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Tension-torsion in a circular bar of elastic, linear-strain-hardening
and rate-sensitive material

S. A. MEGUID (CRANFIELD)

A NUMERICAL solution of the elastic-linear strain hardening behaviour of a solid cylindrical
bar, made of a homogeneous, isotropic and rate-dependent material, subjected to proportional
and non-proportional deformation programmes of twist and stretch, without unloading or
reversed loading, is presented. In this investigation the material is assumed to yield according
to the von Mises criterion and then to follow a rate-dependent post-yield constitutive law of
the Perzyna type. The material is also assumed to work-harden isotropically and this hardening
is unaffected by the rate of straining. The analysis is applicable in the medium rate range where
inertia effects are negligible. Several different deformation paths are investigated and the result-
ing stresses and load-torque trajectories are calculated. For each deformation path, numerical
solution of the governing system of quasi-linear partial differential equations gave the loading
trajectories and the radial variations of the stress field at selected times. Comparison with
predictions of a rate-dependent but non-work-hardening material is also made. The load tra-
jectories computed for the different rectilinear straining paths show that, for a considerable
{ength of the post-yield deformation path, the slope of the trajectory is essentially equal to that
which would correspond to elastic straining. This slope changes, however, before the trajectory
crosses the limiting state locus of the non-work-hardening material.

Przedstawiono rozwigzanie numeryczne dla prgta o pelnym przekroju kolowym wykonanego
z materialu sprezysto-plastycznego o liniowym wzmocnieniu. Material preta jest jednorodny,
izotropowy i wrazliwy na predko§¢ odksztalcenia, a programy obciazenia sitami rozciggajacymi
i momentami skrecajacymi sq proporcjonalne lub nieproporcjonalne i nie zawieraja odcigzania
lub obcigzania przeciwnego. W rozwazaniach przyjeto, e material plynie zgodnie z kryterium
von Misesa, a nast¢pnie podlega prawu konstytutywnemu typu Perzyny dla materiatéw wrazli-
wych na prqdkoéé odksztalcepia. Zalozono réwniez izotropowe wzmocnienie materialu nie-
zaleine od predkoéci odksztalcenia. Analiza stosujc si¢ do przypadkéw o umiarkowanej pred-
kosci odksztalcania, w ktérych zaniedba¢ mozna wplyw czlonoéw inercyjnych. Rozpatrzono
kilka réznych drég obcigzenia i obliczono odpowiadajace im trajektorie sit i momentéw. Dla
kazdej drogi obcigzania rozwigzanie numeryczne odpowiedniego ukladu Quasi-liniowych,
czastkowych réwnan rézniczkowych podaje trajektorie obcigzefi oraz promieniowy rozklad
pola naprezenia dla wybranych wartoéci czasu. Wyniki poréwnano z.danymi dotyczacymi ma-
terialdbw wrazliwych na predkos¢ odksztalcenia bez wzmocnienia. Trajéktorie obciazen obliczone
dia r6inych prostoliniowych drég odksztalcenia pokazuja, ze przy dostatecznie dlugich drogach
deformacji po uplastycznieniu, nachylenie trajektoru jest w zasadzie takie samo jak w przypadku
odksztalcenia sprezystego. Nachylenie to zmienia si¢ jednak przed przecigciem przez trajektorie
miejsca geometrycznego stanéw granicznych dla ciala bez wzmocnienia.

ITpencraBieHo WHMCIEHHOE PelleHHe UL CTEP)KHS C TMONHBIM KPYTOBBIM CEYEHHEM, H3ro-
TOBJICHHOTO M3 YIPYTO-IUIACTHYECKOTO MaTepuayia C JIMHeHHBIM ynpouHenwem. Marepuan
CTeP>KHA OJHOPOMHDBII, H30TPOMHLIN K YYBCTBHUTENEH HA CKOPOCTE AedopMallii, a IPOrpaMmel
HArPY)KEHMA PACTATHBAILIMMA CHIAMH M CKPYYMBAIOUIMMHM MOMEHTAMH IPONOPIHMOHANBHEI
WM HEMPOMOPLMOHATLHEl M HE COMEPMAT PasTPySKH HWIH NPOTHBOIOJOMHOIO HATPYXKEHHA.
B paccy»eHMAX NPHHMMAETCHA, YTO MaTEPHA] TEYeT COIJIAaCHO KpuTepmio Mmuseca, a satem
MOJTIEHT ONpe/Ie/IAIoIeMy 3aKoHY Tvma ITa)kuua JUIA MaTePHATIOB YyBCTBUTENBHLIX HAa CKO-
pocts gedopmaumm. ITpemnoxeno Toxe M3OTPOMHOE YIPOYHCHHE MaTepyana HesaBHCALME
oT cxopocTH fedopmaimu. AHaMH3 NMPUMEHAETCA JUISA CIIy4acB C YMEPEHHBIMM CKOPOCTAMH
medopmarmy, B KOTOPLIX MOX<HO mpeHeOpeus BIMAHMEM HHEPTHBIX WwieHOB. Paccmorpeno
HECKOJIBKO Pa3sHbIX IyTeH HAIPY){eHHA M BBRIYHCICHB! OTBEYAIOUIHE MM TPAeKTOPHH CHIL
# mMoMeHTOB. JInsa KaKOOro IyTH HATPYXKEHHA UHUCJIEHHOE PellieHHe OTBedalolled CHCTeMBI
KBasSIWIHMHEHHEBIX MuddepeHHaNbHEIX YPaBHEHHI B YACTHBIX MPOM3BOOHLIX JaeT TPAaeKTOPHH
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HAIrpY)KeHHH M PajHANbHOE paclpefelieHHe NOJIA HaNPsKeHMH A H30paHHBIX MOMEHTOB
BpemenH. PeayieraThl cpaBHEHEI ¢ JAHHBIMH, KACAIOU[HMHCH MATEPHAJIOB WyBCTBHTCILHBIX
Ha cKopocTb Aedopmaumy Ges ympousenws. Tpaexropuu Harpy)xenuil, BLIUHCICHHEIE IS
PasHEIX NMPAMONMHEHHBIX myTeit Nedopmaimi, MOKA3BIBAIOT, YTO NPH MOCTATOYHO JUMHHBIX
oyTax AecomMpanmy [OC/Ie Mepexoja B IUTACTHYECKOE COCTOMHME, HAKJIOH TPAEKTOPHM B IPHH-
IMITe TAKOH e caM, KaK B cirydae ynpyrod gedopmamuy. 3TOT HAKIOH M3MEHSETCA 0JHAKO
mepesl mepeceyeHHeM uepe3 TPAaeKTOPHIO [EOMETPHYECKOTO MECTa NpelesbHBIX COCTOAHMIA
oA Tena ©e3 ynpouHeHHA.

1. Introduction

IN TwO recent publications, MeGuiD and CampBeLL [l1] and MEeGuipD, CAMPBELL and
MALVERN [2] examined the effect of the deformation path upon the resulting stresses and
loads for a rate sensitive but non-work-hardening material. In these two articles the ma-
terial behaviour was assumed to follow Perzyna’s rate-dependent constitutive laws and
to yield according to the von Mises yield criterion. The radial variations of the stresses and
loads were determined numerically using a finite-difference scheme. Analytical expressions
for limit state stresses and loads for a rigid-perfectly-plastic and rate-sensitive material
were determined and discussed in terms of extension/twist ratio, strain rate and some
characteristic constants used to define the material.

In this paper an attempt is made to extend the previous MEGUID et al. [1] and [2] work
to materials that strain harden. The hardening model assumed in this article is a simple
one, It is isotropic, rate-insensitive and linear; the linearity is between the equivalent
stress and equivalent strain (see Eq. (2.5)). Asin [1] and [2], the effects of post-yield deforma-
tion upon the radial variations of the stresses and loads as a result of following different
straining routes are discussed. These radial variations of the stresses and loads are then
compared with the previous results obtained from considering a rate-sensitive but non-
work-hardening material behaviour (described in details in [1] and [2]).

2. Theoretical analysis

The details of the analytical and numerical procedures adopted in this investigation
are described in MEGUID and CAMPBELL [1]. We present here only a summary of the techni-
ques used, together with necessary alterations needed to accommodate the linear-strain-
hardening effects.

The theoretical analysis employs a cylindrical coordinate system (r, 6 and zi with the
z-axis taken to coincide with the bar axis. Because of axial symmetry displacerrents, ve-
locities, strains, strain rates and stresses must be independent of the circumferential va-
riable 0. Since the bar cross-section is uniform along the axial direction, the compatibility
condition reduces to '
dey e, —eg

e, 4296 _ ,

@0 or or r

where e, and ¢, are the deviatoric strains in the radial and tangential directions, remectively.
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Equilibrium of the bar in the radial direction gives

do, , 0,—05 _
(2.2) PP +T = 0.

The other two equilibrium equations are identically satisfied.

In problems involving a multiaxial state of stress it is necessary to have a general rela-
tionship between the components of the stress and strain rate tensors. In the present stu-
dy we adopt PERZYNA’s [3, 4] incremental post-yield constitutive laws which may be

expressed as the following relation between the deviatoric strain rate tensor é; and the
deviatoric stress tensor s;;:

aeu — 1 53;} 3 SU s
@3) e N N

where ¢(a, €) is a plastic stress-strain rate function(‘). Here G is the shear modulus and
; :

2
@ is the von Mises equivalent stress defined as @ = (-3— 518 ,) . In the present application

of the theory the following modified form of ¢, suggested by PERZYNA [3, 4] as a gen-
eralisation of the uniaxial formulation of CowPER and SYMONDS [5], was used, i.e.

@.4) $(5) = c(;% -1) ,

where o(g) is the instantaneous quasi-static yield stress, and for a linear-strain-hardening
material it may be expressed as a linear function of the quasi-static equivalent strain &, viz.

(2.5) () = (1—a)o,+aEe for &> &.

1/2
Here z is the von Mises equivalent strain defined as z = f de = f(% dEudsU) , ais

the ratio between the plastic and elastic moduli for a bilinear material, ¢, is the initial
quasi-static yield stress and E is the Young’s modulus.

The numerical analysis may be simplified by normalising the normal stresses and
strains by their initial quasi-static yield values o, and &, and the shear stresses and strains
by k, and y,. Normalised quantities are denoted by boldface type, e.g. . = 0.[/0p, & =
= 0/g, and Yy = p/y,. Let us also introduce a non-dimensional time parameter 2 which
is defined by A = Ct, where C is a material constant defined in Eq. (2.4), and a non-di-
mensional radial coordinate defined by r = r/R, where R is the bar radius.

If Egs. (2.3) and (2.4) are combined together, the result in a normalised form is as
follows:

ey _ 6su 3 sy ( G )“ E
(2.6) SE= e G -] o

Equation (2.6) together with the non-dimensional form of the compatibility condition (2.1)
and equilibrium equation (2.2) form a set of quasi-linear partial differential equations of
the first order which may be integrated numerically, using a finite difference scheme,

(*) The symbol {¢)> represents ¢ if ¢ > 0, zero if ¢ < 0.

3 Arch. Mech, Stos. nr 380
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along the characteristics r = constant and 4 = constant from known boundary and initial
conditions. Calculations proceeded by forward difference from the bar centre. In each
time increment, d/, it was necessary to solve six nonlinear simultaneous equations in the
unknown variables e,, e;, s,, sp, T, and G.

Numerical solution of the governing equations gave the deviatoric stresses and strains
as functions of r and A. The conventional stresses and strains were then calculated from
the elastic compressibility condition and the known €. and y at selected times 4. Finally,
the normalised axial load P and torque T acting on the bar were calculated by approximate
numerical integration(?).

If the rate-dependent material investigated is of the rigid-perfectly-plastic type, a closed
form solution of the stresses and loads may be obtained. These solutions are referred to
in this article as the limit state. The details of the calculations of the normalised limit
state load P* and torque T* can be found in MeEGuID and CAMPBELL [1].

3. Analysis of results

In order to examine the hardening effect upon the resulting stresses and loads, it was
felt necessary to follow the same proportional and non-proportional deformation paths
investigated earlier by MEGuiD and CAamPBELL [1] and recently by MEGUID, CAMPBELL
and MALVERN [2], but for a non-work-hardening material. This enables us to compare
the stress and load fields, '

Four types of deformation path were investigated, as follows:

1) The bar is extended quasi-statically to the initial yield point (e, = 1); the extension
is then held constant while the angle of twist is increased at a uniform rate giving a maxi-

1/2
mum equivalent strain rate 5 = (—- é,—_,éu) = 0.02C.

3
“)
= &rna:‘f
-9 2
s -t )
| p
L
Extension

FiG. 1. Types of deformation paths investigated (see Table 1 for details).

(*) P and T are normalised by their initial quasi-state yield values in simple tension and pure shear,
respectively.
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2) The bar is twisted quasi-statically until it yields at its surface (y = 1 at r = 1);
the angle of twist is then held constant while the bar is extended at a constant rate corresp-
onding to = 0.02C.

3) The bar is simultaneously extended and twisted so that (y/e,) is constant and the
equivalent strain rate at the bar surface is again 0.02C.

4) The bar is twisted quasi-statically to the initial yield point, as in 22), and then
simultaneously extended and twisted as in 23).

Figure 1 indicates these four types of deformation path, and Table 1 gives the details of
the particular paths chosen, together with the P* and T* values as calculated from the
limit state closed form solutions corresponding to the rigid-perfectly-plastic and rate-sensi-
tive material.

Table 1. Data for the proportional and non-proportional deformation paths investigated.
(Maximum strain rate n = 0.02C for all paths)

Angle of load . ) .
Path No. Type of path trajectory for elastic Initial Yield Limit State(®)
straining o To P ™

() Extension, then

twisting 90° 1 0 0 1.905
2) Twisting, then

extension 0° 0 1 1.457 0
3) Proportional

straining 60° 0.5 0.866 1.03 1.388
) Twisting, then

proportional strain-

ing 71.6° 0 1 0.954 1.479

(*) These limit state loads and torques correspond to a material which is rigid perfectly plastic and
rate-sensitive.

The numerical calculations were carried out using the following values for the material
constants: '

0o/E =103, » =028 C=40s""', 4é=5 and «=0.05

These are typical of the experimental data for mild steel, the values for C and J being
those determined by BODNER and SYMONDs [6] from the results of MANJOINE [7].

For all the straining paths considered, the computed normalised radial and transverse
stresses o, and o, were very small compared with the main active stresses o, and ©-and
can be ignored for all practical applications. A similar result has been obtained by MEGUID
and CampBELL [1] for a rate-sensitive but non-work-hardening material and by BrRooks [8]
in an earlier work for a work-hardening but rate-insensitive material behaviour.

The general trend of the stresses and load resulting from following the different de-
formation paths are similar. Therefore, it was felt unnecessary to investigate all the four
straining paths. In this article only path (2) will be considered in some details. This will
be followed by a summary of the four load trajectories.

3
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FiG. 2. Normalised results for path (2): (a) shear stress, (b) axial stress, (c) equivalent stress and (d) load-
ing trajectory. Perforated curves represent the solution for a rate-sensitive but non-work-hardening material,

Figures 2 show the variation in the shear stress T, axial stress o, and equivalent stress @
for path (2), and 4(d) shows the corresponding load trajectory in the (P, T) plane. For
constant quasi-static twisting of the bar, the shear stress distribution is linear (zero at
the bar centre and unity at the bar outer boundary). As the deformation continues and
A increases, the axial stresses o, start to develop while the linear distribution of the shear
stresses remains unchanged. As A continues to increase, the shear stresses start to decrease
at and near the bar outer boundary and the axial stresses continue to increase. The increase
in o, develops faster than the decrease in 7, such that the equivalent stress o increases
from its linear distribution corresponding to the quasi-static twisting of the bar towards
the over-stress value relating to what is known as the limiting state condition for a rigid-
perfectly-plastic and rate-sensitive material at the given equivalent strain rate 7. Although
the general shapes of the stress distributions (axial and shear) are similar to those determined
from the non-work-hardening model [1], the stress levels in this study are in general higher.
Note that the deformation time is double that of the early investigations [1, 2].
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From comparison of the twist-extension and the normalised torque-load plot, it ap-
pears that during the early stages of post-yield deformation the two paths are similar. Ho-
wever, when P exceeds about 1, © decreases significantly while o, continues to increase
with increasing time A. This results in a decrease in'the torque T and an increase in the
load P. As the deformation continues, the load trajectory crosses what is known as the
limit state locus for a rigid perfectly plastic and rate-sensitive material behaviour. The
perforated curve shows the elasto-plastic solution for a rate-sensitive but non-work-
hardening material together with the limit state locus for n = 0.02 C.
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Fi1G. 3. Normalised load-torque trajectories for the four prescribed deformation paths. Perforated curves
 represent the solution for a rate-sensitive but non-work-hardening material. :

Figure 3 sums up the load trajectories resulting from following the different deformation
paths investigated. It is clear that, during the early stages of post-yield deformation,
features similar to those presented earlier for a rate-sensitive but hon-work-hardening
material are noticed. The load trajectories computed for the different deformation paths
show that during these early stages of post-yield deformation the slope of the trajectory
is essentially equal to that which would correspond to elastic straining. After a considerable
change has occurred in torque (as in path (1)) or load (as in path (2)) or both (as in paths (3)
and (4)), the slope of the trajectory changes as the load and torque approach the limit
state locus which corresponds to a rigid-perfectly-plastic and rate-sensitive material be-
haviour. As the deformation continues, the trajectories of the hardening material cross
this limit state locus of the non-hardening material.



366 S. A MeGum

4. Conclusions

The problem of combined extension and twisting of a solid circular bar of rate-sensitive
and linear-strain-hardening material has been solved numerically for various proportional
and non-proportional straining paths.

The computed normalised radial and circumferential stresses were found to be very small
compared to the axial and shear stresses and can be ignored for all practical applications.
The distribution of these latter normalised stresses and the load trajectory in normalised
tension-torque space have been determined and plotted for four particular straining paths.
For these calculations the material behaviour was taken to be governed by Perzyna’s
rate-dependent constitutive relation, the yield criterion being that of von Mises and the
numerical constants appropriate to mild steel. The linear-work-hardening was assumed
to be isotropic and rate-insensitive.

Features similar to those presented in an early investigation by MEGUID and CAMPBELL
for a rate sensitive but non-work hardening material are noticed. The load trajectories
computed for rectilinear straining paths show that during the early stages of post-yield
deformation the slope of the trajectory is essentially equal to that which would correspond
to elastic straining. After a considerable change has occurred in load or torque or both,
the slope of the trajectory changes as the load and torque approach what is known as
the limit state locus for a rigid-perfectly-plastic and rate-sensitive material. As the de-
formation continues the load trajectory crosses this limit state locus.
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