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Annular punch on a transversely isotropic layer bonded to a half-space
B. ROGOWSKI (£6D2)

IN THIS NoTE the author analyzes the axisymmetric indentation of an annular punch into the
elastic, transversely isotropic layer perfectly bonded to a dissimilar half-space,

W pracy autor analizuje osiowo-symetryczne wciskanie pierScieniowego stempla w poprzecznie
izotropowa warstwg spreZysta idealnie polaczona z réZng od niej polprzestrzenia.

B palore aBTOp aHAHSHPYET OCECAMMETPHYHOE BAB/IHBAaHAE KONMBLEBOrO IUTAMIIA B YIPYTHIA,
TPAHCBEPCATEHO-HIOTPOIHLIA CJI0H COSAMHEHHBIH C APYTHM MONYNIPOCTPAHCTBOM.

1. Introduction

CoNTACT problems involving annular contact region have been studied in recent years and
several solutions have been given for the case in which the punch face is flat. Cookk [1],
CoLrins [2], GuBenko and Mossakovskil [3], OLesiak [4], JAIN and KANwAL [5] and
SHIBUYA et al. [6, 7] have analyzed the problem for isotropic half-space. The author [8-9]
has also analyzed the problem for a transversely isotropic medium, DHALIWAL and SINGH
[10] have considered the annular punch problem for the isotropic layer bonded to an

isotropic half-space. The same problem for transversely isotropic materials has been con-
sidered in this note.

2. Basic equations and their solution

In a cylindrical coordinate system (r, 0, z), the axisymmetrical solutions of the elastic
basic equations of equilibrium for a transversely isotropic material are given by the func-
tions @,(r, z) and @,(r, 2) satisfying the partial differential equations [11]

2.1 (02 +r~10,+5720Y)@y(r,z) =0, i=1,2 (nosum implied),
where 4, denotes differentation with respect to r, etc. The nonvanishing components of
the displacement and stress due to the functions are [11]

(2.2 u, = 0 (kpy+@;), u; = 0,(p:+ke,);
= Gy(k+1)33(s7 %1 +57%92),
(2-3) =G (k+ l)ar:(q"l + ?’2)3

Tyr r_la’
({I )'= —Gi(k+1)3f(¢’1+?’z)"26( Py )(k?l'l'?’z)’
00 H
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where G, and G denote the shear modulus in the z-direction and in the r — 6 plane respec-
tively, and the nondimensional quantities s,, s,, k related to the five elastic constants
of the material E, », E,, G,, v, are given by the following equations [11]:

Q4) s8;2= l(asiﬁ). a=e)20+1), B=ey20-1), k=q+Vq*-1,

-1/2
e-[ _H(1 r%ﬂ)] g = P=n B [—H(l—vlm] ,

(2.5)
E G
q=P[v,H+—(l—v—2‘v H)] 1, H-Fl P_G_l
Suitable solutions of Egs. (2.1) are taken in the form
= S - -5z !
Q) we) = gt of E A + BV,

where 4;(), Bi(é) (i = 1, 2) are arbitrary functions and J,(ér) is the Bessel function of
the first kind of order n.
Substituting Eq. (2.6) into Egs. (2.2) and (2.3) the stress, displacement fields are

i i =855 1 =336 5%
ty = “c.(k—«u)ﬁaf [kss(Ay "4 By ) 45, (Ag e+ By 9], () dE,
2.7

fhy S 10 f [A, =" — B, &% 4 k(A, e=*#* — B, &9 Jo(£r)dE;

G(k+DB ;

Oss = _jlﬁ_f Elsa(Ay ™8+ By e¥) +5,(4; 67" + By *#)| Jo (ér)dé,
@38 ’

5,18,

w
B J‘ E(—A e "+ B, ¥ — A e + B, %) ] (Er)dE.
0

Opz = —

The other components may be expressed similarly.

3. Statement of the problem and derivation of the integral equation

Consider a layer bounded by a pair of parallel planes z = 0 and z = —h. The layer
is perfectly bonded to a half-space z > 0. The materials of the layer and the half-space
are different but homogeneous, transversely isotropic and elastic.

The free surface z = —h is indented over an annular area r; < r < ro by an annular
rigid punch with an arbitrary smooth face. We assume that the punch is indented to a depth
4 and the interface between the punch and the layer is fixed, while the remaining part
of the surface is free from traction.
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The boundary conditions of the present problem are:

(3‘1) uz(r) -h) = ﬁ—f(r—r,), RE<r<ro,
(3'2) all(r’ -h) = 0$ 0 sr<r, r>Tro,
(3'3) 0,,(]', _h) =0, r=0,

where d is the penetration depth of the indentor, z = f(r—r.) the function describing
the indentor profile so that f(0) = 0, r; and r, are the inner and outer contact radii re-
spectively, and r, is a coordinate of the top of the end surface of the punch. The indented
load P is given for the static equilibrium of a punch by the equation

(3.4) P=—2u [ ro.(r, ~h)dr.

The displacement and stress fields in the elastic layer are given by Eqgs. (2.7) and (2.8).
For the half-space they are obtained from the same equations by replacing u,, u., 0.,
O’ZF’ Sl’ SZ! k! Gl’ AI(E)) AZ(E) by u;’ u;! U;'S’ G;F! s;.l S;l k’l Gi! ‘Dl(é)! ‘DZ(E) respec-
tively, and setting B, (§) = B, (&) = 0. 4;(&), Bi(¢), Di(&) (i = 1, 2) are unknown functions
of & to be determined from the boundary conditions (3.1), (3.2), (3.3) and from the
following continuity conditions which must be satisfied at the interface between the two
regions z = 0
(3.5) u(r,0+) = u,(r,0-), ur,0+) =u,(r,0-), r>0,
(3.6) 0::(r, 04) = 0,,(r,0-), ou(r,0+) = 0,,(r,0=), r>0.
Solving Egs. (3.3), (3.5) and (3.6) for 4;(£), B;(¢) and D;(£), we obtain

A,(§) = —(ase™"*—a,e"*+a3e™ )G [X ()],

Ax(§) = —(a,e*F+ae " +age ) G(E)[X(x)]™?,

Bi(8) = —(ase™*+ase™*—ae” ) GE)X(X)]™,

(3.7
By(8) = —(ase™*+aze " +ase™)G(&)[X(x)]?,
D,(§) = —(—b, e +bye "> —bse™* —bye~**) G(§)[ X (x)] ™,
Dy(§) = —(bse™*—bge™**+bse**+bge""9)GH)[X(X)]"', (x = &h),
where
by.2 = ¢, [s:(g—1)Fs2(gk’ =K)],
(3.8) bs,4 = ¢, [s3(gk’ —1)Fs2(g— k)],

bs,e = ca[s:(gk’=1)Fs1(g—k)],
by, = c2[s1(g—1)Fs2(gk’ k)],

_ Gi(k+1) o S Bsi2
Gi(k'+1)’ "2 255,08 (k—1)°

ay = b3bs—b,b,, a, = bybs—b;bs,
a3 = b,bg—b,bs, a4 = byb;—b3bs,
as = bybs—b,bs, s,a6 = s,as.
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G(£) is an unknown function to be determined from the boundary conditions (3.1) and
(3.2) and the function X(x) (x = &h) is defined by the equation
X(x) = a, *+ae"*+asef e +a,af~le~P* 4 4s,a5p71;
3.9
ﬁ=sl+s;, ﬁ=sl—'32.
The substitution of A4;(£) and Bi(£) from Eq. (3.7) into Eqs. (2.7) and (2.8) leads to the
following expressions for normal displacement u,(r, —A) and stress o,;(r, —h):

340 u(r, —h) = C=* [ [1+M(ER)]G(&)Jo(Er)dE,
0

@) 0ulr, =) = — [ EG(E)To(Er)dE,
0

where

(3.12) c = Gilk+1)(s;—s,)

31 Sz(k—l)

is a parameter depending only on elastic constants of the material. The function M(x)
(x = &h) is defined by the equation

(3.13) M(x) = =2(ae"**+s,a38" 1"+ 5,0, e P*+25,a5 1) [X (%),

where X(x) is given by the expression (3.9).

When the medium is homogeneous (@; = a3 =a4=4as=0, a;=1) or h—>
(the cases of the half-space), the function M(£h) is identically zero.

Substituting Eqgs. (3.10) and (3.11) in the boundary conditions (3.1) and (3.2), we find
that they are satisfied if G(£) is the solution of the triple integral equations:

(=41

(3.14) f [1+M(ER)G(E)Jo(ér)dE = C[6—f(r—r.)], r<r<r,,

0
3.15) | &6@IEnde =0, o<r<r, r>r.
0

To solve the triple integral equations (3.14) and (3.15) we assume the following integral
representation of the function G(£) as

(3.16) G(®) =6 [ go(Eu)du,

Fi

where g(u) is an arbitrary continuous function.
Substituting Eq. (3.16) into o,,(r, —h) of Eq. (3.11), we obtain

é(u—r)

Var

du,

B.17) o, (r, —h) = -8 f i f o ul)Jo(rl)dE = —d f g(u)
r 0 ry
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where d(u—r) is a Dirac’s delta function and the following formula is used:

d(u—r)

Vur
Since the argument in the delta function is u—r # 0in 0 < r < r; or r, < r because of
ry < u € ry, the stress o,,(r, —h) is always zero in the free surface independent of the
function g(u). Then Eq. (3.15) are identically satisfied. The stress in the contact region
is from Eq. (3.17):
(3.19) a..(r, —h) = —=dr-'g(r), ri<r<r,.
Substituting Eq. (3.16) into Eq. (3.14), we reduce the problem to the solution of a Fred-
holm integral equation of the first kind for the determination of an unknown function
g(r):

(3.18) [ eroué)Ioreyae =
0

(3.20) [ K@,ng@)du = CL=8-YG-1)l, r <r<r,.
|
The symmetric kernel K(u, r) is in the form

o0
(3.21) K@,r) = [ [1+MER)o(Eu)Jo(Erdt.
0
From Eqgs. (3.4) and (3.19) we have the expression for the total load P which must be
applied to the punch to maintain the penetration §:

(3.22) P=2mb [ ] g(Pdr.

The inner and outer contact radii r; and r, are not known a priori. Since the punch ren-
ders contact smooth at the edges r = r; and r = r, with the layer, o,,(r, —h) must be
finite as r = r;+0 or r = ro—0.

This is equivalent to the conditions where the function g(r) is zero atr = r;and r = r,.
The inner and outer contact radii can be expressed by the following equations:

(3.23) g(r) =0, g(ro) =0.

In the special case of flat-ended annular punch, the contact radii are given by the inner
and outer radii of the annulus.

4. Solution of the integral equation

The integral equation (3.20) can be solved approximately by the GUBENKO-MOSSA-
KOVsklI technique [3], DHALIWAL and SINGH [10], JAIN and KANWAL [5] have discussed
equations of this type.

By following their analysis, we derive from Eq. (3.20) a system of four Fredholm inte-
gral equations of the second kind with four unknown functions [9]. The solutions of
these integral equations are obtained approximately by an iterative process when the pa-
rameters A = r;fro and & = ro/h are small. For the case of a flat-ended annular punch,
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i.e. for f(r—r.) = 0andr; = a,r, = b (a, b are the inner and outer radii of the annulus),
the following values of the contact stress and penetration depth are obtained correct to
0(4*) or O(e’) (setting r = br' and dropping the dashes)

__ P g 2,9
4.1) O.4(rb, —h) = peTry mg:(i, R A<r<l,
P
o * T s’
where

"y
@3 g 40 = (l———f°+ )[2 = ,/rz arcsm(—r-)]
oA [3( rmsm(a) 32— 22 ] 2 [1__ 2 i ]
6 A r| 4 ]/rz -A? 3r3 7 ny1-r?

12
[au-sr )+ —fa]+0(z‘), ravit,

3;/1

433 2e( 843  2¢ 4¢2 8¢3 )
0

= R L A o

44 g4 e=1-

+ —23—8—12(1 - ie'I'cl) +0(¢%),

a b
i=p<l, e=4 <1, £=0()

and

I o
(4.5) | P o f x*M(x)dx, n=0,1,2,....
@n)1

The integrals 7, are convergent because the function M(x) given by Egs. (3.13) and (3.9)
satisfies

g<ow, forn=0,
0 , forn=1,2,..,

for arbitrary values of the elastic constants;

(4.6) limx*"M(x) = {

a38;
ap’

M(x) is continuous for x € {0, c0) when x € R, .
The parameter « is real when the five elastic constants of the layer satisfy the condi-
tion (see Egs. (2.4) and (2.5))

G E 1-v E E\I'?
4.8 P SR o BT (- S [ (I 2o .
&2 6. E ” [1+v El(l i El)]

. e f
(4.7) limM(x)— =
x=0 €

const, when @a€R,
—2—=2  when a€R, and peR,; (x> 8).
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The elastic constants for some practical materials such as magnesium, cadmium and lami-
nates, fiber composites and other transversely isotropic materials satisfy the condition
(4.8).

In special cases when e =0 ([, =0)or A =0, ,#00r A=0,e =0 (/, = 0), we
obtained from Egs. (4.3) and (4.4) the corresponding functions g(r, 4, 0) and g,(4, 0)
for annular punch and half-space, g(r, 0, €) and g, (0, &) for cylindrical punch and layered
half-space, g(r, 0, 0) = #/2)/1—r? and g,(0, 0) = 1 for cylindrical punch and half-space.
In the special case of isotropic (C = G/(1—%)) half-space the penetration depth is

49) O D o

; AL,

a
4bG 3a2] ° “‘F'

5. Conclusions

The stress in the contact region and penetration depth of the punch depend on the
geometric parameters 4 = afb and ¢ = b/h and on the elastic constants of the materials,

The influence of the transverse anisotropy for a half-space is considered by the con-
stant C and for the case of the half-space with a surface layer also by the function
M(x), defining the integrals I,. The composite materials are strong transversely ani-
sotropic, i.e. H = E[E, » 1 and I"' = G/G, > 1. Taking into account this type of ani-
sotropy, one may conclude:

1. The penetration depth 8(4, H, I') of the annular punch into transversely isotropic
half-space is larger than the penetration depth into isotropic medium. For example, the
ratio between the depth in the composite and in the isotropic semi-space for » = 0.20
and v, =0.10 is d(4, 2, 2) = 2.043,; 4(4, 2, 20) = 5.126,; 6(4, 5, 10) = 6.004, ;
4(4, 10, 5) = 6.824,; 4(4, 20, 20) = 14.256,. The values of the depth increase slightly
as A increases.

2. The contact stresses, produced by flat-ended punch on a surface of the half-space
are independent of the anisotropy of the material, and their values increase as the punch
becomes thin. When the punch face is not flat, the contact stresses depend on the aniso-
tropy of the material; as the transverse anisotropy increases, the contact stresses decrease.

3. When H > H’ and I" > I", then the penetration depth of the punch into a layer
(H, I') is smaller and the contact stresses become larger than for the case of the half-space
with the parameters H and I'. In the case of not flat-ended annular punch, the contact
region decreases. When H < H' and I' < I", the contact region and penetration depth
into the layer (H, I') are larger and the contact stresses are smaller in comparison with
the same values in the half-space with the parameters H and I.

4. As the transverse material anisotropy of the layer increases for the same founda-
tion or as the transverse anisotropy of the foundation increases for the same layer, the
contact region and the penetration depth increase and the contact stresses decrease. As
the transverse anisotropy of the layer or the foundation decrease, the contact region and
the penetration depth decreases and the contact stresses increase.
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