Arch. Medh., 43, 2-3, pp. 191-214, Warszawa 1991

Macro-homogeneous strain fields
with arbitrary local inhomogeneity

M. ARMINJON (GRENOBLE)

First, HILL'S analysis of the macro-homogeneity of the stress and strain fields in an
inhomogeneous continuum is reviewed and extended. It is examined which precise
requirements must be satisfied by the fuctuating part of the displacement field. The
macro-homogeneity condilions are extended to aggregates with spatial correlations.
Then, a general construction of macro-homogeneous strain fields is proposed in
a general aggregate, which enables accounting for unrestricted local inhomogeneity:
arbitrary volume averages of the strain field may be imposed uniformly inside the
constituents, provided their distribution has one well-defined volume and linear
macro-average. This throws some new light on the classical "compatibility problem”,
which the models for deformed aggregates have to deal with. Whereas this problem is
shown to have no solution when piecewise uniform fields are considered, it thus has
always one in the sense of the local volume average. However, the obtained strain fields
fluctuate with an unknown amplitude, increasing with inhomogeneity of the imposed
strain distribution.It is concluded that the models for deformed aggregates should be
interpreted in a stalistical sense.

Na wslgpie omowiono i rozszerzono uzyskane przez Hilla wyniki dotyczace analizy
makrojednorodnoici pol naprezeni i odksztalcen w oSrodku niejednorodnym. Usta-
lono Sciste warunki jakie spetnia¢ muszg podlegajace fluktuacjom skladowe pola
przemieszczenia. Warunki makrojednorodnosci rozszerzono na przypadek agregatow
o korelacjach przestrzennych. Zaproponowano nasi¢pnie ogoélne zasady konstruk-
cji makrojednorodnych pol odksztaicen w agregatach, pozwalajace wzgledni¢ nie-
jednorodno$¢ lokalna. Rozwarzania te rzucaja nowe Swiatlo na klasyczny problem
»warunkoéw nierozdzielnosci”, ktére spelni¢ musza modele odksztalconego agregatu.
Stwierdzono, ze problem ten jest nierozwiazalny w przypadku poél odcinkami jedno-
rodnych, ma jednak zawsze rozwigzanie w sensie lokalnych Srednich objetoscio-
wych. Otrzymane w ten sposob pola podlegaja fluktuacjom o nieznanej amplitu-
dzie, wzrastajacej wraz z niejednorodnoscia przyjetego rozkladu odksztaicen. Stwier-
dzono, ze modele odksztalconych agregatow nalezy interpretowaé w sensie stalys-
lycznym.

Bo BBefeHHH OGCYXOEHK M PACILIHPEHH, MOJyYeHHRe XHILIOM, Pe3y/IbTATH, Kacalo-
LIHECH AHA/IA3a MAKPOOJHOCTEH MoJieH HANpsokeHuid B aepopMmaunmii B HEONHOPOMHOM
cpene. YCTaHOBJICHBI TOYHBIC YCJIOBHS KAKAM [OJDKHBI YAOBJICTBOPSTL MOIIEXAlllAe
daykTyauusM COCTaBIAIOLHE NOJA MEPEMEILCHHH. YCJIOBHA MakKpOOAHOPOJHOCTH
paclIMpeHsl Ha CJy4aii arperaroB ¢ NPOCTPaHCTBEHHBIMH KOppEIAUHSIMH. 3aTem
NpeaIoXeHbl 001He NPHHLMIBI KOHCTPYKIUAH MakpOOJHOPOAHBIX Moieil nedopmMaruii
B arperatax, MO3BOJIIOIIME YYMTHLIBATH JOKAJIBHYIO HEOJHOPOAHOCTh. JTH pac-
cykneHuss 6pocaroT HOBRIf CBET Ha KJIACCHYECKYIO mpobiemy ,.ycnoBmii Hepa3nens-
HOCTH"’, KOTOPHLIM OIXHEI Y OBIETBOPATL Moaeau aedopmupyemoro arperata. Kon-
CTATHPOBaHO, 4TO npobiema Hepeliaemas B Ciayyae mojaeil OTpe3KaMid OIHO-
POJHBIX, HMEET OJIHAKO BCErAd PELICHHE B CMBIC/IE JIOKAJILHBIX OOBEMHBIX CPeIHHX.
ITonyyeHHble TAKHM OAPA3OM OIS NOMIEXAT (UIYKTyaUMsM C HEM3IBECTHOH aMILIM-
Tynoii, BO3pacTalolleil COBMECTHO C HEONHOPOIHOCTHIO MPHHATOrO PACIpPElCICHHS
nepopmanuii. Koncratuposano, 4ro mogend AeOPMHAPYEMBIX ATPEraToOB CJAEAYET
HHTEPNPETUPOBATH B CTATHCTUYECKOM CMBICIIE.
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Introduction

IN coNTINUUM physics of inhomogeneous media, it is often necessary to con-
sider the material at different scales. The most important thing is of course to
specify the "macroscopic” scale, which is the directly relevant one for discussing
the effect of systematic variations in the external solicitations. However, one
wants to study the influence of "local” inhomogereities, the size of which is
small compared with the macroscopic size. In order to do that within the
framework of continuum physics, one must introduce an even smaller scale: the
“microscepic” one, where the material is still assumed to behave as a con-
tinuum; in that way, fields can be defined and studied within the micro-
structural elements constituting the local inhomogeneities. Whereas this
procedure is rigorously applied in the homogenization theory for periodic
media (SANCHEZ-PALENCIA [27], SuQuET [28]), it is sometimes overlooked in
the models for random media, especially those for aggregates such as
polycrystals. When discussing models for deformed polycrystals, “microscopic”
strains and stresses are often referred to, but it is not always clear whether this
designates a mean value of the corresponding field in one constituent crystal or
the value of this field at one particular point. One result of the analysis
presented here is that the “microscopic” stresses and strains which are
predicted by the polycrystal models can not be considered as local values of
these fields, and even are difficult to regard as true volume averages of the fields
in individual constituents. Rather, these predicted values should be interpreted
in a statistical sense, as outlined in the earlier work on the self-consistent model
(KrONER [20], HiL [13]) or in the generalization [1] of the “relaxed Taylor
theory” [16, 19, 26, 29]; this interpretation is more or less implicit in more
recent self-consistent approaches of BERVEILLER and Zaour [5], IwakumMa and
NeMAT-NAsSSer [18], MoLmvaRT et al. [24], LipiNskr et al. [22].

In this paper we focus on the direct definition of the inhomogeneous
distributions, i.e. on the fields and their mean values in the geometrically
defined constituents. Specifically, a general construction of strain fields in
a random aggregate is presented; this construction allows to obtain mac-
ro-homogeneous strain fields having an almost unrestricted local inhomo-
geneity, in the sense that the distribution of the mean strains in the constituents
is only assigned to satisfy an asymptotic condition of statistical homogeneity,
without any restriction to the individual values. For the purpose, the Hill
macro-homogeneity condition is first discussed and extended. In short, the Hill
or Hill-Mandel condition [14, 15, 23] means that the displacement field
fluctuates about a linear mean field with a bounded amplitude and a small
pseudo-period. It will be shown that these two conditions are not exactly
necessary, and indeed cannot be met in a general aggregate where spatial
correlations can exist.
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The second step is the construction of compatible strain (rate) fields
whose mean values in the contiguous constituents of a bounded aggregate
are prescribed. The principle of the construction is simple, but leads to
an irregular velocity field, only defined on the faces of a cubic lattice
(similar displacement fields have been introduced by HavNer [12] in a par-
ticular case). It is really necessary to regularize and to extend this field
for obtaining a meaningful construction, but the quite technical procedure
is left to appendices. Our analysis is presented in terms of velocities, i.e.
a velocity field is built whose unsymmetrical gradient tensor (strain rate
plus spin, in fact) has prescribed mean values. The macro-homogeneous
character of the obtained strain rate and spin field (for statistically homo-
geneous distributions of its mean values) is most easily seen in a space-fil-
ling aggregate, in view of the asymptotic nature of the macrohomogeneity
condition. However, the obtainable approximation in a real, bounded ag-
gregate is also given. Finally, the possibility of fulfilling a macro-homogeneity
condition separately inside each constituent, or "meso-homogeneity” (the mean
value of the gradient fields differing from one constituent to another) is
examined. Such a possibility would allow to consider that the discretization
operated in the models of deformed polycrystals does correspond to the
separation of the polycrystal into homogeneous crystals, thus capturing the
very idea of a polycrystal.

In most parts of the paper, the velocity field may be replaced by a vec-
tor field of an arbitrary nature and the corresponding gradient. To remain
with deformed aggregates, the displacement field and the corresponding
finite transformation gradient may be substituted, as in [12] and [15].

2. The macro-homogeneity condition for a strain field

2.1. The no-correlation condition

In a fundamental study of the extremum principles governing crystal
plasticity and their transmission from the crystal level up to the macro-
scopic one, Bistop and HiLL [6] assumed that, in addition to have well-

-defined macroscopic volume averages ¢ and D, the microscopic fields
of stress and strain-rate ¢ and D have no macroscopic correlation: this
condition ensures the upwards transmission of the principles. Let us note
that the virtual work equation does in fact imply this condition for truly
macro-homogeneous fields; while the left-hand side of the “no-correlation
condition”,

@1 6:D=¢:D
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is the macroscopic rate of work per unit volume, as expressed in terms of the
microscopic fields, the right one is the same in terms of the macroscopic fields.
This justification of Eq. (2.1) is also valid for non-associated stress and
strain-rate fields. It is assumed that the fields 6 and D are homogeneous at the

macro-level, ie. that the volume averages ¢? and D? are independent of the
macro-element £2 in which they are taken: in that case, one may consider ¢ and

D in Eq. (2.1) as uniform fields, well-defined at the macroscopic level. In the
same way, the microscopic fieclds ¢ and D have a sense above a certain scale
only, ie. they also are averaged upon certain "micro-elements” but they do
depend on the position of the micro-element. The necessity of condition (2.1)
has been stated in a neighbouring way by KRONER [21], in connection with the
assumed existence of a macroscopic behaviour.

22, Hill’s analysis

Since the macroscopic fields are volume averages of their microscopic
counterparts which are inhomogeneous, the macroscopic homogeneity cannot
be exact. It should rather be defined as an asymptotic property of the
microscopic fields and the no-correlation condition should be deduced from
this property. Using the classical transformation of the volume integral of ¢ : D
into a surface integral, HiLL [14] formulated sufficient conditions which the
microscopic fields ¢ and D should satisfy in order that they have well-defined
macro-averages and fulfil the condition (2.1). Later on, HiLL [15] extended his
analysis to a pair of unsymmetrical tensors, namely the nominal stress N and
the transformation gradient. Equivalently, this analysis is here reviewed in rate
form. Thus we introduce a (microscopic) velocity field V with gradient tensor
L=VV and an unsymmetrical tensor field T satisfying the equilibrium
condition div T = 0; this could be the material derivative of the transpose 'IN,
as in [12] and [18]. The divergence theorem implies:

2.2) [T-"Ldv= | (T n)®VdZ.
Q

on

The volume averages T? and L? in the macro-element satisfy the relation

(T-T%"@L -L%" =T-L”-T"-'L"

whence, by applying Eq. (2.2) to T—T and V—L-x:

: JIT =T ) ®@(V - L x)do (x).

33 TOL TP
@3) ”(Q) 20
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Hence, the tensor” correlation of the tensor products is expressed in
terms of the non-uniform part of the surface data: stress vector and vel-
ocity field [15]. The trace of the tensor products (2.3) gives the “scalar”
correlation:

24) do=T:L°—T"L"= 49— f LT =T%n]+(V-L"-x)d¥(x).
an

The right-hand side of Eq. (2.4) is not changed if one surface field is substituted
to its non-uniform part, because this latter has nil average [15]:

25) dg=—— [@-n)(V-L"-x)ds(x) = (Q)IE(T T%-n] - VdZ.

(9)

Here, Hill introduces the notions of micro-uniform (surface) data (such
that the non-uniform part identically vanishes) and macro-uniform data,
(such that the non-uniform part is bounded and fluctuates randomly about
0 with a pseudo-period of order d, the order of magnitude of the linear
heterogeneity, e.g. the typical grain size). If one of the surface data,
e.g. the velocity field, is micro-uniform, then 4, =0, by Eq. (2.5). A more
realistic situation is also considered, in which one only knows that one
of the surface data is macro-uniform. If the velocity field is so, the first
integral in Eq. (2.5) shows that for a bounded field T, 4, is O(Rz)/R3 O(1/R)
where R = R(Q2) is the size of the macro-element Q, assumed cubic.
Thus 4, becomes negligible if R is sufficiently large, but it seems diffi-
cult to understand the statement of HiLL [14] that the small size d should
intervene directly, in an upper bound of Eq. (2.5). Moreover, this way
of reasoning cannot be used if the stress vector is known to be macro-
-uniform. In [15] the essential role is played by a “boundary layer
argument” according to which the effect of the non-uniformity of the
surface data decays with depth and is negligible beyond a layer a few
wavelengths thick: thus, except in a volume of order R2d, the analysis
for micro-uniform data would be applicable to macro-uniform data. Clearly,
this argument refers to the mechanical behaviour and for this reason
might be more or less valid, depending on the particular material and
boundary conditions (Hill emphasizes the case of an elastic material and
the extension to highly nonlinear behaviour is not straightforward). Here-
after, no relation between T and L is assumed; Hill’s reasoning for
a macro-uniform V is extended, and the role of the fluctuation distance
d is clarified.
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2.3. Amplitude and characteristic distance of the fluctuation

The way in which the deviation 4, was proved to decay with the increasing
size R(£2) for a “macro-uniform” velocity field, remains valid if V is more
generally assumed to have the form:

(2.6) V(x) =Ly x + u(x), L(x) =Ly + Vu(x),

where the nonlinear part u may be unbounded, but satisfies
2.7 u||d¥ -0, R()— o0
e 5 Ll @

(in a real, bounded observation domain, the quantity in relations (2.7) should
become negligible, when  is the largest possible, as compared with ||Lo|[). To
see this, we first deduce from relations (2.6) and (2.7) that

2.8) L = (Q [Ldv>L,,  R(2)— o,

since formula (2.2) yields for T =1:

(2.9) [Ldv= [V@®nd¥.

Q on

Hence, in view of Egs. (2.6), the deviation 4, (Eq. (2.4)) is for large R equi-

valent to T:Vu”, but Eq. (2.2) implies if T is bounded (|IT&)|| <o for
every Xx):

(2.10) ‘ T:Vu"

- L J(T i ud.?" @I” 4.

Conditions (2.6) and (2.7) are thus sufficient to ensure that the velocity
gradient L is macro-homogeneous in the desired sense. It would be more
appropriate to qualify such velocity fields as "macro-linear”. We notice
here that no bound of a real heterogeneity field u in an aggregate, can be
deduced from the knowledge of the typical (or maximal) heterogeneity ||8ul|
across one typical (or even maximal) constituent. Indeed, the heterogeneities
of the velocity field through successive constituents, may as well pile up
one over another as compensate one another: For the macro-homogeneity
to hold, it is only necessary that, at some larger scale, the sum of successive
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heterogeneities becomes negligible in the average. The number of constituents
to be taken into account in order that this average compensation ap-
proximately occurs, may depend strongly on the particular structure of the
aggregate, and has no a priori bound. In other words, the fluctuating character
of the heterogeneity field may well be more complex than that of a bounded
wave oscillating about 0 with a pseudo-period of order d, the mean size of the
constituents. Moreover this character — and especially the smallness of the
fluctuation distance — does not play an apparent role in the macrolinearity
condition (2.6)2.7).
The order of magnitude of the nonlinear part (or heterogeneity):

(2.11) u(x) = ug(x) = V(x) — L+ x

across an observation domain €2, may be known from experiments such as grid

measurements. Then by comparison of o||L°|| with the upper bound in Eq.
(2.10), the reliability of the no-correlation condition can be physically assessed.
In this, the fluctuation distance again plays no role. However, suppose that u is
known to fluctuate in such a way that [;,ud% =0 for each I, where the
subdomains I',, with size smaller than d, build a partition of the boundary 402
(in view of the relative homogeneity inside the grains or constituents, the I',
should overlap the sections of neighbouring grains by the surface of the
sample). If moreover the spatial variation rate of the “stress” (or stress rate)
field is bounded:

(2.12) [T(x) — T < K||x—7y],

then a different upper bound is found for A

Kd
213 4o JHqu&”.
an

Indeed, we have from Egs. (2.5) and (2.11) and the fluctuation condition:

L 3, j’(T-n)-ud5/=—1— Y, I[(T—T”‘)-n]-ud?’

g =—=
? v(Q) % I'e v(82) % I

(where T'* is the surface average in I',) and by Eq. (2.12)

JIT=T% 0] ud? < A8 | |[u]|ds.
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In the upper bound (2.13), the maximum “stress” (or stress-rate) ¢ of the
upper bound (2.10) has been replaced by the maximum variation do = Kd
of the "stress” through a fluctuation domain of the velocity (or displacement)
field about the linear mean field. Thus the fluctuation distance of the velocity
field does play a role in setting bounds to the deviation (2.5) from the
no-correlation condition, if the spatial fluctuation of the "stress” is corres-
pondingly bounded.

3. A general construction of macro-homogeneous strain fields

3.1. The compatibility problem in deformed aggregates

In a coherent aggregate, the microscopic behaviour is rather uniform inside
the constituents, but varies abrubtly at their boundaries, while the stress and
velocity vectors should remain continuous. A well-known consequence is that
both local fields (T and L) must be non-uniform and might only be obtained
numerically, which would imply a precise knowledge of the behaviour and
arrangement of the constituents; even for a small, non-representative number of
grains, the calculations are formidable. Nevertheless, such complete simula-
tions of the deformation of a crystalline assembly open a new way for
discussing the different polycrystal models [11].

In all operative models for deformed aggregates, each constituent €, is
given by its local "state” (crystallographic orientation, critical shear stresses,
geometrical parameters,...) assumed uniform inside £, [2, 3]. In the place of
local fields, such models predict one tensor L* and T* for one constituent £,.
The global deformation rate being given by the macroscopic velocity gradient
L,, a consistent model should predict a discrete distribution (L*)=4,.n and

(T*)=y,..x such that the macroscopic average L* is the given L,. The
“compatibility problem” may then be formulated in the following way: is it
always possible (as it should be) to associate a macro-linear velocity field
V (Egs. (2.6)2.7)) to the distribution (L*), and in which sense? Do certain
models behave more gently in this regard? The predicted L* (or the predicted
strain rates D¥) are often interpreted as the local values of the field L (or D) in
the constituents. Since these latter are assumed homogeneous, the velocity
gradient, or only the strain rate D, is thus supposed to be a piecewise uniform
field. However, we state that no compatible strain rate field can be piecewise
uniform, unless it is a uniform strain rate and spin field. Indeed, it follows
from the compatibility equations that the spin is uniform in a domain £2 where
the strain rate is so: hence the velocity field is linear in £, V(x) = L, x + a,.
At the interface S between two linear domains 2 and Q" of V, we have
Lo-x+a,=Lg*x+ag,, or (Lg:—Lg)'(y—x)=0 if x and y belong to S.
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Except for the very special case where S is plane, it will contain four
non-coplanar points X, y,, y,, ¥;- The above equation then implies that
L, — L, cancels for three independent vectors, whence L, = L., and our
statement is proved. Even in the highly improbable case of all polyhedral
constituents, the complex system of the above continuity relations would only
have non-uniform solutions in very particular situations, the treatment of
which would require the complete knowledge of the spatial arrangement.
Thus it is more realistic to consider L* and T* as the average values of the
strain and stress rates in a constituent Q,. Nevertheless, the generic model
predicts L* and T* as mutually associated by an assumed constitutive relation
of the constituent. As for a macroscopic relation, this is only justifiable
if the field L = VV has reasonable properties of "macro-homogeneity” but
in every given constituent. In precise words: in every given €,, L must
fluctuate about L* as in Eq. (2.6): L(x) = L* + Vu*(x), in such a way that the
integral (2.7) (with u* in place of u) is negligible with respect to L* when Q is
any sufficiently large subdomain of the constituent Q,. In what follows, we
address the question of whether this “meso-homogeneity” condition may be
reached for any distribution (L*) of the mean values. Moreover, it is proved
that, under two conditions of statistical homogeneity for the distribution (L")
the true macro-homogeneity (Eqs. (2.6)-(2.7) as they stand, for the whole
aggregate and the macro-average L,) may be ascertained.

3.2. Vector fields with arbitrary local means of their gradient

A bounded aggregate £ is partitioned in its constituents Q;  Qy
and a family (L*-, . y of second-order tensors is given. Except at the
boundaries of the constituents, we may associate to every point x of
the aggregate, the tensor L(x) which is the L* corresponding to the unique
constituent €2, containing x. Take an orthonormal basis (e;);- ; and for xeQ,
define the intersection I;(x) of the segment [pr;(x), x] (pr; is the projection
on the plane x;=0) w1th Q. Then, three vector fields Uj;-,,3 may be
defined as the lmear integration of the piecewise constant function L in the
direction e;:

(3.1) U= | Liyd

Ij(x)

Now let €, be a cubic lattice with mesh parameter /, having its sides parallel to
the e;. We define a vector field V, only on the faces of €,:V,(x) = Uj(x) if
x belongs to a face perpendicular to e;, and we observe that V; has the
following property:
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(3.2) fViend? =v(CL* if Ccq,,

ac

where C is one of the cubes of the lattice €, and v(C) = I*. This follows from the
definition, since n(x) = e;, n(x—le;) = —e; and

(3.3) Vi(x) — Vi(x — le) = U,(x) — U;(x — le) = L*le;,

when x is on the face of C with external normal e; (the assumption C < €,
implying that L. =L* in C).

In general there is no relation between the values U; for different j, so that
the surface field V, is discontinuous at every ridge of the lattice €,. However
V, may be regularized and then extended into a body field V,,, arbitrarily near
to V; in the sense that

(34) Y J Vi — Vi||dF <1
CcQon

(Appendix 1). From Egs. (2.9) and (3.2) it follows that the velocity gradient field
Ly, satisfies if C.2;:

oL — [ Luydo]| =[| [ (Vi = Vi) @nd ] < [ |Vey = Vi 45
c

whence, by inequality (3.4), denoting by Q1 the union of the cubes of the €,
lattice which are entirely included in Q,:

65 Tlb@)L- j'L,,,a’v|| T T IO = [ Lo <

k Cc

(The cubes intersecting the boundaries of the constituents are omitted in
inequality (3.5), but their average contribution decays with [: this is proved by
returning to surface integrals as in Eq. (3.2), due to the continuity of U;®e;
which on the j faces is equal to +V;®n). For sufficiently small [, the volume
averages of L;, in the constituents €, are thus arbitrarily near to the given
tensors Lk

If desired, V;, could be replaced by another field, arbitrarily near in the
sense of inequality (3.4), but giving exactly the imposed average values of its
gradient (Lemma 1 of Appendix 1). Also, if the L* are zero-trace tensors,
a vector field with zero divergence may be chosen (Lemma 3 of Appendix 1).

It must be finally mentioned that the way of "transmitting” a vector field
from three adjacent faces dC_ of a cube C to the opposite faces aC,, by
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Eq. (3.3), so as to obtain a given surface integral (3.2), has previously (but
independently) been found by HAVNER [12], in the particular case where the Lk
tensors are all the same in the space-filling lattice #,. The aim was to give
a general form of macro-homogeneous displacement field (periodic, however).
Unfortunately, for a given surface field on dC_, this directly obtained field is
generally discontinuous on every ridge of dC, and can not be extended in
a body field satisfying the divergence theorem and Eq. (2.9). This fact was not
pointed out in [12].

3.3. Fulfilment of the macro-homogeneity condition

In Sect. 2, the asymptotic nature of the macro-homogeneity condition
has been emphasized (see Eqgs. (2.7)42.8)). Thus we consider a space-filling
aggregate, partitioned in an infinite sequence of bounded constituents
Qy,.,8;,.... In order to obtain a macro-homogeneous gradient field L = VV
having prescribed volume averages L* in the constituents £,, we must
suppose that the infinite sequence (L) is statistically homogeneous, in the
sense that

(3.6) L* = u(in) fLdvsLy,  R(®)- 0.

o

Here the macroscopic average L, is asymptotically reached, independently of
the position of the macro-element €. The research of L is equivalent to that of
the associated vector field V, which must be "macro-linear” in the sense of Eqgs.
(2.6)+2.7), in order that L be macro-homogeneous. In general we only have to
find the nonlinear part u in Eq. (2.6), such that the local averages of Vu are
L*—L,. Thus we may assume L, = 0.

The whole construction of Sect. 3.2 remains valid for the space-filling
aggregate Q@ =R3 (the only questionable point is inequality (3.4) which
limits the difference between the irregular surface field V, and the regu-
larized body field V,,. However, the way in which the regularization process
is propagated from one cube to another, allows to obtain Eq. (3.4) for these
infinitely many cubes (Appendix 1); this is only a question of convergent
series) Now we prove that the obtained field V,, satisfies condition (2.7)
if the linear averages of the L* tensors are asymptotically equivalent to their
volume average L, = 0, when segments [x — Re;, x] (parallel to the coordi-
nate axes) are considered:

(3.7) ||o—— [ Ly)dy| <e®- R— 0.
R [x— Re;,x]
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Indeed, combining (3.7) with the definition (3.1) of V,, we see that to every
small number « we may associate a size R, such that

(3.8) [Vi|| < al|x|| if (|x)|>R, forall j=123).

On the other hand, we assume that the L* tensors are bounded,
all k, which implies:

L*| < 4, for

(3.9) [Vi)|| < 4||x|  for every x.

Defining the "cross” X,(|x;| < R, for one j at least), which is in fact the union
of three perpendicular walls, and separating the surface integral of ||V/||
accordingly, we obtain from (3.8) and (3.9):

(3.10) [+ [ ||Vi]|d# < R®@)- (AL (X,noR) + 2F(0%)).
20\X,

X,nof2

Evidently, we may suppose that the cube £ and the “cross” have no common
boundary; in that case:

P(X,n0Q) <6R,R(), F(08) =6R(Q)>
Thus, Eq. (3.10) implies that

AR,

A: | Vi||d& < 6aR(@)*- (1 +2RE

) ~6aR(Q)?, R(2)-

and with (3.4), this proves that V,, satisfies the macrolinearity condition (2.7),
since o is arbitrary.

3.4. Discussion

1. Solution of the compatibility problem in the average sense

In Sect. 3.3, the distribution (L¥),», of the mean strain rates and spin
rates has demanded the following properties of statistical homogeneity, in
order that the construction of Sect. 3.2 lead to a macro-homogeneous field

L = VV (such that, moreover, L = L* for every k): the distribution (L*) must
have an asymptotically well-defined macroscopic average L, (Eq. (3.6)
and the linear average values of the distribution must be asymptotically
equivalent to its volume average value L, (Eq. (3.7)). These properties are worth
discussing within the frame of an asymptotic theory of the distribution of the
“states” of the constituents in a random aggregate [2], which is presented
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in another paper [3]. In “operative polycrystal models” (Sect. 3.1), the
discretization is directly done in terms of the states. When applied to simulate
a material with statistically homogeneous distribution of the states of its
constituents, any such model will thus provide a distribution (L*) having the
desired properties (this statement is precised and proved in [3]). Hence, the
compatibility problem (Sect. 3.1) may always be solved in the sense of the
prescribed volume averages, by using the construction of Sect. 3.2. In this
regard, any of such operative models is satisfactory and no one may be said to
be “superior”.

2. Fulfilment of the meso-homogeneity condition

For sufficiently small [ and 7, the volume average of the velocity gradient

in any constituent €, Lf,',‘, is arbitrarily near to the prescribed value L,
in view of (3.5); actually the second inequality in (3.5) proves more: every
average Lf,, in a small cube C (with size [) is nearly the L* corresponding
to the constituent £, containing C. Thus, as for an exact constituent £,, the

volume average Lf",, is arbitrarily near to L* if Iy are small enough and the
domain w is included in ©, — and for an assigned minimum size of w, this
holds uniformly with regard to the position of w in the space-filling aggregate.
However, the field L,, is not uniformly bounded with respect to [, even in
integral norm. On the contrary, it is generally true that for a fixed n and for any
given domain w:

(3.11) 2 [ |Liy| dvs oo as  1-0

w

’

since V,, must regularize the discontinuity 4V of V, from one face i to another
j#i of the small cubes C, the value of 4V being roughly independent of
| — thus leading to an amplitude of order 4 V/I for the gradient L;, and an
integral (3.11) of order v(w)4V]I.

In other words: by reducing the size [ of the cubes, the construction
allows to obtain the prescribed averages L* of L in smaller and smaller
domains located anywhere inside the constituents €,, but this also in-
creases the fluctuation amplitude of the obtained strain (rate) field L =L, ,.
For a given distribution (L*) of the prescribed mean values, it is hence
generally impossible to state in what measure the no-correlation condition
inside the constituents may be reached; the same may be said on the
fulfilment of the meso-homogeneity condition (Sect. 3.1), since this implies
the local no-correlation. This is not a shortcoming of our natural con-
struction, but a necessary consequence of prescribing a non-uniform dis-
tribution (L") of the local means: the degree of the attainable approximate
meso-homogeneity depends on the inhomogeneity of both the distribution
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and the aggregate itself. Overlooking this point may lead to wrong state-
ments.

As a consequence, it is difficult to regard the mutually associated stresses
and strains, predicted by any given “operative model”, as the true volume
averages of the corresponding fields in the geometrically defined constituents
(since the strain field should then be meso-homogeneous). A more realistic
objective that the aggregate models should generally pursue, is to predict the
stresses and strains, averaged as functions of the local state. This is of course
consistent with the discretization in states but, in our opinion, needs to be
analysed precisely (such an analyse is proposed in [3]).

On the other hand, exactly as for the macro-homogeneity condition, the
meso-homogeneity of experimental strain fields may be physically assessed
(by measuring the strain inhomogeneity at the scale of the constituents).
As far as metallic polycrystals are concerned, this kind of strain inhomo-
geneity is well evaluated by measuring the variations in the crystal orienta-
tion inside a grain, because the strain rate and the lattice spin are bound
together. Thus we expect the meso-homogeneity condition to be more pre-
cisely verified at low or moderate strains, where the metallurgists clearly
identify grains or (later) subgrains and cells (see e.g. [10, 25]), than at high
strains (such as those attained during cold-rolling), where large and con-
tiguous zones under continuously heterogeneous strain seem to form at some
places (see e.g. [9]). It is worth noting that the strain inhomogeneity
is generally agreed to increase with strain, and that our construction clearly
links the deviation from the meso-homogeneity, i.e. the intra-constituent
inhomogeneity, with the differences between the L* for different "grains”
Q,, ie. the inter-constituent inhomogeneity. Finally, in so far as the me-
so-homogeneity of the actual fields is considered to be experimentally
consistent, a simple formulation of the model [1] may be given [4]: the
meso-homogeneity assumption was implicit in the original formulation. This
model is generalized in [3].

3. Meaning of the extended macro-homogeneity condition

It may be seen from Egs. (3.1) and (3.7) that if the heterogeneity field
u(x) = V(x) — Ly*x has to be bounded, then the convergence of the linear
averages of the L* tensors towards L, must be at least of O(1/R), where R
is the considered length. Accordingly, the linear distributions of the sta-
tes of the constituents should converge towards the asymptotic volume
distribution like 1/R [2]. This is clearly a restrictive condition. Thus
again (see Sect. 2.3), a bounded heterogeneity field may not be expected
for general aggregates. In practice, of course, only bounded aggregates
are encountered; then a “bounded” heterogeneity means “having an am-
plitude independent of the size of the measuring base™ this condition
is not to expect genecral, real aggregates, and is not necessary to obtain
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macro-homogeneous strain fields. In the same way, we have seen that the
condition of a fluctuating heterogeneity field with a characteristic distance
having the same order of size as the constituents, is neither necessary nor in
general expectable. We conclude that HiLL's and MANDEL'S definition of the
macro-homogeneity [14, 15, 23] applies to aggregates which are strongly
disordered, whereas an operative macro-homogeneity condition (2.6)42.7)
may also be defined for aggregates having arbitrarily large “clusters” or
spatial correlations.

4. Conclusions

A theoretical analysis of the structure of the strain and spin field in
a deformed aggregate has been presented and some parallels have been drawn
with both the experimental reality and the operative models, especially in the
case of metallic polycrystals. The main results are the following:

1. Hill’s macro-homogeneity condition has been reviewed, clarifying the
role played by the amplitude and the characteristic distance of the fluctuating
part of the displacement. This allows to extend Hill's definitions to more
general situations with spatial correlations.

2. The “compatibility problem” in the models for deformed aggregates,
has been formulated in a general way. It has no solution if piecewise
uniform strain and stress fields are assumed. In an average sense, this
problem has always a solution and does not allow us to decide between
different models.

3. In order that these models could predict the average strains (and
stresses) in the geometrically defined constituents, it is necessary that the
strain field be "meso-homogeneous”, i.e. fulfil a macro-homogeneity condition
separately inside each constituent. The more severe compatibility problem of
obtaining a meso-homogeneous strain field cannot be solved for a general
distribution of the average strains. It is thus advisable to interprete the
predicted strain distributions in a statistical sense, and it is suggested that this
needs a rigorous formulation of the local "state” and the corresponding
functions.

Appendix 1. Regularization of the field V, into the field V,, (or V)

Precisely, we demand that V is in the simplest Sobolev space
H!(Q2) = H'(Q)?, i.e. each component V; of V and each partial weak derivative
0V;/ox; is a different function ¢ whose square ©* has a finite integral in Q
(the set of such ¢ is classically denoted I?(€2). The space H!(£2) is a convenient
tool, e.g. the fields considered and practically handled in the numerical
approximation of partial differential equations often have exactly this regu-
larity (DauTrAaY and Lions [7]). Here, an even more essential point is the
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validity of the divergence theorem for the fields of H!(f), involving that of the
virtual work equation and the equation (2.2) above [28]. This validity follows
from density arguments. However, the fields of H!(€2) and their derivatives
may be discontinuous and their restrictions or “traces” to the boundary 02 are
thus defined indirectly (by a continuity extension of the ordinary restriction
operator V— V)0, as this is defined for the dense subspace of H'(£2) containing
all the infinitely differentiable fields). Anyway, we still denote such “traces”
V) a0-

! The regularization is first done in one cube and then propagated from one
cube to another.

_ ALL Case of a single cube with an additional vector field on its half-boundary

Let 2 be a simple cube. Let us choose a vertex 0, denote 02— the union
of the three faces bordering 0 and 2+ the three opposite faces. For any
¢ > 0, for every given regular vector field U on dQ2— (Ue H!(92—)) and every
2nd order tensor L° we are going to build a regular field V(Ve H'(Q) and
Viso+ € HY(82+)), such that divV =0 if trL° =0,

(A.l) (Q j V® nd¥ = L V|on_ = U,
and
(A2) | IV(x) — U(x— 4x) — L°- 4x||d¥(x) < ¢

o+

Here 4x = In(x) is the difference vector between the opposite sides of £, [ being
the size of Q.

Suppose that Q is one cube of the lattice €, of Sect. 3.2 and is included in
a constituent having L° as the prescribed mean value. Then, if U is the
restriction to 92_ of the field V,, the field

(A.3) V3(x) = U(x — 4x) + L?- 4x,

for x almost everywhere (a.e) in 0Q,, is the restriction to 02, of the
same field V,. Note that V? satisfies Eq. (A.1). This explains what we are
doing.

The boundary S = d(9€2,) of S =08, is equal to 6(6§2_), i.e. to the
union of the six two-by-two adjacent ridges of Q, which do contain neither
the point 0 nor the opposite vertex. Let us first (incorrectly) deal with traces
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in the same way as if they were ordinary restrictions: then, V|, would be
uniquely defined by V|, = U which is known and Visa, = Vs, provided
that these two coincide at the common (sub-) boundary @éS. Thus, we
would have to find a field V' e H'(S), satisfying (A.2) in the place of V,
such that:

(A.4) | VI@nd¥ = | V!@nd¥ = - | U®nd¥ + v(Q)L°

o0, 0, n_
so as to obtain (4.1), and that V!5 = Uss. Actually, this procedure is correct:
it is proved in Appendix 2 that a unique field Ve H!(09) is found in that way,
having V|50 = U and V5, = V' as ordinary restrictions. Once a possible V*
will be found, we then just will have to extend V from dQ to the inner part of
the cube Q.

(i) Construction of a field V* on S = 0Q*

If E is an arbitrary second-order tensor (the space of such tensors will be
denoted by & and ¥, will denote the subspace of zero-trace 2nd order
tensors), we are able to find in the same way as for V? an integrable field
X(X e L!(S)) such that

(A.5) f(X)=|X®nd¥ =E.
S

In other words f defines a linear mapping of L' (S) onto .#. Since this
mapping is obviously continuous with respect to the usual norm

(A.6) Xl = J |IXx)|| d(x)

S

of L(S), we shall be allowed to use Lemma 1 below. This lemma essentially
states that, if we always can find an irregular solution (or even only an
approximate one) to a given finite set of linear, scalar functional equations
like (A.5), then we also can find, near an irregular solution, an exact
and regular one. Then, Lemma 2 will allow us to modify the trace, X,
almost without changing f(X). By combining these results, we will find
a satisfying field V!. Lemmas 1 and 2 are proved in Appendix 3.

LemMma 1

Let E and F be two normed linear spaces, F having finite dimen-
sion, f be a continuous linear mapping of E onto F and E, be a dense
subspace of E. Then, the restriction f, = fz, is an open mapping of E,
onto F. Moreover, for every open set U in E, f(U) and f,(UnE,) are the
same open set in F.



208 M. ARMINJON

LEmMMA 2

Let w be a bounded open set in R", whose boundary 6w is regular
(piecewise €') and let U be a field in HY?(dw) (*). Then for every & > O there
exists a field U' = U} e H'(w) such that

(A7 JlU'®)||dv,(x) <& and U, =U.

Let us come to the research of a regular field V!, arbitrarily near
V? in the sense that j'||Vl — V?||d¥ <&, satislying (A.4) with the given

trace VI(,S— Upss. The subspace HO(S) containing those fields Xe H! (S)
whose trace X5 are zero, is dense in L'(S) with respect to the integral
norm |X]||;- We thus apply Lemma 1: sinse the ranges of the open balls
f(Ho(S)NB(V2, £/2)) and f(B(V?,¢/2)) are one and the same open set in &, there
is a 6 > 0 such that

(A.8) B(f(V?),) cf(H‘l, N B(V2,¢/2)).

Applying successively Lemma 2 (with n = 2) to the three faces of S, we find
a field U'e H! (S) such that Ufs = Ups with ||U'||; < Min(3,¢/2).

Since |f(UY)| <||U*||; by (A.5), we have thus f(VZ>—U")eB(f(V?),
whence, from (A.8), we find a field V°e H (S) such that

(A9) (V) =1(V2-UY and |[V°—V?|<ep.

The field V! = V° 4+ U! satisfies f(V') = f(V?) and thus also (A.4); moreover,
Viss = Ulss = Ups and || V! = V2| < ||[VO = V?||; +||U*||, <&, as announced.

(ii) Extension of V from 02 to Q

The above construction of V! provides us with the trace V), = (Ujsq-,
V'i0+) (see Appendix 2) of the field V that we are looking for. From
the trace theorem of zero order (see e.g. [7]), it follows that there exists
at least one field V®e H!(2) having exactly this trace (actually there are
a lot of such fields). Now, we only have to deal with the additional
zero divergence condition of the incompressible case. The construction
of Vjpo ensures that

(A.10) [Vends =v(@)L°.
on

(*) This Sobolev space is not defined here, since we only use the trace theorem (see below)
ensuring that the trace application U~U,,, maps H'(w) onto HY2 (dw).
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The incompressibility condition trL® =0 then takes the form

(A.11) 0= [ V-nd¥ ={divV3dv.
on Q

The range of the div operator, restricted to H‘(Q) is exactly the set L*(2)/ R of
the classes of the functions pe I*(Q) satlsfymg f,pdv = 0. This follows from
[7], (3d vol., p. 828): the inclusion div Hl({))) CL*(Q)/ R comes from the diver-
gence theorem; the inverse inclusion follows from the fact that the adjoint ope-
rator of u= d1v|H1 is u* = grad |2 gy by the same theorem, and from an ine-
< C(%)||grad p|| 120) whence Ker(u*) = {o } ie. u(HY)' = {0}.

This, combined with (A.11), shows that there is a field V*e H‘(.Q) (that is,
V4 |09 = 0) such that div V¥ = —div V3e L?(Q)/R. The field V = Oy + V4 of
H ' (£) has the right trace V|, and satisfies div V = 0 in 2. With the definition
(A.3) of the irregular field V2, the proximity condition |[V! — V||, < & gives
(A.2). QED.

Al.2. Propagation of the regularization process in the lattice

In the lattice %,, the position of a given cube is directly specified by an
integer threesome (M,N,P) and any volume domain 2 is covered by a family of
cubes of €,:

(A.12) Qc ( U CMNP) = Q(‘), CMNPE (gl‘
(M.N.P)Ell

This set of threesomes I, is finite if £ is bounded. In that case, we may order
the CMM? in the lexicographic way, obtaining the differently indexed cubes
C,. Here m takes all values from 1 to an integer n = Card (I,). For
a given m> 1, C, has at most three common faces with the preceding
cubes: indeed, if m =m(M,N,P), C,, has one and only common face with
each of the only three cubes C¥~1N-F CMN-LP CMN.P~1 ywhich may, or not,
belong to Q. Also, if Q is unbounded, a different order (C,,),>; may be defined
with the same property. First, in the 2-D case, this order is obtained by
describing a square spiral from the origine square to infinity, as indicated.

17 16 15 14 13
18 3 4 3 12
19 6 1 2 11
20 & 8 9 10
21 22 23 24 25




210 M. ARMINION

Thus the squares at the boundary of the "large” square (with side nl) are
successively counted at step n(n=3,5,7,..). In the same way, for the 3-D
case, the boundary cubes of the large cube B, (with side nl) are counted
at step n, beginning with the lower face which is described as in the 2-D case;
then the square rings at the boundary of B, are successively described in the
direct sense, upwards from one ring to another; step n is ended by describing
the upper face of B, in the same way as the lower one. Only those cubes
pertaining to £, are counted.

Now, attributing to each of the so-indexed cubes C, e 2 the tensor L¥™
of the subdomain €, including C, (an arbitrary choice is done at the
boundaries d€2,), we proceed in a recurrent manner. For every cube C,, therc
are at least three adjacent faces which are common with no preceding cube
C, (1<p<m). We denote C,, this set of three "free” faces, and dC,, the three
other faces. On those faces of 0C, which are not common with a preceding
cube (often, there is no such face), a field U,, is initialized as U,, = V,. Thus
for the first cube, at the origin: Uy = 0 which is in H'(@C7) and we apply
Sect. Al.l with U, = U; = 0 and L*", obtaining the restriction V|¢, which
satisfies (A.1) and (A.2). Then at step m, the trace of the field V]C1 U.oUCo -1
is taken as data U, on F, =dC, n(@C,y.y0Cmn-1), and U,=V, on
F,, = 0C;\(0Cy..u0Cn- ). A regularization process is applied as in ((A1.1), (i)
so as to obtain a field U,,e H'(9C,,) whose restriction U,y is arbitrarily near
to U,,, while the restriction U~ is exactly the previoUsly obtained field
U,, = V... The process of Sect. A1.1 is then applied with U,, and L*™. In
order to obtain (3.4) one only has to take the tolerances ¢, in (A.2) in the form
of a convergent series, e.g. ¢, = 1/2™.

Appendix 2. Definition of a field in H'(w) by its restrictions to contiguous
subdomains, having common traces

In Appendix 1, it is supposed that a field U can be defined in H'(w)
by its two restrictions U! and U? to disjoined open subdomains o,
and w, having a common boundary I = dw, ndw,, provided that the traces
Ul and Uf- are the same field of HY3(I'). In Appendix 1, w is the
boundary 92 of the considered cube in R® w, and w, are two opposite
groups of three adjacent faces of Q:w, = 0Q", w, =0Q". Thus w, in this
case, is not an open set of R® but a surface or "two-dimensional manifold”
and o, and w, are "manifolds with boundary”. The Sobolev spaces can be
defined on abstract manifolds and the trace theorems can be obtained for
manifolds with boundary (HOrRMANDER [17]). However, the involved manifolds
are so simple in our case (consisting of a small number of trivial mappings)
that the use of this formalism would appear overbearing anc unnecessary. The
only important feature of the considered situation is the low regularity of
these manifolds — namely, they are piecewise € (continuously differentiable).
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The zero order trace theorem is valid for such manifolds (see e.g. [7]).
Therefore, we consider it sufficient to prove the following result.

LeEmMMA 3

Let ®, and w, be two disjoined open sets of R", each with a piecewise ¢*
boundary dw,, U’ be a function in H!(w,),y; the (well-defined) trace mappings
of H'(w,) onto H'/?(dw;,), denote I' = dw, N dw, and & the surface measure on
dw,udw,. In order that the function U defined a.e. on the interior ® of
0, o, by(?)

(A.12) U(x) = U'(x) ae. xew
be in H'(w), it is sufficient that
(A.13) 7,(UY) =7,(U?), & — ae. in T.

Note that, if the boundary intersection I' is &-negligible — in particular
if I' is void — no condition is imposed to the traces y,(U’). Also note that
the results will be obviously extended to vector fields U'e H!(w,) = (H* (w))™,
as this is needed in Sect. 3.

Proof. Clearly, U is in I*(w). We must show that the weak derivatives D;U
(i=1,.,n) also are functions Ve I*(w). Denoting % (w) the space of infinitely
differentiable functions with a compact support included in w, we have by
definition

2
Ald) V9edw) <DUp>=—-<UDp>=-Y [UD,od.

i=1o

Since U'e H'(w;), the weak derivatives DU’ are functions V}'e [*(w;). We
extend these functions to w by zero in w\w;, with the same notation. We may
write for i=1,2 and j=1, ., n

(A.15) f (U'D;p+ @D;U)dv — | @y,(U)nid =0,
@y dwy

where n} (j=1, .., n) are the components of the & — ae. defined outer
normal n' to dw; (i = 1, 2). Indeed, for a fixed ¢ e 2(w), this equality writes
@'(U')=0 with a continuous linear form & on H'(w') (the continuity
of the first integral follows from the definition of the H' space and the
Cauchy-Schwartz inequality in L*(w;); the continuity of the second integral
results form the continuity of the trace mapping y; and the Cauchy—Schwarz
inequality in I[*(dw,)). Since, by the divergence theorem, @& (U’) =0 when

(3 If 2 is a subset of R", 2° denotes the closure of @.
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U'is a function in 2(R") and since 2(R") is dense in H'(w;), we have (A.15) for
every U'e H'(w,). (This implies that y,(¢ U') = ¢y,(U")). Therefore

2 2
(A.16) <DUp> =} JfPDjUidv- ) prv;(U‘)nﬁdﬁ”,
i=1 i=1

dwq

but the sum of the integrals on dw; vanish, because ¢ = 0 on (6w, wdw,)\I"
(since this set belongs to dw), n' +n? =0 and y,(U") = y,(U?)&¥ —ae. on I.
Defining ¥, =V} + V} in L*(w), we have thus

(A.17 <D;U,p> =\|V,pdv= <V, 0>
Jj J J

which proves Lemma 3.

Appendix 3

l. Proof of Lemma 1

Since f, is continuous, f,(E,) is dense in f(E)=F and since F is
finite-dimensional, the linear subspace f, (E,) is closed, hence f,(E,) = F. Let
p be the canonical mapping of E, onto E;, = E,/Kerf, and f, = fyop the
corresponding factorization. Again, the finite dimension of F implies that f; is
a bicontinuous one-to-one linear mapping of E, onto F: in particular, f is an
open mapping. That p also is an open mapping, follows easily from the
definitions of the quotient space E, and its topology (e.g. DiEUDONNE [8]).
Thus, the composite f, is an open mapping. Let U be an open set in E
and X an arbitrary point in U. There is an #>0 such that the open ball
B(X,2n) of radius 25 is in U, hence, for every Ye B(X,n) the ball B(Yn)
is in U. Since f; is open and linear, it is easy to see that f, is "uniformly
open”, ie. there is a 6>0 such that B(f(X,),0)cf(B(X,n)NnE,) holds
for every X,eE,. Since f is continuous, there is an ¢>0 such that
f(B(X,¢)) € B(f(X),6) and it is possible to choose ¢<#. The subspace E, being
dense in E, there is an X, e B(X,e)nE,, whence f(X,)eB(f(X),5) or equiv-
alently f(X) e B(f(X,),d) which is in f(B(X ;,n) N E,). But since e<#, X, belongs
to B(X,n) and thus B(X,,n) < U. Hence f(X) e f(UNE,), which completes the
proof. The proof is also valid for metric linear topological spaces.

2. Proof of Lemma 2
Denote

A = {x;d(x,4) = [Inf(|x —y|;ye 4)] < &}.

The assumed regularity of dw implies that v(dw)’) vanishes with 6. For
every >0 there exists an infinitely differentiable function ¢, such that
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0<@;<1, @4(x) =1 if d(x,0w)<d/2 and @4z(x) =0 if d(x,0w)>d. From the
“trace theorem of zero order” (e.g. [7]), we know that there exists a field
W eH!(w) such that W|,, = U. For any 6> 0, we have also (¢; W)|a, = U and
moreover

(A.18) [ llosW|ldo< | |[W|do—0 as 60

(o)

whence Lemma 2 follows.

References

1. M. ARMINION, Théorie d'une classe de modéles de Taylor "hétérogenes”. Application aux textures
de déformation des aciers, Acta Metall., 35, 3, 615-630, 1987.

2. M. ARMINION, Lois de comportement homogénéisées pour la plasticité des polycristaux, Mémoire
d’Habilitation, Université Paris-Nord, 1988.

3. M. ARMINION, Limit distributions of the states and homogenization in random media, Acta Mech.,
88, 27-59, 1991.

4. M. ARMINJON and C. DONADILLE, Présentation d'un modéle polycristallin extrémal. Application
aux aciers d'un modéle approché, Mém. Et. Sci. Rev. Met., 87, 6, 359-382, 1990.

5. M. BERVEILLER and A. ZAOUI, An extension of the self-consistent scheme to plastically flowing
polycrystals, J. Mech. Phys. Solids, 26, 325-344, 1979.

6. JF.W. BisHor and R. HILL, A theory of the plastic distortion of a polycrystalline aggregate
under combined stresses, Phil. Mag., 42, 414427, 1951.

7. R. DAUTRAY and J.L. LIONS, Analyse mathématique et calcul numérique pour les sciences et les
techniques, Masson, Paris, 1984.

8. J. DIEUDONNE, Eléments d'analyse, Gauthier Villars, Paris, 1969-1978.

9. C. DONADILLE, R. VALLE, P. DERVIN and R. PENELLE, Development of texture and microstruc-
ture during cold-rolling and annealing of FCC alloys: example of an austenitic stainless steel,
Acta Metall, 37, 6, 1547-1571, 1989.

10. J.V. FERNANDEZ and J.H. ScHMITT, Dislocation micro-structures in steel during deep drawing,
Phil. Mag., 48A, 841-870, 1983.

11. S.V. HARREN and RJ. ASARO, Non-uniform deformations in polycrystals and aspects of the
validity of the Taylor model, J. Mech. Phys. Solids, 37, 191-232, 1989.

12. K. HAVNER, Aspects of theoretical plasticity at finite deformation and large pressure, Z. Angew.
Math. Phys, 25, 765-781, 1974.

13. R. HiLL, Continuum micro-mechanics of elastoplastic polycrystals, J. Mech. Phys. Solids, 13,
89-101, 1965.

14. R. HiLL, The essential structure of constitutive laws for metal composites and polycrystals, J.
Mech. Phys. Solids, 15, 79-95, 1967.

15. R. HiLL, On macroscopic effects of heterogeneity in elastoplastic media at finite strain, Math.
Proc. Camb. Phil. Soc., 95, 481494, 1984.

16. H. HONNEFF, H. MECKING, A method for the determination of the active slip systems and
orientation changes during single crystal deformation, Textures of Materials (Proc. 5th Int. Conf.
Text. Mat.,, Aachen, 1978), Springer, Berlin-New York-Heidelberg, 265-275, 1978.

17. L. HORMANDER, Linear partial differential operators, Springer, Berlin-New York-Heidelberg,
1963.

18. T. IWAKUMA and S. NEMAT-NASSER, Finite elastic-plastic deformation of polycrystalline metals,
Proc. Roy. Soc., A394, 87-119, 1984.



214 M. ARMINJON

19. U.F. Kocks and G. CANOVA, How many slip systems and which? Deformation of Polycrystals
(Proc. Rise Conf, Roskilde, 1981), 35-44, 1981.

20. E. KRONER, Zur plastichen Verformung des Vielkristalls, Acta Metall, 9, 155-161, 1961.

21. E. KRONER, Statistical continuum mechanics, CISM course no. 92, Springer, Wien-New York,
1972.

22. P. Lipinski, M. BERVEILLER and F. CORVASCE, Statistical approach to elastoplastic behaviour of
polycrystals at finite deformations, Arch. Mech., 40, 5-6, 725-740, 1988.

23. J. MANDEL, Plasticité classique et viscoplasticité, CISM course n® 97, Springer, Wien—New
York, 1972,

24. A. MoLNARL, G. CANOVA and S. AHzZI, A self-consistent approach of the large deformation
polycrystal viscoplasticity, Acta Metall.,, 35, 12, 29832994, 1987.

25. K.V. RasMuUsseN and O.B. PEDERSEN, Fatigue of copper polycrystals at low plastic strain
amplitudes, Acta Metall., 28, 1467-1478, 1980.

26. M. RENOUARD and M. WINTENBERGER, Déformation homogéne par glissements de dislocations
de monocristaux de structure cubique faces centrées sous l'effet de contraintes et de déplacements
imposés, C.R. Acad. Sci. Paris, 283B, 237-240, 1976.

27. E. SANCHEZ-PALENCIA, Non-homogeneous media and vibration theory, Lecture Notes in

Physics, n® 127, Springer, Berlin-New York-Heidelberg, 1980.
. P. SUQUET, Plasticité et homogénéisation, Thése de Doctorat d’Etat, Université Paris VI, 1982.
. P. vAN HOUTTE, Adaptation of the Taylor theory to the typical substructure of some cold-rolled
FCC metals, Textures of Materials, (Proc. 6th Int. Conf. Text. Mat., Tokyo, 1981). iron a Steel
Inst. Japan, Tokyo, 428-437, 1981.

B8

INSTITUT DE MECANIQUE DE GRENOBLE
CNRS (UMR 101), UNIVERSITE J. FOURIER, GRENOBLE, FRANCE.

Received August 3, 1990.





