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Inelastic buckling of plate 

Notations 

G. RIO (GUIDEL) 

THIS PAPER concerns the inelastic stability of a thin plate under in-plane loadin~. In Love-Kirchhotf's 
al'proximation, using Hencky's relations and Von Mises criterion, we can obtam the particular stress 
distribution across the plate thickness for elao;tic and elao;tic-plao;tic prestress fields. The principle of 
virtual work is used to study the equilibrium of the bifurcated solution. This leads to the energy 
relations where explicit dependence between the stability equation coefficients and the solution is 
carried out. We obtain, in the equilibrium equation, two non-quadratic additional terms, which are 
neglected in the clao;sical equation. Some applications are made using Ramberg-Osgood's formula 
to show the importance of the additional terms. 

Superscripts 

T total value, 
0 the value calculated at bifurcation point, 
p plastic value. 

Subscript 

ex, f3 = 1,2 
i , j = 1,2,3 

for a tensor component, 

€ ij , eii 
a ii· Si i 

u. 
z 

E , G', '{) , lJ 

a, E 

(Ye = /(€) 

strain components and deviatoric ones, 
stress components and deviatoric ones, 
displacement components, 
coordinate across the plate thickness, 
charge parameter, 
parameters of constitutive relations, 
effective stress and strain, 
strain-stress curve. 

1. Introduction 

INELASTIC stability of plates and shells has been intensively studied for the last 40 years 
(see, for example, BUSHNELL, HUTCHINSON, RERKSHANANDANA, GALLAGHER, and their 
bibliography [1, 4]). The stability can be investigated by a variational method like the 
virtual work principle. We can establish that the eigenvalue problem has the same form as 
that in the elastic case, but with coefficients depending on the bifurcated solution which 
complicates the resolution. This paper concerns the bifurcation load for a thin plate under 
in-plane loading. The objective is to show explicitly this dependence between the stability 
equation coefficients and the bifurcated solution in the case of elastic-plastic behaviour. 
We shall take into account the particular stress distribution across the plate thickness and 
obtain two additional non-quadratic terms, as compared with the classical equation. 

To obtain the explicit energy relations it is necessary to integrate the incremental 
constitutive relations, and here Hencky's relations will be used. This approximation is 
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106 G. RIO 

justified by the well known fact that the deformation theory of plasticity gives bifurcated 
loads which are in reasonable agreement with the experimental results [2, 5]. Under this 
assumption, equilibrium relations are obtained with different expressions depending on 
whether the pre-stress field is elastic or elastic-plastic. 

Applications are made to the case of uniform in-plane loading with the Ramberg­
Osgood's material stress-strain curve. The result shows the importance of the additional 
terms. 

2. Kinematics 

2.1. Assumptions concerning buckling of thin plates 

Classical assumptions are adopted [3, 5, 6). We assume that the plate thickness is very 
small as compared with other dimensions. We study the beginning of the deflection. During 
this phase, strains and displacements are considered to be small and are obtained by 
means of Love-Kirchhoff's approximation. Under these assumptions, in a general system 
of coordinates, total deformations are [7]: 

(2 .1) E~f3 = E~f3 + (- zU3,Q(3 ) + l/2( UQ,f3 + U(3,Q + U3,Q • U3 ,(3 ). 

Here with x 3 = z: 
1st term = pre-buckling deformation, 
2nd term = pure bending deformation, 
3rd term = deformation of middle surface. 

At the beginning of the deflection process, stretching of the middle surface is supposed 
to be negligible as compared with other strains, 

(2.2) UQ,f3 + Uf3,Q = - U3,Q • U3 ,f3 (a, {3 = 1, 2) . 

2.2. Deformation 

At the beginning of buckling, parameters which lead to a certain bifurcated geometric 
form are nearly constant; hence, the general form of the deflection surface is assumed to 
be constant, only its intensity varies. 

(2.3) 

Loading parameter t varies from 0 to 1. 

3. Material relations 

Classical elastic-plastic behaviour is modelled by the Prandtl-Reuss relations. The ob­
jective of this study is to obtain explicit energy relations according to the particular stress 
distribution across the thickness. So we need to integrate the stress-strain relations. Since 
the calculations based on the deformation theories of plasticity lead to a reasonably good 
agreement with the experiments [2, 5], proportionality between the deviatoric components 
of stress and strain is assumed. 
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INELASTIC BUCKLING OF PLATE 107 

The Prandtl-Reuss equations can be integrated and lead to HENCKY's relations (8], 

(3.1) e;i = ( <p + 2~) S ; j and £ ; ; = (
1 ~ 2v) a;;. 

The Von Mises yield criterion is used (9], 

(3.2) (j = {!_(S .. • S .. )l/2 < (je v 2 t) t ) -

and isotropic hardening rule is assumed, 

(3.3) ae = f("tP). 

Since the plate is loaded in its plane (no out-of-plane shear forces), plane stress conditions 
are assumed, and 

0'13 = 0. 
NB: In general, if we take an incremental behaviour law like 

0 0 

S= k e , 

the following expressions have the same form but for a step of time. 

4. Stress distribution 

Two different cases are obtained, depending upon whether the pre-stress field is elastic 
or elastic-plastic. 

4.1. Elastic pre-stress 

With precedent assumptions we obtain the transversal deformation E33 in the plate. 

(1 - 2v)(cn + c22) 
E33 = · 

(3(1 - v) + ~.pE) 
Simple calculation yields the deviatoric and later the stress tensor components, 

a 11 = E(- z) . t [U3 11 • (3 + 2tpE) + U3 22(3v + ~.pE)] 
det ' ' 

(4.1) -1 
+ det[a~1 (3(1 - v2

) + (2- v)tpE) + a~2 (1 - 2v)tpE], 

a12 = ((1 + v) + ~.pE)- 1 [E · U3,12( -z)t + a~2(1 + v)], 

with 

det = (1 + v + ~.pE) · (3(1 - v) + tpE). 

4.2. Elastic-plastic pre-stress 

At the bifurcation point, an initial plastic deformation appears. 
For example, in direction 1 

(4.2) 0 - 1 (2 op op) an - o En + c22 
!.p 
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108 G. RIO 

and during the deflection growth 

1 (.')() 
a T _ (2cP + cP ) + r () 

11 - - '"'II '"'22 -alt 
<p <p 

the expressions for stresses ditier slightly from those in ( 4.1 ). 

T E( -z)t 
au= det [UJ,u(3 + 2<pE) + U3,22(3v + <pE)] 

-1 
+ det[a~11 (3(1 - v2

) + (2- v)<pE) + a~2 (1 - 2v)<pE] 

• [ 1 - ~'] + a\'t · ~' 
(4.3) a~ = u3 12 + a 1 - - + - . E( -z)t 0 [ (1- v) ( <p

0
) 'P

0
] 

(1 + v + <pE) ' 12 (1 + v + <pE) <p <p 

REMARKS 

In the second term of Eqs. ( 4.1) and ( 4.3) the first parts are due to bending, and the 
second parts due to the pre-stress field. 

For example, a simplified expression of stress is 

(4.4) au= (-z) • t ·(A· U3,11 + B · U3,22) + C · a~11 + D · a~2 
with (A, B, C, D)= function of (<p, E). 

We note that coefficients A, B, C, D are dependent or ,coupled" by the material 
behaviour, and because of elastic-plasticity, they are not symmetric with respect to the 
middle surface in x 3 . Compared with elastic relations, the new aspect is a coefficient C 
ditierent from 1 and a coefficient D ditierent from 0. In elasticity <p = 0 ~ C = 1. 

4.3. Governing equations 

We use the principle of virtual work to study the equilibrium of the bifurcated solution 
and the exact solution is approached by a linear combination of kinematic admissible 
functions, 

v s 

Using the assumption that there is no stretching of the middle surface for strain and 
the local equilibrium equation for the stress, the virtual work of applied loading can be 
obtained only by means of the bifurcated shape U3, which then remains the only un­
known. 

s s 

= - J aa{3,a • 6Ua dv- J aa{3 • 6Ua,{3 dv = + J aa{3 • U3,a • 6U3,{3 • tdv. 
v v v 
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INELASTIC BUCKLING OF PLATE 109 

This leads to the total virtual work 

(4.5) 
v 

With assumption (2.3) and global discretization, 

(4.6) 

we obtain a virtual displacement expression which is a variation of ( 4.6), so that b U3(t) 
and b U a ,{3 are expressed by the functions: 

(4.7) 

Finally, fi parameters are the unknowns of the problem. 

We introduce stress expression ( 4.1) or ( 4.2) in ( 4.5), and with the help of ( 4.6) we 
obtain the equation system 

(4.8) L bl¥ij = 0, i, j = 1, ... , n 
j 

In this system there appear two classical terms bl¥it and bWi3, quadratic in U3, and 
two additional non-quadratic terms bl¥i2 and bWi4• 

The quadratic term of bending 

bvVii = j [at(Ui3,tt • Uj3 ,n + Ui3,zz • Uj3,22) + bt(Ui3,ll .• Uj3,zz + Uj3,tt • Ui3,22) 

with 

+ 2Ct • ui3,12 • Uj3,12] • fJ • ds ' 

a1 = J E · z2 
• t • (3 + 2<p£)det- 1 dzdt, 

b1 = J E • z2 
• t(3v + <pE)det- 1 dz dt, 

c1 = J E • z2 
• t(1 + v + <pE)- 1dz dt. 

The non-quadratic term of bending: 

bWiz = j [az(Ui3,u • ar1 + Ui3,22 • a~z) 
+bz(Ui3,11 · a~2 + Ui3,22 ·art) + 2cz · Ui3,t2 • arz] ds, 

with, for the elastic pre-stress, 

a2 = J ( -z)(3(1- v2
) + (2- v)<pE) det- 1 dz dt, 

b2 = J ( -z)((l- 2v)<pE) det- 1 dz dt, 

c2 = J (1 + v)( -z)(l + v + <pE)- 1dz dt 
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and for the elastic-plastic pre-stress 

a2 = J (-z)[(3(1- v2
) + (2- v)cpE)deC 1 

( 1- ~~) + ~'] dt dz, 

b2 = J ( -z)(1- 2v)<pE • det- 1 
( 1- ~~) dt dz, 

c2 = J (-z)((l + v + cpE)-
1
(1- ~') + ~') dtdz. 

The quadratic term of the applied loads 

6Wi3 = j (a3(ar1 · Ui3,t • Uj3,2 + a~2 • Ui3,t • Uj3,2) 

G. Rto 

+b3(a~2 • Ui3,2 • Uj3,2 + ar1 • Ui3,t • Uj3,t) 

+c3 · a~iUi3,t • Uj3,2 + Ui3,z • Uj3,t)]fi d.s 

with, for the elastic pre-stress, 

a3 = J (3(1- v2
) + (2- v)<pE) · t · det- 1 dz dt, 

b3 = J (1 - 2v) · <p · E · t · det- 1 dz dt, 

c3 = J (1 + v) · t(1 + v + <.pE)-1 dt, 

and for the elastic-plastic pre-stress 

a 3 = J ( (3(1- v2
) + (2- v)) · <p • E • det- 1 

( 1- ~~) + ~~) t • dz dt, 

b3 = J (1- 2v) · <p • E • det- 1 
( 1- ~~) t • dz dt, 

c3 = J ((1 + v)(1 + v + cpE)-1 (1- ~') + ~')t • dzdt. 

A non-quadratic term of applied loads: 

6Wi4 = J [a4(Uk3,n • Uj3,1 • ui3,1 + uk3,22 • Uj3,2 • ui3,2) 

with, for the elastic pre-stress: 

+b4(Uk3,22 • uj3,1 • ui3,1 + uk3,11 • uj3,2 • ui3,2) 

+c4 · Uk3,tz(Uj3,t • Ui3,z + Uj3,z • Ui3,t)]fifk ds, 

a4 = J E(-z)t2(3+2<pE)det- 1dzdt, 

b4 = J E(-z)t2(3v + <pE) det- 1dz dt, 

c4 = J E( -z)t2(1 + v + <pE)-1dz dt, 
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INELASTiC BUCKLiNG OF PLATE 

and for the elastic-plastic pre-stress 

a 4 = J E( -z)t2(3 + 2ipE) det -I ( 1 - ~~) dz dt, 

b4 = J E( -z)t2(3v + 'PE) det -I ( 1 - ~~) dz dt, 

c4 = J E( -z)t2(1 + v + ipE)-1 
( 1- ~~ )dz dt. 

NB: c.p is a function of z and t. 

SOME REMARKS 

111 

These expressions can also be used with the virtual power principle, but in this case 
integration over t disappears. 

In the classical equation non-quadratic terms don't appear, because the C and D terms 
in the stress expression ( 4.4) are always set respectively at 1 and 0. Coupling between A, 
B, C, D terms of ( 4.4) disappears. 

In the case of elasticity or constant plasticity through the plate thickness, for example 
with a tangent modulus, non-quadratic terms also vanish. 

The plane configuration can lose its uniqueness but not its stability, because of non­
quadratic terms. 

Additional terms are linear and cubic in fi. We can expect that the absolute value 
of the linear term must be greater than the cubic one, which is confirmed by numerical 
results. 

5. Equation of yield surface, determination of plastic part 

When pre-stress is in elasticity, evolution is governed by a < ae => elasticity; a > 
o=e => elasto-plasticity, with a denoting the effective stress. 

Using stress distribution (4.1), we obtain an equation in (z, t) 

Az2t2 
- B zt + C = 0, 

with 

c = (zr>)2 
- (a~)2 , 

B = ( 
1 
!: v2) [ 0'~1 ((2 - v) U3, u + (2v - 1 )U3,22) + O'g2((2 - v) U3,22 + (2v - 1) U3,1l) 

+6ar2(1 - v)U3,12], 

NB: Term A is always positive for the reason that it corresponds to 

pre-stress field is null. 
Term C is always negative because the pre-stress point is elastic 

cat>)2 < (ae)2 . 

(-T)2 
a when the 

---zrt2 
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The solution of the equation gives limits Za (t) where plastic deformation occurs. These 
limits can be out of plane and are generally not symmetric with respect to the middle-plane 
in x 3 . 

When the pre-stress point is in elasto-plasticity, evolution is governed by 

da > 0 => elasto-plasticity, da < 0 => elasticity . 

We suppose that the strain-stress curve (ae = f(E)) always increases, 

dae 
->0. 
dE: 

So, variations of effective stress and effective strain are equivalent. The development 
of dE: gives: z2t A + (- z )B = 0, with 

A = (U3,u + U3,22)2(2F + 1) + Uf,ll + Uf,22 + 2Uf,t2, 

B = (cV1 + c~2)(2F + 1) • (U3,11 + U3,n) + U3,tt · cV1 + U3,22 · E~2 + 2cV2 • U3,t2, 

and 
F = 3(1 - 2v)(2- v + <po • E) . 

(3(1 - v) + <po£)2 

NB: In this equation, we don't take into account the variation of elastic voluminal de­
formation during the growth of the bifurcated solution. Voluminal deformation is then 
calculated at the bifurcation point. The solution of the equation gives limits zo:(t) with 
the same remarks as for the elastic pre-stress. 

6. Numerical solution technique 

Non-quadratic terms in the equilibrium equation are set to perturb the principal 
quadratic one. In reduced form, the bifurcation equation is 

Aij • fj + >..Bt + >..Cij · fj + Dijk • fi • fk = 0 

which is transformed to 

Nontrivial solution implies 

det(I) = 0. 

We use the iterative resolution 

det(A .. ()..(n) f(n))- Ll)..(n+I)C. · ()..(n) f~n))) = 0 
lJ ' J lJ ' J ' 

with 
A· · ()..(n) J~n)) =A· ·()..(n) J~n)) + D·. ()..(n) J(n)) • J(n) 

lJ ' J lJ ' J lJ k ' J k ' 

B·()..(n). J~n)) 
C· ·()..(n) J~n)) = C· ·()..(n) J(n)) + bj • t J 

tJ ' J tJ ' J t Ji(n) ' 

and 
).. (n+l) = Ll).. (n+l) • ).. (n) . 
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INELASTIC DUC KLING OF PLATE 113 

In fact, in order to have a simple solution, just quadratic terms are used for the first 
iterations to localize the solution with nearly 10% of error. Then, non-quadratic terms 
are introduced to obtain the correct solution. 

7. Applications 

To show the influence of non-quadratic terms, rectangular plates with uniform in­
plane loading are considered. All four edges are simply supported against out-of-plane 
displacements (Fig. 1 ). Initial deplanation with amplitude 80 can be simulated. 

a 

fiG. 1. 

To have a different stress-strain curve, we adopt the RAMBERG-OSGOOD'S formula 
[ 10]; a , c - uniaxial stress and strain, E - Young's modulus, a , n, a a - factors, 

E = !!_ + a aa (_!!.__) Ramberg-Osgood formula . 
E E aa 

Discretization is made with only 3 functions, 

3 

u3 = Lfi · ui3· 
i =l 

Figure 2 shows the influence of initial deplanation compared with the incremental 
finite element result, in which it is necessary to initiate the bifurcated shape. Despite all 
approximations (simple behaviour law, no stretching of the middle surface), the results 
comply with the reference. We note that the influence of additional terms increases with 
the value of 80 . 

The maximum effect of additional terms is nearly 3.6% and is much less important 
than the initial deplanation, here of a factor of 4. 

Figure 3 shows a comparison with Shrivastava's results. The maximum diffe·rence be­
tween the two curves is 2% . The influence of additional terms increases when critical 
stress approaches elastic limits (~ 400 MPa). Let us note the rapid variation of critical 
stress related to the ratio b /h. 

To see the curvature effect of the stress-strain curve, we study two different cases, 
n = 5 and n = 20 in Ramberg-Osgood's formula. Figure 4 shows the difference between 
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fiG. 2. The influence of initial deplanation. 

t: = ?ofJoo + 0·001 ( t7Jo) 
5 

• 

njb = 0 .6, b = 5(U{3 mm, 
v = 0.33, h = 1 mm, 

G. RIO 

X 1: with non-quadratic te rms, x 2: without non-quadratic terms, o 3: ref. G. H. LIITLE [II] p. 42. 

ocr N/mm2 
425~-----------------------------------; 

400 

375 

350 

325 

300 

23.0 24.0 25.0 26.0 27.0 28.0 
b/h 

FIG. 3. Critical stress as a function of b j h for square plates simply supported on all sides. 
v = 0.32, h = 1mm, 

u ( u )w 
€ = 69015 + O.OOl 396.03 . 

1: with non-quadratic terms, 2: without non-quadratic terms, D: ref. S. C. SHRIVASTAVA (5) 

the two curves and we note that the coefficient n decreases as the nonlinear part of the 
curve increases. For these two stress-strain curves, we indicate in Fig. 5 additional energy 
evolutions in the loading level. 

The loading level is measured by the ratio between the current load and the critical 
load. Additional energies are measured by the ratio between their value and the value of 
the principal energy. 

We notice that at the bifurcation point, the maximum difference is 5% and the differ-
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u/uo:: ::fr----·-------
0.75 ~ 

0 

% 

6.00 

4.00 

3.00 

2.00 

~ 

I 

111:1-L..J..l...LLJ...LJLJ..J...J..L!...L" ' d " ' d " ' d " ' ' I " I oil ' " I " ' ,I I " I I ' ' ' I I 
100 200 300 

c.E/ocx 

fiG . 4. Variation of Ramberg-Osgood's factor n. 

E = S!.... + Off' (..!!_) n E (J' a ' 

E = 70000 N/m2, o = 0.7, 
(J' a = 100 N/m2. 

p 
/ 

1. 00 o ...... 5oU...U...L.l....L...I..J....l.J...U..L.L!...I..J..I...o.wBo...L.L.J..l..L.I...J...LL.J..J....L.L.ll.u1..L.ouo..LL.L.Lll.ll.Ll..LLU..Lu1.J.J2o 

u/(J'cr 

FIG. 5. Influence of Ramberg-Osgood's factor n on the value of non-quadratic terms 

(
Resulting work for internal non-quadratic term) x 100 

total internal work 

(
Resulting work for external non-quadratic term) x 100 

total internal work 
Square plate simply supported, b/ h = 24, h = 1 mm. 

115 

ence between the two energies, quadratic and non-quadratic, either internal or external, is 
nearly constant. So, if additional terms are neglected, we make a systematic error almost 
constantly. 

For the critical loading, the effect of additional terms is twice as great for n = 5 than 
for n = 20, which points out the influence of n. 
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116 G. Rto 

8. Conclusion 

In the classical equation of stability we have shown, for simple stress-strain relations, 
the explicit expression of residual membrane-bending terms which act in a non-quadratic 
manner. The influence of these terms is small but depends on the curvature of the stress­
strain curve. We note that the critical stress predicted by all terms is always greater than 
the one predicted by the principal quadratic terms. 
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