing of the level by the process X (t), and it
needs to be approximated by some simpler statement. We will not go into
details on this problem, see also Lindgren and Rychlik (1991) (and references
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therein) for some additional examples of computations of marked crossings
of non-Gaussian processes.

The problem of computing marked crossing intensities simplifies some-
what if Y (0), Z(0), Z(0) is a Gaussian n + 2 dimensional vector. If the
condition (property) A is a complicated non-linear function of Y (t), then
computation of p(A|u) requires numerical integrations in n + 1 dimensions.

4.2. Derivatives at crossings

Consider a stationary ergodic Gaussian process Z(t). Suppose that
E(Z(t)) = m and the spectral measure has the first two spectral moments
finite, i.e. Ao, Ay < 00. It is well known that the derivative process Z(t) exists
and is also Gaussian. Let us denote by A the statement that the observed
derivative exceeds the level v. As we have mentioned before, the deriva-
tive of a stationary Gaussian process is a zero mean stationary Gaussian
process with variance equal to the second order spectral moment g, i.e.
Z(t) € N(0,X2). This means that the fraction of derivatives exceeding v,
observed at times t = 0,1,2,3,... is equal to

P(Z(0) >v) = 1 —®(v/\/Aa).

Now we shall demonstrate that the fraction of derivatives observed at points
s, such that Z(s) = u will have a different value, i.e. P(Z(0) > v) # P(Z(s) >
v|s € Cy).

Lemma 1: Under the general assumptions of this section the distribution
F'(v) = P(Z(s) < v|s € Cy) has density

f’u (v) 2A26 2A2 (4'5)
Proof. For A ="Z(s) > v”, using (4.3), we have that the intensity p(A|u)

is given by
p(Alu) = f P(Z(0) >v | Z(0) = u, Z(0) = 2)|2|f(u, 2) dz

(4.6)

o]

- [ 141 £ (u, 2) d,

v

where f(u,) is the density of (Z(0), Z(0)). By our assumptions Z(0) €
N(m,Xo) is independent of Z(0) € N(0,A2). Consequently f(u,z) =
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f(u)f(%) and hence

w(Alu) = f(u) /|z|f dz—2f(u)\/_ gile ™2 dz.

v

Clearly p(u) = p(Alu), for v = —o0, and hence

p(u) = 2f (u )\/—; 2|AL 7 dé=2f(u)\/§.

—00

Consequently

P(Z(s) > v]s € C) = “‘fﬂ?) 2';26 25 d,

v

which after differentiation leads to (4.5). a

Before we turn to some more complicated example taken from naval
engineering we shall first sketch a general approach to computation of
P((Y(s),Z(s)) € A|s € C,) for Gaussian processes Y (s), Z(s):

First write down a formula for the long-run distribution of the vector
Y (s), Z(s) observed at s such that Z(s) = u, then find the density f*(y, 2).

(Such density always exists if Y (0), Z(0), Z(0) has non-degenerated Gaussian
density.) Finally compute

P((Y(s),Z(s)) € Als € C) = ff“(y,z')dy dz. (4.7)

In order to simplify notation one is often introducing variables Y, Z,,, which
have the density f*(y,z), i.e. we can formally write

P((Yu, Za) € A) = P((Y, Z) € Als € C) /f“ Hdyds.  (48)

We observe the variables Yy, Z, are the special case of the so-called Slepian
model process, see Lindgren and Rychlik (1991) for detailed presentation.
Now one can ask the question about the long-run probability that the
derivative observed at upcrossings of the level u exceeds level v, i.e. we wish
to know the proportion of s such that Z(s) = u and Z(s) > 0 which also
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satisfies the condition Z(s) > v, v > 0. After a short reflection one can see
that it is just the conditional probability

P(Z(s) > v,Z(s) > 0|s € Cy) _at

P(Zy > v|Zy, > 0) = g .
P(Z(s) > 0|s € Cy)

L]

bl

see Appendix for the definition of conditional probabilities. We conclude
that the derivative at upcrossing is Rayleigh distributed. The distribution is
independent of the level wu.

The following lemma gives explicit formula for Yy, Z, for the one-
dimensional Y(s), i.e. when Y(s) =Y (s).

Lemma 2: Suppose Z(t), Z(t),Y (t) is a stationary Gaussian vector val-
ued process. Let mz = E(Z(t)), my = E(Y (t)) and let the covariance matriz
¥ of the vector Z(t), Z(t),Y (t) be given by

ae 0 oz0YpPZY
_ 2 . .
Y= 0 ol O,0vP,y | - (4.9)
OZOYPZY 40Py ol

The variables Yy, Z,, with distribution defined by (4.8), have the following
representation,;

Zy = a 4R,

Y, =my +oy (pZ-YRwL\/l—P%y_p?ZY )’

where R, which is independent of U € N(0,1), has a double Rayleigh dis-
tribution, and hence the probability density f(r) = J%le“’"zﬂ. Here m, =
szy+ oEpzy(u—mz) and pzy, pyy are correlations between Y (0) and Z.(O),
Z(0), respectively. Obviously, the long-run distribution F*(y,v) of Y (t), Z(t)
at points that satisfy Z(s) = u, t.e. P(Z(s) < v,Y(s)) < y|s € Cy) is given by

(4.10)

P(YusyaZuSU)

. y—m v
:P(pZ-YR+,/1—pQZY—péyU5 = z, R< —)

oz

Proof. We need to demonstrate that

PIY(s) <3, 2(6) S vls € G) = £

b
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where A =Y (t) <y and Z(t) < v”, is equal to

y—m v
P(pZYR+./1—p§Y—p2ZYUg —— R< 5)'

We begin by computating the intensity u(A|u), i.e., the intensity of points s,
such that Z(s) = u and A is true. From formula (4.3) we know that
+00

p(As) = / P(Y(0) < 9, 2(0) < v | Z(0) = w, Z(0) = )|31f(u, 2) d,

—00

where

P(Y(0) < y,Z(O) < vlu, 2) = { (I;(Y(O) <ylZ(0) = “sZ(O) = z) ifj § :’}

Now we know, see Appendix, that the conditional density of Y (0) given
Z(0) = z,Z(0) = 2 is Gaussian with the mean

_ g% 0 - z—m
m(z,2) =my +oylozpzy 04p;y] [ ()A a? } [ z ’ ]

| 4 (4.11)
_my+—pz) (4—mz)+ 7p‘7yz
and the variance ’
o = oy —oylozpzy 94p; ][J% 0 :l—l[UZPZY]
z2fzyl | 0 o O zPzy (4.12)

2 2 2
=oy(1— pzy — P3y)-

Consequently we have

_(u-mz? Y B g 3 )
p(A) = ———e ¥ /‘P(y m(u,~)) 2 -(:2/203) 4,

Vanogz a V2ro,

(u—m )2 Y . .
_ Loy S /(D (y—m(u,z)) 2] -2/202) 4

- moz o 20%

1CTZ' _("—ijz)—z r I | _( 2/20.2)
=——2e %z / my, + —pZY 4+ oU <y dz

mToz 202

1o, ~tesmg I,
= 195 - -r2/2
—;ae 20z [ P(mu+0ypZYT+UU<y) 5 € /2 gr.

—00

(4.13)
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_(u=my)?

Since p(u) = %gﬁe *"z , the lemma is proved. a

Note that the formula (4.13) can be computed using integration by parts,
see the following lemma for the related result.

Lemma 3: Let U, R be, independent, standard Gaussian and Rayleigh
distributed variables. For a > 0 and any =

z? b
P(aU +bR>1)=® (—z) +e 27 S@ (ga) , (4.14)

where 0 = Va2 + b2.

The last two lemmas give an explicit way to compute the distribution
of Yy, Zy, ie. Py #) = P(Ys < %, B z). The representation, given in
(4.10), helps to write the probabilities P((Y (s), Z(s)) € A|s € C,) in a more
transparent way, see the example given in the following subsection. Similar
results can be derived for vector valued process Y(t) and even for Y(t)

containing infinitely many processes Y;(t), see Lindgren and Rychlik (1991).
Remark 4. Suppose (Y (0), Z(0)) is Gaussian then

PO <3,20) <) = P (bR 1= AU < L0 R L),

oy oy

where U, R are independent standard Gaussian, i.e. U,R € N(0,1). Conse-
quently, if the process Y'(-) is independent of Z(-) then the values of Y (s)
observed at points s where Z(s) = u, Y, is the same as the distribution Y (0).

4.2.1. Extreme stresses at slams. In modeling forces and movements of
ships on random seas, an important safety factor is size of stresses due to
slams, that occurs when a ship proceeds at certain speed in rough seas and the
front part of the hull bottom sustains large forces resulting from impact with
the sea surface. Following the approach of Leadbetter and Spaniolo (1998),
let Z(t) denote the relative vertical motion of the bow and wave height, each
measured from their respective mean position so that Z(¢) has zero mean
(mz = 0). The bow emerges from the water if Z(t) exceeds the draft u of
the vessel. Further, a slam occurs when Z(t) crosses u from above to below
with large enough speed, i.e. Z(t) = u and Z(t) < ¢, where ¢ < 0 is some
fixed threshold. The whipping stress at the instant ¢t of the slam is often
assumed to be proportional to Z (t)2. However, the vessel also experiences
the so-called wave-induced stress Y'(t), say, caused by the wave interaction
with the vessel. The total stress S(t) at the slam instance is then

S(t) =Y (t) + kZ(t)?



288 1. RYCHLIK

where k is a negative proportionality constant. In safety analysis of a vessel,
one is interested in an estimate of

1(Au) = “intensity of ¢t such that Z(t) = u and Z(t) < ¢, S(t) < §”

where A =“Z(t) < ¢, S(t) < s” and s is a fixed (negative) stress.
We shall compute u(A|u) using (4.2)

u(Alu) = P(Z(t) < ¢, S(t) < slt € C)u(u), e <0,

where p(u) = Tlrgz e~%/20%  while P(Z(t) < ¢, 8(t) < s|t € C,) will be
computed by means of Lemma 2.

As we have mentioned before, the sea surface X evolving in time is usu-
ally modeled as a Gaussian random field. The simplified analysis of a ship
motion assumes that responses are linear functionals of the sea and hence
(Z(t), Z(t),Y (t)) is a Gaussian vector valued process. By assumed stationar-
ity, Z(t), Z(t) are independent but correlations pzy, Py can be non-zero in
general. Suppose that the covariance matrix (4.9) has been computed using
a suitable sea spectrum and the model for the vessel’s motion. Assume fur-
ther that E(Y'(¢)) = 0. Note that the event that bow emerges from the water
affects the ship motion in a nonlinear manner making use of the Gaussian

model questionable, but we neglect this problem. Now using Lemma 2,
P(Z(t) < ¢, 8(t) < slt € Cy) = P(Zy < ¢, Yy + kZ2 < ).

Hence the intensity p(A|u) can be written in a more explicit way:

o2 — A O u?
S§—ur-pzy \ 1
u(Alu)=P(R< —, pzyR+oU+k P22 ¢ —"Z—) P 3
Z‘- ay ay maogz

where U, R are independent, U € N(0,1) and o = /1 — p%,y — pQZY’ while R

has pdf f(r) = J—l ~m*/2, We conclude that the intensity of slamming events
leading to high stresses can be estimated by computing a one-dimensional
integral. Note we could not directly apply the lemma with Y (t) = S(t) since
Y is not a Gaussian process.

4.3. Crests and troughs in Gaussian processes

Let us consider a stationary Gaussian process X (t) with mean m and
spectral distribution having finite fourth spectral moment, i.e. Ao, Az, Aq <
0o. This implies that the second order derivative X (t) exists and X (t) €
N(0,)4). Denote by pmax the intensity of local maxima. Following our
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schema, let the process Z(t) = X (t). We know that, by stationarity,
Z(t) € N(0,)\2) is independent of Z(t) € N(0,A4). Now the intensity of
local maxima is given by

pmax = #(Z(s) < 0s € Cp)

= / P(Z(O) < 0[Z(0) =0, Z(O) = 2)|2|fz‘(0),z(0)(é,0) dz
0 A
= fZ(O)(O)[ |‘é|fz'(o)(é) dz = ﬁ\/ﬁ_ﬂp(()) = % )‘—;,

since P(Z(0) < 0|Z(0) = u, Z(0) = ) = 1 if 3 < 0 and zero otherwise. (The
intensity of local minima is equal to gmax).

Obviously, between two upcrossings of the mean level there is at least one
local maximum. This fact is used as a motivation for the use of the following
irregularity measure of the process X

intensity of upcrossings of the mean E(X(0))

ag = - g :
2 intensity of local maxima

(4.15)

For a stationary Gaussian process we have (by Rice’s formula) that the in-
tensity of upcrossings of the mean E(X(0)) is given by 21/A2/A¢ and hence

(a) Narrow-band process

—_—

b) Broad-band process

4 4

2 2

0 0

2 -2
“* 50 100 b 50 100
(¢) Narrow-band spectrum  (d) Broad-band spectrum

2 1

1.5 0.75

0.5

0.5 0.256

O0 05 1 15 2 G0 05 1 15 2

FIGURE 13. Examples of narrow- and broad-band processes.
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the parameter oy, defined by (4.15), is equal to
81 AZ
2 = .
VAo

Note that we have already introduced another irregularity measure o1 =

ﬁ, called groupness measure.

From the definition of as we have directly that 0 < a9 < 1. Clearly, if
ap ~ 1 then the process X () must be quite regular with one local maximum
between the consecutive upcrossings of the mean level. Such process is usually
called a narrow band process. Processes with as; =~ 0 are in general very
irregular and are called broad band; see Fig. 13 where two sample paths of
Gaussian processes with their spectral densities are presented.

Remark 5. The parameter a is a simple measure of irregularity of the
process and one can easily construct processes, which in fatigue application
should be considered as extremely narrow band but they have as = 0. Exam-
ple of such process is presented in Fig. 14. In the figure we show two parts of
a sample of the damped oscillator with spectral density (1.21) with ¢ = 0.01.
At plot (left) we have a longer record of the process while on plot (right) we
are zooming in on the neighborhood of a local maximum of the process. This
process has a; = 0 and is considered as extremely irregular (broad-band)
since the intensity of the maxima pmax is infinite. Note that the parameter
aq is close to one, a; = 0.995. However, the maxima cluster in a negligible
surrounding of a major top and in practical applications these small wiggles
can be completely irrelevant and the process should in fact be called a narrow
band process. For this process, the narrow-band approximation (3.13) will
give very accurate approximations of the rainflow damage. Note that formally
we have problems in defining the rainflow damage, since the discussed process
has infinitely many local extremes (cycles) in any finite interval. However, for
irregular processes one can use equation (3.12) to define the rainflow damage
even for loads that have infinitely many cycles but the sum of their damages
is finite, see Rychlik (1993) for discussion. As we have mentioned before the
oscillation intensity is well defined even for very irregular processes.

We turn now to the long-run distribution of the height of local maxima,
i.e. the distribution of X (t) for ¢ such that X(¢) = 0 and X(t) < 0 given by
P(X(s) < z; X(s) < 0|s € Co)

P(X(s) < 0|s € Cp)

PMax < z) = (4.16)
We begin by computing P(X(s) < z; X(s) < 0ls € Co).

In order to use the lemma define Z(t) = X(t) and Y(t) = X(¢) and
let v = 0 in the condition Z(s) = u. We have my = m, mz = 0 and the
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FIGURE 14. Narrow-band linear oscilator ¢ = 0.01: (a) simulated longer path of
the process, (b) zoomed neighbourhood of a local maximum in the path.
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covariance matrix

A2 0 0
B = 0 M =X
0 =X Ao
Consequently a% = Ag, 022 =M, pzy =0,py = —ag, 032, = )Ag, and Lemma

2 gives:

Zo = /MR,
Y0=m+\/)\0(—agR+ 1—a%U),

Note that the variable Yy is the height of local extreme (by Bulinskaya’s
lemma, Bulinskaya (1961), the solutions of the equation X (s) = 0 are with
probability one local maxima or minima) and not the height of the local
maximum. The probability P(Max < z) can be derived as follows

P(Max < z) = P(Yy € z|Zy < 0) = P(Yy < z|R < 0).

This gives the final result

P(Maxgm)=P(m+ \/TO(aZR+MU) ga:).

The long run distribution of height of a local maximum is the same as the
distribution of the random variable m + /Ag (agR ++/1— ag U), where U

and R are independent random variables, U standard normal, and R standard
Rayleigh, with density fr(r) = rexp(—r2/2),r > 0. Probability P(Max < )
can be computed by means of the formula (4.14).

Remark 6. The intensity of local maxima with height above u, could
also be used to bound the probability that Mg(X) = maxo<s<s X(s) > u.
With Z(s) = X(s), Y(s) = X(s), and A =Y (s) > u, Z(s) < 0" we have

Ns(A|u) = number of s € Cg(u) such that A is true

= number of local maxima in [0, S] with height above u.
Now, in a similar way as we derived (1.7), we can write

P(Mg > u) = P(X(0) > u) + P(X(0) < u, X(S) >u)
+ P(X(0) < u, X(S) < u, Ns(Alu) > 0) (4.17)
~ P(Ns(Alu) > 0) < E(Ns(Alu)) = Su(Alu).
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Obviously, since the number of upcrossings of the level © by X in the interval
[0, S], denoted by NZ (u), is smaller than Ng(A|u) the approximation (4.17)
is less accurate (gives broader bound) than the one proposed in (1.7-1.8).
However, if one is interested in the maximum value of the field then the
method used in (4.17) can easily be generalized to be valid for the fields,
while the method used in (1.7-1.8) can not be easily extended to this more
complicated case. In addition, it can be easily proved, see Rice (1944), that

2

B 2

p(Alu) = p*(u) + o(e” o),

_u? a2
where o(e o0 ) means that e?*0o(e” 2% ) goes to zero as u tends to infinity.

2
Hint: use that u(Alu) = pmaxP(Maz > u) and that 1 — ®(z) = o(e™ 7).
Consequently, the approximations (1.8) and (4.17) are equivalent. Finally, we
give an intuitive motivation why the two approaches are equivalent for high
values of u.

Define first B =" Y (s) > u, Z(s) > 0” then we have that

Ns(B|u) = number of s € Cg(u) such that B is true

= number of local minima in [0, S] with height above u.

Now it is easy to see that

P(X(0) < u, X(S) < u, Ns(Alu) > 0)
= P(X(0) < u, X(S) < u, Ns(Alu) - Ns(Blu) > 0),
and that N (u) = Ns(Alu) — Ns(B|u). Consequently, since, for very high

levels u, u(B|u) is much smaller than u(A|u) one has that p*(u) =~ p(Au).
Consequently the approximations (1.7) and (4.17) are close.

4.4. Oscillation intensity as intensity of marked crossings

We shall now show how one can express the oscillation intensity using the

concept of marked crossings. Consider load Z(t) with finite intensity u(v).
We will show that

p**(u,v) = p(v)P(Y (s) < uls € Cy),
for suitably defined process Y (s). We observe that p°°¢(u, v) can be computed

for Ornstein-Uhlenbeck process for which p(v) = oo for all v. We turn now
to the definition of the Y'(t) process.
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Definition 3: Let Z(t), t € R be a differentiable process, i.e. Z(t) emists.
For a fized value t let t— = sup{s < t: Z(s) > Z(t)}, with supd = —oo,
be the beginning of the downward excursion ending at t. The depth of the
excursion will be denoted by Y (t), and defined by

¥it) = inf{Z(a) 1 £~ < 8 < 1}, (4.18)

see Fig. 15.

0 5 10 16 20

FIGURE 15. Simulation of X (¢) (solid line) and corresponding Y () (dotted line).

Now, let A be the statement that observed Y is below the level u. Then
it is easy to see that the oscillation intensity is equal to the intensity of ¢,
such that Z(t) = v such that Y (¢) < u. Consequently

1o, v) = p(Alv) = / P(Y(0) < ulX(0) = v, X(0) = &)|é| (v, ) dit

—00

= fP(Y(O) < u|X(0) = v, X(0) = )i f(v, &) dit, (4.19)
0

since, for u < v, P(Y(0) < u|X(0) = v, X(0) = &) = 0 for < 0.

As we have mentioned before, the sea level elevation Z(t) is often modelled
as a Gaussian process. The still water level m = E(Z(t)) = 0 the significant
wave height H defines \g = H2/16 while the average wave period T, = A /2.
Actually the two parameters Hy and T, are often the only information about
the spectral density that is available. Since the intensity of waves with crest
A; > v is equal to u°¢(m,v) and hence one could use (4.19) to compute
the intensity. The formula (4.19) is difficult to evaluate, since Y (¢) is a non-
Gaussian process and that the conditional density of Y (0) given probability
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Z(0), Z(0) is not known. Very accurate approximations, based on numerical
integrations do exists. For example program spec2tpdf, given in WAFQ,
computes the density fj(t), say, of T, for waves with crest A, > h, such that
P(A; > h) = [ fn(t)dt, see Fig.10 for definition of A., T.. Consequently
B (m,m o+ ) = [ fult) .

Example 14. Consider a Gaussian sea X(t) having the so-called Jon-
swap spectrum, see Hasselmann et al. (1973), with parameters Hy = 7m
and T, = 8.5s (T, = 11s). The still water level is zero, m = 0. In Fig. 16
we present the four densities fx(t) for thresholds h = 0,1,2,3 meters. Note
that for hy > hg we have that fj (t) < fp,(t) and hence fo(t), which is
just the density of T, is the highest curve. The densities are computed using
WAFO. For example the f3(t) density can be computed and plotted using
the following sequence of commands

f2=spec2tpdf (jonswap,0, [1,[0 10 101]1,2,3); clf; pdfplot(f2)

Density of Tc with Ac>3 u=0

T T T T

0.3r

0.25f

0.2r

0.15F .

0.1 ]

T

0.05r

0 2 4 6 8 10
Tls]

FIGURE 16. The density of T. for waves with crest A. above a threshold h =
0,1,2,3m for a Gaussian sea with zero still water level m = 0, and Jonswap
spectrum H; = 7Tm and T, = 8.5s.
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Finally, we compare the probabilities P(A. > h) = [ fx(t) dt with the upper
2

bound (3.4) for the probability (E_S(HL*) ). For h =1,2,3 the integrals give
the following probabilities 0.806, 0.510, 0.228 while the bound (3.4) gives
0.849, 0.521, 0.230, respectively. Note that for non-Gaussian sea the Rayleigh
bound is unconservative, see Fig. 11.

5. Lecture V: Marks on contours

Stochastic processes serve as probability models of phenomena observed
in some continuum, for example in time or in space or sometimes in both.
It is often assumed that observed realizations produced by a model or, as
they are often called, sample paths contain all information about the model
(ergodic property). Vice versa, the theoretical model can provide with for-
mulas for the statistical distributions extracted from sample paths. However,
the relation between the sample path distributions and the theoretical dis-
tributions describing the model is not always straightforward. For example,
complications can arise from the effect of sampling bias. The name refers
to a change of sample distribution for the same quantity due to a different
method of collecting its values.

Let first illustrate the concept of unbiased sampling distributions. Sup-
pose Y(q) is a stationary vector valued random field. The probability that
this field has a (measurable) property A is given by P(Y(0) € A). This prob-
ability has a natural statistical interpretation through the ergodic theorem
which is stated below in the special case when q € R2.

Let X;; = 11if Y(i,j) € A and zero otherwise. If at least one of the
integers N and K diverges to infinity, then the sequence of random variables

| NK
NK Z 2 Xij»
=1 j=1
converges with probability one to a random variable V such that E(V) =
P(Y(q) € A). In the special ergodic case, the limiting variable V' is constant
and equal to P(Y(q) € A). Because the distribution is obtained by sampling
at non-random and equally spaced points, it is referred to as the unbiased
sampling distribution.

5.1. Distributions arising from biased sampling

As we have discussed in the previous sections one is often interested in

long run probabilities of (Y (t), Z(t)) € A for random locations ¢ defined im-
plicitly as the solution to an equation Z(t) = u. We have shown that, usually,
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the long-run distribution differ from the probability P((Y(0),Z(0)) € A).
Simply by observing Y (t), Z(t) at random times t may affect the distribu-
tion of Y, Z.

An analogous question is what is the long-run probability of
(Y(q),Z(q)) € A for random locations q defined implicitly as solutions to
an equation Z(q) = u. In order to discuss such a "biased” sampling distri-
bution, first we should answer the question of how many points q satisfying
Z(q) = u reside in a bounded domain. We turn to this problem next.

Suppose Z(q), q € RF, is taking values in R". Assume that n < k and
from now on treat them as fixed. Let V be the relative volume in R¥ of the
dimension k£ — n. For example if kK = 3, then V measures the length of a set
if n = 2, the area if n = 1, and V simply counts points in a set in the special
case n = 3. For S C R* define the contour

Cs(u) ={q€8S:Z(q) =u} andlet Cu=Cjyr(u) (5.1)
Using this notation, define the intensity
u(w) = EV (Ca)]. (5.2)
We called p(u) an intensity since, by homogeneity,
E[V(Cs(u))] = |S|u(u),

where |S| is the volume (size) of S. In a similar way as in the previous section
where A was a statement about Y (t), Z(t), let here A be a statement about
the outcome of a vector Y(q) and the matrix Z(q), then

w(Alw) =E[v{aeca: (Y(a) Z(@) € 4}] . (53
Finally the long-run distribution P((Y(q),Z(q)) € Alq € Cy) is defined as
follows
: _ (Al
P((Y(q),Z(q)) € Alq € Cu) = L(u) .

The significance of the long run distribution follows from its interpreta-
tion, which is along the same argument as in the one-dimensional case. The
distribution can be defined as the average size of the part of C, on which
statement A about Y (q) and Z(q) is true divided by the average size of the
entire Cy. By the ergodic theorem, the so-defined distribution coincides with
the limiting statistical distribution of Y(q), Z(q), when q is sampled on the
contour Cs(u) in the region S = [0, X;] x [0, X3] x [0, X3] for large X; or
Xo, X3, if k= 3.
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Example 15. The sampling interpretation in the multivariate case is
illustrated using the model of sea surface W(q,t) = W{(z,y,t), which is
discussed in the Appendix. The time variable ¢ is considered to be fixed and
thus by homogeneity it can be set to zero. Suppose that we are interested in
the distributions of V9" the velocity in the gradient direction. The velocity
V97(q), presented as vectors in Fig. 17, is defined as follows

ooy [ Wel@,0) Wy(a,0) 17" [ -Wi(q,0)
V¥(q) = “W,(q,0) Wz(q,())] [ ‘0 ] (5.4)

In Fig.17(a), an unbiased sample of velocities recorded on the entire field
is presented, that could be used to estimate P(V9"(q) € A). In Fig.17(b),
an example of a biased sample is presented by velocities sampled along the
contour Cg(0) = {q € S : W(q,0) = 0}, S = [0,50] x [100,150] meters,
of the fixed (zero) sea level. The sample distribution of the velocity vectors
obtained along this contour represents (approximately if the area is large
enough) the biased sampling distribution that could be used to estimate
P(V9(q) € A|lq € Cy). The two distributions of V9" can be different.

(a) (b)
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FIGURE 17. (a) Unbiased sample of velocities on the sea surface. (b) Biased
sample of velocities along the level crossing contours vs. unbiased sample. Here
the level crossing contour is presented at the initial time 0 and then at the time dt.
(The scale of axes on both the pictures is in meters, velocities are rescaled for
clarity.)

We turn now to the formulas for the intensities u(u), u(Alu) which are
given by means of the generalized Rice’s formula. We observe that vast liter-
ature is available on the various generalizations of the Rice formula, see:
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Brillinger (1972), Marcus (1977), Adler (1981), Leadbetter et al. (1983),
Ziahle (1984), to mention just a few of many presentations.

Suppose that the joint density of Y, Z, 7 is available, which is always
the case in this presentation, then

w4 = [ P((Y(0), 2(0)) € A12(0) = 5,2(0) = u)
fy.2(2,0)\/det(22T) dz = f Fy z,2(¥:2,1) - \/det(22T) dzdy. (5.5)
A

Remark 7. The formula (5.5) is a generalization of the formula (4.4).
Since, if k = 1 then z = % is a real number and hence /det(2z7) = |2|.

By taking A = R" in (5.5) we derive the following formula for inten-
sity p(u)

p(u) = /lez(i,u)- det(zz7) dz. (5.6)

In the following examples we give explicit formulas for p(u). Both cases were
studied by Longuet-Higgins (1957). In the first example C, is a line in [0, 1)?
(k=2.n=1)

Example 16. Let W(q), q = (z,y), be a homogenous Gaussian field
with mean m and variance V(W (q)) = Ao, see Appendix for the definition
of the spectral moments A;;.

The homogeneity of the field W(z,y) does not imply that it is invari-
ant under rotation. In fact a rotation affects its structure. For example let
Wa(q) = W(AqT), where A is a 2 x 2 rotation matrix. Then the covariance
matrix of the partial derivatives of W4(q) differs from the covariance matrix
of the derivatives of W(q). Actually one can rotate the plane in such a way
that the partial spatial derivatives of the field are uncorrelated. We choose
the rotation so that the derivative in the z-direction has larger variance than
the one in the y-direction (the z-direction corresponds to the vector with the
largest eigenvalue in the covariance matrix of the spatial derivatives). Since
the length of a contour is independent of the rotation we choose to study the
length of a contour in the rotated coordinate system. In particular we have

V(Wz(q)) = A0 = Aoz = V(Wy(a)),

which for Gaussian fields, implies that the intensity of zero-crossings along
any line passing through the origin attains its maximum on the z-axis and
its minimum on the y-axis. (In the degenerate case when W is a model for
the so-called long-crested sea we have that Ags = 0 which means that there
are no zero-crossings along the y-axis.)
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Let us define by Z(q) = W(q), then the gradient vector is given by

Z(q) = (Z1(q), Z2(q)) = (Wa(q), Wy(q))
which is a zero-mean Gaussian vector with covariance matrix

Ao O ]

Yz = [ 0 X (5.7)

Since, for stationary Gaussian field the value of the field Z(q) is independent
of the gradient vector Z(q) we have that the average length of the contour
Cu, given by (5.6), can be computed as follows

bW = [ £7.4(80) - /den(aaT) da
/fz z)fz(u z1 + zg dz

_ (u- m)2
\/me 2300 (\/Z1 0)2 + Z5(0)2 )

Now, with 1/ = 1/A20/Ao2, which is often used as a measure of long-
crestnedness of the sea (y = 0 implies that all waves are propagating along
the z-axis), we get

E (\/ Z1(0)% + 2':2(0)2) = ,/2;’\(21": Aoz) E(\/l -

where E(k) is Legendre’s elliptic integral of the first kind:

w2

E(k) = f ] — K2sin%(a) da,
0

see Longuet-Higgins (1957, p. 346) for the proof.

We turn now to the case when the contour contains only isolated points,
for example positions of local extremes of a field (k = 2,n = 2).

Example 17. In this example we shall discuss the average number of
specular points of the field W(q) = W(z,y), satisfying the assumptions of
the previous example. The point q is called a specular point if W;(q) = u;
and Wy (q) = ug and hence, for a fixed u = (u1, uz), the contour C, contains
only isolated points. Let us compute the intensity of specular points, i.e. how
many, in average, there are q € [0, 1)2 such that W,(q) = u; and Wy(q) = us.
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In order to use (5.6) define Z(q) = (W (q), Wy (q)), then Z(q) is the following
matrix

: _ Wz:c((l) Way(q)
4 “[Ww(q) wy;’(q)]-

Since the vector Z(q) is independent of the matrix Z(q) we have that the
average size of C is given by (5.6):

pu(u) = ffz,z(i, u) - y/det(227) dz

= ] f5/(8) fa(w)| det(2)] d

1 (u)?  (up)?

= ¢ Pw Do E (| det(Z(0
ey (1det(Z(0))1)

Note that we use the coordinate system where W;(q), Wy(q) are indepen-
dent. The computation of the expectation E (|det(Z(0))|) is quite lengthy

and a full account of the derivation can be found in Longuet-Higgins (1957,
pp. 351-353). Here, for reasons of completeness, we shall give the final step.
Consider the matrix

$A22 —Aa1 $hao
H=| Az -2 A |, (5.8)

1 1
5204 —A13 5A2

and let | = eig(H), with l3 < I3 < 0 < l. Then

E (1 det(Z(0)) ) ~ /it ( lz;llE(n,g)— L p(s f)), (5.9)
2

- r I—1, V72

where k2 = %ﬁ'{% and K and F are the Legendre elliptic integrals of first
and second kind.

Finally, since the local extremes are the specular points for u = 0 and
since, in average, each fourth extreme point is a local maximum we have the
following important result: intensity of local maxima of the field W(z,y) is

given by

1 1 l*z-ll ™ lg ™
= eyl Elm, =)= Fle,=) . (510
u’ 2\/%71_2 23( 12 (K’12) (K’ 2)) ( )

la—1
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5.2. Distributions on contours in R?, k =2 and n = 1.

Now we return to the problems discussed in the Lecture IV namely distri-
bution of variables observed at crossing times. The difference is that now the
crossings are no longer isolated points but contour lines. The formulas are
still quite similar in the structure but more complicated since the derivative
at crossing is a gradient vector. We shall prove a Slepian type lemma that is
an extension of Lemma 2. The results will be then used to study velocities
at crossings of moving fields.

Suppose that Z(q), q = (z,y) € R?, is a homogenous Gaussian field,
then the derivative

Z(q) = (Z1(q), Z2(q))

(the gradient) has zero-mean Gaussian components. Let Y(q) € R™ be a
Gaussian vector-valued field. For a fixed u, consider the contour

Cu = {(z,y) €[0,1)? : Z(z,y) = u}.

We begin by studying of the distribution of Y(q), Z(q) on the contour Cy.
As in the formula (4.8), we shall now define the variables Y, Z,, which have
the distribution

P(Yy<y,Z, <) = P(Y(q) <y,Z(q) < Zlq € Ca). (5.11)

In the following lemma we shall consider only the case when n =1, i.e.
Y(q) is a scalar valued field denoted by Y (q). The more general case for
n > 1 can be treated in the similar way. Some of the distributions, presented
in the following lemma, were already given by Longuet-Higgins (1957), see
also Adler (1981).

Lemma 4: Suppose Z(q), Z(q),Y (q) is a vector-valued (in R*) station-
ary Gaussian field. Let mz = E(Z(q)), my = E(Y(q)) and let the covariance
matriz £ of the vector Z(0), Z(0), Y (0) be given by

o3 Y,, 0z0ypzy
_ T . T
B=| %, Em %, | (5.12)
oz0ypzy Ly ol

where ¥,,,%, , are (1,2)-matrices containing covariances between Z(0),
Y (0) and Z(0), respectively, while ¥, ; is the covariance matriz of the vector
Z(0). For —m < B3 < 7, let n(B3) = (cos(8),sin(3)) and

s(8) = (n(®)z53n8") " n(d)
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-1/2
be a vector parallel to n(B) with length s(3) = (n(ﬂ)Eglz-n(ﬁ)T) . The

variables Yy, Z,, with distribution defined by (5.11), have the following repre-

sentation
Zu = RS(ﬁu);
: (5.13)
Y,=m, + EYZ-E;Z-ZU +oaU =my+m(fu)s(Bu) R+aU,

where R, B, U are independent random variables with the following densities:

fp.(B) =cs(8)®,  fr(r) = \/gr%‘rg/?,fr >0, (5.14)

-7 < B < m and ¢ is the normalization constant, while U € N(0,1). Fur-
thermore,

gy
my = my + —pzy(u —mz)
oz

m(8) = £y ;Z;5n(8)7

: ; —1 T
o’ =08 (1 phy) — Lys¥ s

Proof. We need to demonstrate that

PY(q) <y, Z(q) <Vv|lg€ECy) =

(where A =“Y(q) < y and Z(q) < v"), is equal to
P(m(By)s(By) R+0U <y—my, Rs(By) <vV).

We begin by computing the intensity u(A|u), i.e. the intensity of points q,
such that Z(q) = v and A is true. From formula (5.5) with z = (2, 22), we
get

Vdet(@27) = /32 + 3 = |3,
and hence
WAl = [ PY(©) <4, 2(0) < v | 2(0) = u, 2(0) = D)fal(u,3) s
>
_ / PY(0) < y,5<v | Z(0) = u, Z(0) = 2)|| (u, 2) dz
= [ PYO) <y | 2(0) = u, 2(0) = Dl (w,) da

—00
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Now we know, see Appendix, that the conditional density of Y(0) given
Z(0) = u, Z(0) = z is Gaussian with the mean

s O'_Y _ 1T _ y—1,.T
m(u,2z) = my + oz pzy(u—mz) + Ty ;5,08 =my+ Xy %, 5.

Here we have used the fact that Z(0) is independent of Z(0) and that
E(Z(0)) = 0. We turn now to the conditional variance o2, say, which is

given by

of = oy (1= pzy) ~ By 2253 %y 5

Let f(u) = 2"'“72 e~(u-mz2)*/20% 1o the density of Z(0) while the density
f(z) of Z(0) is given by

f@) = puy vz oo M

Now, since Z(0) and Z(0) are independent we have

(Al) = (u)f (2 palr sy ae

00

= f(u) f P (ma+ By 525587 40U <y, < v) [i)/(5) di

—00

Let us write the gradient vector z = (21, Z2) in polar coordinates with r? =
32432, 7 >0, and cos(f) = 21 /7, sin(3) = zy/7, hence z = rn(). Using the
introduced variables the last integral can be rewritten as follows

(Al = Flu) f P (mu+ 78y ;255n(8)" +0U <y, rn(g) < v) r/(z) di

—00

u) f/P(mu +rm(B) +oU <y, rn(f) < v) r2e =®? dr dp
T 0

u) f f P(rn(B) < v, my +rm(B) +oU < y) s(8)°
T 0

,,.2
' ms(ﬁ)

2
- r
_e” =67 drdf

w) [ P(Rs(8) < v, mu + Rs(B)m(B) + oU < y) s(8)* dB,



FIVE LECTURES ON RELIABILITY APPLICATIONS OF RICE’S FORMULA ... 305

where ¢ is a constant which may change values between the lines. Now, it is
easy to see that fg, (3) = cf(u)s(8)3/p(u) and the lemma is proved. (]

Denote by |Zu| the length of the vector Z, i€ |Zu| = \/ZUZZ, and

let 3, be the angle between the x axis and the vector Zu; obviously Zu =
|Zy|(cos(f),sin(B,)). Now it is a simple consequence of the lemma that
Bu has the density fg,(8) given by (5.14) while |Z.|, conditionally that the
angle 3, = (3, has the density s(3)R, where the density of R is also specified
in (5.14).

In the following subsection we shall use the lemma to compute the bi-
ased distribution of the velocity V9" defined by (5.4), i.e. the probability
P(V9(q) < v|q € Co).

5.2.1. Velocity of a level-contour. In this subsection we shall discuss
velocities of level-contours, by which we mean velocities of points on contour.
We assume that W (z,y,t) is a smooth, stationary, Gaussian field with a
known power spectral density function such that the spectral moments Aggp,
Ao20 and Agge, which are the variances of the components in the gradient
vector (Wz, Wy, W;), respectively, are finite. We assume that the field is given
in the coordinate system (z,y,t) so that the partial derivatives on z and y
are independent, see Example 16 for detailed discussion.

Now at time ¢t = 0, a contour C, is considered as the boundary of an
excursion set (possibly dangerous concentration of pollutants or region of
high loads). We wish to study the velocity with which this contour moves.
There is no unique approach to define dynamics of a random surface. One
possibility is to define the velocity in the direction of gradient VI7(q), see
Baxevani et al. (2003) for alternative definitions of velocities, and then study
the distribution of V97 (q) for points q on the u-level contour. We shall employ
Lemma 4 to derive this distribution.

Let us define Z(q) = W(q,0), Y(q) = W;(q,0) and the gradient vector

Z(q) = (Z1(a), Z2(a)) = (Wa(q,0), Wy(q,0))

which is a zero-mean Gaussian vector with the covariance matrix

| 200 O
s, = [ T e ] (5.15)

We also need the following covariances

T,5=00, =y;=[0 rou1] 0%=Xw0, 0F =z prz=0,



306 1. RYCHLIK

see Appendix for the definitions of spectral moments A;;x. Since mz = 0 and
u = 0 the constants in Lemma 4 can now be written:

v/ A200A020
\/)\020 cos?(3) + Aaoo sing(ﬁ) '

my = 0, s(8) =

A2 by
m(B) = ”’1 os(8) + 22 sin(B), 0% = dogp — 210 — 2011
A020 A200  Ao20

Now, let V9" be the speed of the velocity V9", i.e. VI" = V9"n(3). The speed
can be computed as follows

Vg'r(q) o o v Y(q) ' .
V21(@? + Za(a)?

Since on the zero level contour, \/le(q)?-f- Z(q)? has the same distribu-

tion as the length of the vector Z, which is s(8,)R, and Y(q) as Y, =
m(G,)s(8y) R+ o U, the speed has the following distribution

¥, — e __G_U
B+ B R

qar —

U T s(B.)R

m(fu) + =i ﬂu)T (5.16)

where /3T is t-distributed with three degrees of freedom and is indepen-
dent of 3, which has density (5.14). Note that the distribution of ViJ" is
independent of the level w.

Example 18. Let W(x,y,t) be the sea surface observed at time ¢ at
the location q = (z,y). As it is common in oceanography we shall assume
that W(z,y,t) is a homogenous Gaussian field with mean zero and some
directional power spectrum, see Baxevani et al. (2003) for definition of the
spectrum. Let v = 0 then the contour represents the edges of the wave crests.
The formula (5.16) gives us the means to study the velocity the crest moves.

For a typical spectrum, presented in Fig. 18(a) [the same as used to simu-
late velocities in Fig. 17], the contours of the densnzy of (By, Vi{") are given in
Fig. 18(b). From the plot of spectrum we can see that the main direction of
wave propagation (most energy) is parallel to the z axis. This is the reason
why the joint density has its highest values for 3, = 0. Next the directional
spectrum is concentrated for azimuth close to angle 0 which means that waves
travels from that direction and hence the speeds are negative. This can also
be seen in Fig. 17. The velocity of individual waves has practical implications
for wave surfing, both for pleasure and in analysis of the safety of vessels
sailing in the following sea.
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FIGURE 18. The directional spectrum with H, = 7 meters (a), and contour lines

of the joint density of velocity direction B, and the speed V7™ (b).
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A. Appendix

A.1l. Random Variables and their properties

Often in engineering and physical sciences, outcomes of random experi-
ments are numbers associated with some physical quantities. We shall often
consider random experiments with numerical outcomes. Such experiments
will be denoted by capital letters, e.g. U, X, Y, N, K. The set S of possible
values of a random variable is a sample space which can be all real numbers,
all integer numbers, or subsets thereof. Statements about random variables
have truth sets (events) which are subsets of S.

A statement of the type “X < z” for any fixed real value z, plays an
important role in computation of probabilities for statements on random
variables. More precisely, denote by

Fx(z)=P(X <z), z€R,

and call the function Fx(z) the probability distribution or cumulative dis-
tribution function (cdf).

The importance of the probability distribution function lies in the follow-
ing fact:

Theorem 4: The probability of any statement about random variable X
is computable (at least in theory) when the distribution function Fx(x) is
known. |

For simplicity we write F'(z) for Fx(z). Now, if the distribution function
F(z) is differentiable then the derivative
_ dF(z)
~ dz

f(z)
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called probability density function (pdf), has the following interpretation
P(X = z) = f(z)dzx.

The density f(z) is not only a property of the distribution but it can also
be used to define a distribution function, since any non-negative function that
integrates to one is a density of some distribution. Actually, the distribution
of a standard Gaussian or standard normal random variable is defined by
means of its density function. The density of a standard normal variable has
its own symbol ¢(x) and is given by

1 _3:2/2
r) = —e i Al
o@) = —= (A1)
The r.v. X having this density is often denoted as X € N(0,1). The distri-
bution function of the variable, F(x), has its own symbol ®(z),

T

(z) = f %e‘tzﬂ dt. (A2)

Another useful function is ¥ defined as follows
+0co
U(z) = /(1 — ®(2))dz = ¢(z) — z(1 — ®(x)). (A.3)

Note that both ® and ¥ functions can not be computed analytically. Very
precise approximations exist and they are included in most of numerical
toolboxes. In the special case when z = 0, we have that ®(0) = 1/2 and
¥(0) = 1/v/27. Using the introduced functions we can write the following
formulas: Let f(x) be the normal density with mean m and variance o2, then

(A4)

A.2. Dependent observations

When the outcome of an experiment is numerical we call it a random
variable. Obviously, for one and the same outcome, many properties can be
measured, for example at a meteorological station weather is described by
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temperature, pressure, wind speed etc., i.e. is a vector of random variables
X1,...,X,, say, defined on the same outcome. For simplicity only, let us
consider first the case n = 2. The function

FXI,X2(KL‘1,:L‘2) = P(Xl <z and X5 < .’1’,‘2),

is called the distribution function of a pair of random variables. The proba-
bility of any statement about X;, X2 can be computed (at least in theory) if
the distribution function Fx, x,(z1,z2) is known, for example by means of
formula (A.10). The distribution of a vector of n random variables is defined
in a similar way.

We say that two events (statements) A, B about the same outcome are
independent if

P(AN B) = P(A)P(B).

For random variables X; and X5, we say that, if any statement about X,
is independent of a statement about X, then they are independent. The
following theorem gives the conditions for independence:

Theorem 5: The variables X1, Xo with distributions Fx,(z), Fx,(z),
respectively, are independent if for all values x|, xa:

P(X, £ 11, X3 £ x2) = Fx,(71) - Fx,(z2).

Similarly for any n, we have that the distribution of n independent r.v.
should satisfy
FX1,...,X,|(I17 s 7:1:11) = P(Xl < Tyy.-- :Xn < xn)

= Fx](a:l) . FX2($2) ¥ wmises ® Fxn(ﬂ’,‘n). (A5)

Theorem 6: Law of large numbers: Let X1,..., X, be a sequence of
itd (independent identically distributed) variables all having the distribution
Fx(z). Denote by X the average of X;, i.e. '

- 1
X = E(X1+X2+--'+Xk). (Aﬁ)

(Obviously, X is a random variable itself.) Let us also introduce a constant
called the expected value of X, defined by

+00

E(X) = fxfx(x)dx, (A.7)

—00
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if the density fx(z) = c:j—mFx(:II) exists, or
E(X) =) zP(X =a),
xz

where summation is over those x for which P(X = z) > 0. If the ezpected
value of X erists and is finite then, as k increases (we are averaging more
and more variables), X ~ E(X) with equality when k approaches infinity.

For the most common distributions, the expectations have been calculated
and can be found in tables.
A.3. Some properties of two-dimensional distributions

In this section, we shall assume that we have only two random variables,
n = 2, and, in order to simplify the notation, we shall denote X;, X2 by
X,Y. The distribution function Fx, x,(x1,z2) will be also denoted by

FX,Y(‘T’y) = P(X < a';!Y < y)a

which we shall often simplify to F(z,y). The distributions of the variables
X and Y will be denoted by F(z) = P(X < z) and F(y) = P(Y < y),
respectively. From the definition of F(z,y), it follows immediately that

F(z) = F(z,+), F(y) = F(+00,y).
If the distribution F'(z,y) is differentiable with respect to z and y, the deriva-
tive
6%F (z,y)
f(z,y) = “ozdy

is called the probability density function (pdf). If f(z,y) is known, then

F(z,y)=[m/yf(§?,@')did§.

—00 —00
Any non-negative function f(z,y) that integrates to one

+00 400

| [ tepezay=1

—00 =00

is a density of some random variables (X,Y). Often one specifies the density
and computes the distribution function. The one-dimensional densities of X,
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Y can be computed from the joint density by means of the following integrals

+00 +00
f(z) = f fe D, fa)= j £(5,3) 5.

It is easy to prove that for independent X,Y

f(z,y) = f(2)f(y). (A.8)

Example 19. Two-dimensional Gaussian distribution. Suppose that X
and Y are Gaussian r.v., with distributions N(mx,0%), N(my,o%), respec-
tively. This means that their probability density functions are written

1 — 57 (z-mx)? 1 — 5oy (y—my)?
r) = ——e X ; - e :
)= e W) = Z5mem
If X and Y are independent, their joint probability density f(z,y) is given
by
2 2
B B 1 _%((x—;;y) +(y—:2-y) )
flz,y) = f(@)fy) = 5 e X ¥/,

The variables X and Y can also be dependent. Then, there is a parameter
—1 < p <1, called correlation (to be introduced later on), that measures the
degree of dependence between X and Y. If p = 0 then X and Y are inde-
pendent. Consequently, five parameters define the two-dimensional Gaussian
distribution. These are m x, my, aff, U%, and p, and the statement that X,Y
is Gaussian,

X, Ye N(mx,my,ag(,a%z,p),

means that the joint density of X,Y is given by

= 2 —my)? -m —-m
1 _%((1 :éx) +(u ,,2Y) —2p(1 ”xx) [¢] nyY))
flz,y) = =€ X ¥ . (A9)
2roxoy\/1—0p

An illustration of the two-dimensional Gaussian distribution will now be
given. Let mx = 3, ox = 0.5, my = —2, oy = 1. First, let p = 0. In
Fig.19(a), the density function is shown, and in Fig. 19(b), the corresponding
contour lines are shown. Introducing a dependence between the variables by
p = 0.2, the corresponding plots are shown in Fig. 20. O

Finally, for any events A, B

P(XeAandY € B) = f(z,y)dydz, (A.10)
/]
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(a) (b)

F1GURE 19. Two-dimenaional Gaussian distribution: mx = 3, ox = 0.5, my =
—2, oy = 1. Independent variables: p = 0. (a) Density function. (b) Contour
lines.

(a) (b)

FIGURE 20. Two-dimenaional Gaussian distribution: mx = 3, ox = 0.5, my =
—2, oy = 1. Dependent variables: p = 0.2. (a) Density function. (b) Contour
lines.
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Quite often, the last formula has to be computed numerically, even for simple
sets A, B. For example, this is the case when X,Y are Gaussian.

Consider a function z = h(z,y). Define a new random variable Z as
a value of h computed at results of a random experiment X,Y, i.e. Z =
h(X,Y). For example, Z = X +Y or Z = X - Y. We want to find the
expected value of Z. Obviously if the distribution of Z was known, we could
use (A.7) to compute the expectation of Z. However, it can also be done
directly by means of the following formulas:

+00 +00
E(Z) = E(g(X,Y)) = / / oo, y)f@y)dody  (AD)
ot +00 +00
E(Z) = E(9(X,Y)) = 9(J, k) pjk,
7=0 k=0

where p;p = P(X = j5,Y = k).

A.3.1. Covariance and correlation It is also easy to check (Egs. (A.8)
and (A.11)) that for independent variables X and Y,

E(X -Y) = E(X) - E(Y).

Actually, it can happen that the last equality holds even for dependent vari-
ables. Such variables are called uncorrelated. (All independent variables are
uncorrelated but not conversely.) Now, if the equation does not hold, the dif-
ference between the terms is a measure of dependence between the variables
X and Y. This measure is called covariance and is defined by

Cov(X,Y) = E(X - Y) — E(X) - E(Y), (A.12)
obviously Cov(Y,Y) = V(Y).

When one has two random variables, one often represents their variances
and covariances in form of a matrix

Cov(X,Y;X,Y) = i) Cad X, X
Cov(X,Y) V(Y)

Since Cov(aX,bY) = ab- Cov(X,Y), this means that by changing the
units in which the variables X and Y are measured, one can make the co-
variance very close to zero. This could be misinterpreted as X and Y being
only weakly dependent. Consequently, one is often scaling the covariance so
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that it becomes independent of the units in which the variables are measured.
Such a scaled covariance is called correlation and is defined as follows

_ Cov(X,Y)
pxy = D(X)D(Y)’ (A.13)

where D(X) = +/V(X). The correlation is always between one and minus
one.

Theorem 7: Let X,Y be two random variables such that |pxy| = 1.

Then there are constants a,b (both not equal zero) such that aX + bY = 0
with probability one.

However, not all functionally dependent variables X,Y are perfectly cor-
related (|pxy| = 1). For example, for X € N(0,1), define Y = X3. Obviously,
if we know the outcome of the random experiment, then X = z while Y = z*
Now the correlation between X,Y is given by pxy = 3/ V15 < 1.

A.4. Conditional distributions and densities

Suppose we are told that the event A, such that P(A) > 0, has occurred,
then the sample space of possible outcomes of an experiment reduces from
S to A and the probability that B occurs, given that A has occurred, is

P(ANB)
Consider now variables X, Y having continuous distributions. We wish to find
the conditional distribution F(z|Y = y) = P(X < z|Y = y). However, we
face a problem since for continuous variables Y, P(Y = y) = 0 for all y. An
easy solution to this problem can be found if X,Y have the density f(z,y).
In such a case we can define

f(z,y)

flzly) = )

(A.14)

Since, for a fixed value y, f(z|y) as a function of z integrates to one, it is a
probability density function. Let denote by F(z|y) a distribution having as
density f(zl|y), i.e. for any

F(aly) = [ £ (@ly) d7. (A.15)
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Now, combination of Eqs.(A.10), (A.14) and (A.15) leads to the following
important result

+00

P(X <2) = F@) = [ Flaln)f()dy. (A16)

—00

The last equation is a special case of the law of total probability given next.

Theorem 8: Assume that a random experiment renders values of a r.v.
Y and that we, in addition, are interested in any statement B, say, about
the outcomes of the experiment. Then, for each y, there exists a probability
P(B|Y =vy) (for different y the probabilities P(B|Y = y) may take different
values), such that

+oo
P(B) = f P(BIY = y)fy(y)dy. (A.17)

—0C0o
If X, Y have joint density f(z,y), then
P(BIY =) = [ f(aly)da.
B

where f(z|y) is the conditional probability density defined by (A.14).

A.5. Some properties of Gaussian vectors

Consider a vector of r.v. X = (X, Xo,..., X,)T, which consists of n
different random variables. We say that X is a Gaussian vector if

n
¥ =3 aX; (A.18)
i=1
where ai, ag,...,a, are arbitrary real constants, has a Gaussian distribution.

Let denote the means by m; = E(Xj;), the variances by o;; = Cov(X;, X;)
and the pairwise covariances by o;; = Cov(X;, X;). Obviously for any 4,
X, € N(m,-,a,-,-).

Let us introduce the notation

gyl - O1n

= T s
m_(m1$m27"'lmn) ) L= Oij

Onl .- Onn
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If the determinant det(X) > 0, then the distribution X has a density given by

1 1 —Lx—m)TE (x—m
el = (27)"/% det(E)172° A (A.19)

where x = (z1,23,...,2,)T. The statements “X is a Gaussian vector” or “f
is a Gaussian density” will be written as X € N(m, X), f(x) € N(m, %),
respectively.

From (A.18) it follows that for any real-valued (k,n)-matrix A the vector
Y = AX is a k-dimensional Gaussian vector too. If X € N(m,X) then
Y € N(Am,AZAT).

One more useful result about the conditional densities. Let X be factor-
ized into two vectors Z = (X1,...,Xy)T and Y = (Xg41,...,X,)T. With
obvious notation we write

my Yzz ZTzy
m = Y= .
[ my ] ’ ( Yyz Zyy )
Now the conditional density fzjy(z|y) of Z given Y = y is Gaussian with
the mean

mgzy =mgz + Ezyz;ix(y —mg), (A.20)

and covariance function
Tziy = Zzz — ZzvIyyIvz, (A.21)

i.e. fz1v(zly) € N(mgy,Xzy).

A.6. Infinitely many r.v. — random processes

A stochastic process is a family of random variables {X(t), t € A}, de-
fined on the same sample space S, i.e. infinitely many functions defined on
the outcome of an experiment. The parameter t can be one-dimensional,
and is then often called “time”, but it can also be two- or multidimensional.
A stochastic process with multidimensional parameter is called a stochastic
field. A random function is a realization z(t), t € A of a stochastic process
{X(t), t € A}. We shall also use the vector-valued processes which will be
denoted by {X(t), t € A}, i.e. we have a collection of random processes.

Since every value of a stochastic process is a random variable X (t), one
can study its moments, like expectation, variance, and these generally depend
on the specific time point ¢t at which we observe the process:

e mean function: m(t) = E(X(t)),
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e covariance function: r(s,t) = Cov(X(s), X(t)),

e variance function: wv(t) = V(X (t)) = r(¢,t).

Similarly as there are random variables for which expected value (and
variance) do not exist, e.g. Z = X/Y, where X,Y are independent N(0,1)
variables, not all processes have finite moments. However, here we shall only
discuss processes with finite variance.

The moments only partially specify the properties of the random process,
e.g. in the case of random variables one may have two variables having the
same expectation and variance but different distributions. In order to specify
the distribution of a stochastic process one needs to specify the joint distri-
bution of all finite collections of variables that constitute the process, e.g.
X(t1), X (t2),...,X(tn). In particular one needs the marginal distributions,
i.e. the distribution of each X (¢). This is very difficult in general.

In the following we shall mostly study processes and hence we assume
that A = R. (The tools needed for study vector valued processes or random
fields can be introduced in a similar way.) We shall assume that the process
is smooth, i.e. the probability of each of the statements “random function
has continuous n-th derivative’, is one. The value n will be taken as high as
one needs for convenient discussion of particular applications. Discussion of
regularity of random functions as well as existence of the distribution of the
random process can be found in Cramér and Leadbetter (1967).

The process is called stationary if for any 7 the vectors
X(t1),X(t2),...,X(tn) and X(t; + 7),X(t2 + 7),...,X(tn + 7) have
the same distribution. Obviously, for stationary processes, the mean and
variance functions are constant m(t) = m, v(t) = o2 and there is a function
Tx(7) such that r(¢,s) = rx(s —t). Obviously rx(0) = .

Now if 7x(0) > 0 and the function rx(7) is continuous at zero then one
can define the so-called spectral measure o(A), such that

el = / €™ do()).

If the spectral measure is absolutely continuous, then there exist the spectral
density S(A) such that rx(7) = [ €7*S(\) dX. Some properties of the process
can be expressed using the so-called spectral moments which are defined as
follows

o0 (o.¢]
N = 2/)\" do()) =2fx'5(,\) dX,
0 0

where the last equation is true if the spectral density exists. In this notation
we have that V(X (0)) = Ao, V(X (0)) = A2 and V(X (0)) = A4.



FIVE LECTURES ON RELIABILITY APPLICATIONS OF RICE’S FORMULA ... 321

Here we shall study a special class of processes, namely Gaussian processes
and their functions. Only the Gaussian processes have the property that every
linear operation produces a normal random variable, and one can use this
fact to provide with a formal definition of a Gaussian process.

Definition 4: A stochastic process X (t) is called a Gaussian process (or
normal process) if all linear combinations

a1 X (t1) + aaX(t2) + ... + an X(tn)

of the process values at fized but arbitrary time points, have a normal distribu-
tion. Here ty, to, ..., t, are arbitrary time points and ay, as,...,a, arbitrary
real constants.

We shall now generalize the presented results for the case that ¢ is mul-
tivariate.

A.7. Gaussian fields

Let 7 = (p,t) = (z,y,t) be a point in R3, and let, for every T, a real
valued random variable X(7) be given. Such a collection {X(7),7 € R}
of random variables is referred to as a random field. A random field is
called Gaussian if all its finite dimensional distributions, i.e. distributions
of (X(71),...,X(Tn)), n € N, 7; € R3, are multivariate Gaussian (nor-
mal). We call {X(7),7 € R®} homogeneous if its finite dimensional dis-
tributions are invariant under shift in 7. The covariance function R(T) =
Cov(X (1o + T), X(70)) of a homogeneous random field is positively definite
and thus it follows from Bochner’s theorem that it can be written in the form

R(t) = / exp(iATT)do(N), (A.22)
R3

where o () is a finite measure on Borel sets of R? which is called the spectral
measure of X ().

It follows from the theory of Hilbert spaces that the field X (7) has the
following spectral representation

X(r)= ]exp(iAT‘r)dC()\), (A.23)
R3
where the field {(A) is complex valued with orthogonal increments defined

up to an additive constant. If this is fixed by {(—o0, —0c0, —0c0) = 0 , we also
have E(¢(A)) = 0, and such that E(|((A)|?) = a(—00, A, E(IC(D)|?) = o (1),
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where I € R® is an interval. The spectral measure is also symetric with
respect to the origin of R3; see, for example, Cramér and Leadbetter (1966)
or Kreé and Soize (1986) for reviews.

Example 20. Assume that the spectral measure o is discrete, i.e. has
discrete support at points {A;} = {(A15, A2;, A3j)}, 7 € N, of which none is
equal to zero, with masses o(A;). For a real valued random field the support
of o has to be symmetric, i.e. if A; is in the support, then also —A; is in the
support and both frequencies have equal masses o(A;) = o(—A;). It follows
from the spectral representation (A.23) that

Z \/20(Aj)R; cos(A;r‘r + €;);

¢\j €Ay

where A, is any set in R3 such that —A, N A, has volume zero and —A, U
A, = R3. For example, one possible choice of A is

{(z1,22,23) € R® : 23 > 0} .

Moreover, (R;) and (¢;) are two independent sequences of independent iden-
tically distributed random variables, the first one distributed according to

the Rayleigh density ,
firy=re ™ r>o0. (A.24)

This density was derived by Rayleigh (1880) in connection with some problem
in acoustics. The second one is distributed uniformly on [0, 27].
By (A.22), the covariance of this field is a sum of cosines

R(r)= Y a(A)cos(ATT) =2 Y a(Xj)cos(ATT).

.\J‘EHS )\ eAy

If the covariance function R(7) decreases sufficiently fast at infinity, so
that [ |R(T)|dT < oo, then o has the density S(A) and the covariance
function can be represented as its Fourier integral

R(t) = / exp(iATT)S(A)dA. (A.25)
R3

The spectral density S(A) is real, non-negative, bounded and symmetric, i.e.
S(A) = 8(=A) for all A € R3.
The spectral moments Ay, if they are finite, are defined as

Mgk =2 [ NI do(N), (A.26)
A+
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where A = (A1, A2, A3). The variance of the field can be expressed in terms
of spectral moments as the zero moment Aggo increased by the weight of
the spectral measure at zero o(0). Higher moments are used to compute the
covariances between the process and its derivatives. For example,

OX(r,9,0) X001 _ [y (.
e | 2L DX _ fin(-ide) o) = o

R3

where the last condition follows from the fact that because of the symmetry
of o we have Ajjr = [ps A{ALAS do(X), whenever i + j + k is even. This
and similar formulas for the covariances between the derivatives follow from
the spectral representation of the Hilbert space spanned by X(7), 7 € R3.
Namely, if Y = [p5 f(A)dC(A), Z = [zs g(A)d((A), where f and g are both
complex functions square integrable with respect to o, then

Covl¥, 2} = f FA) - 5N )do(A).
R3

Often it is customary to write the covariances using the spectral moments
Aijr as defined by (A.26). We give two examples: The covariances between

the first order derivatives are given in the covariance matrix of the gradient
vector X = (Xz, Xy):

A200 A110 ]
A= . A27
[ Al10  Ao20 ( )
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