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Horizontal-vertical response spectra for El Centro 1940 earthquake 

I. I. ORABI (NEW HAVEN) and G. AHMADI (POTSDAM) 

A SINGLE-DEGREE-OF-FREEDOM structure subjected to horizontal and vertical earthquake ground 
accelerations is considered. The corrected accelerograms of El Centro 1940 earthquake 
are used. For a range of values of parameters, maximum horizontal responses are evaluated. 
Particular attention is given to the amplification effects of the vertical ground acceleration. 
Combined horizontal-vertical response spectra curves are developed. The results are compared 
with some peak response estimates and reasonable agreement is observed. A procedure for 
developing site-dependent smooth spectra is also outlined. 

Rozwazono konstrukcj~ z jednym stopniem swobody poddan~ poziomym i pionowym przyspie­
szeniom wywolanym trz~sieniem ziemi. Wykorzystano skorygowane akcelerogramy trz~sienia 
El Centro 1940. Wyznaczono maksymalne reakcje poziome dla pewnego zakresu parametr6w 
konstrukcji. Szczeg6ln~ uwag~ zwr6cono na efekt wzmocnienia przyspieszen pionowych; Opra­
cowano wykresy dla widm drgan zlozonych. Por6wnanie otrzymanych wynik6w z ocenami 
maksymalnych reakcji wykazuje dobr~ zgodnosc. Om6wiono r6wniez metod~ przygotowania 
widm ci'lglych uwzgl~dniaj~cych polozenie miejsca pomiaru. 

PaccMoTpeHa I<OHCTPYJ<~Ini c o,w~oii creneHbiO cso6o,[(hi, no,[(BeprnyraH ropH30HTaJibHhiM 
H sepTHI<aJibHhiM yci<opeHliHM, Bhi3BaHHhiM 3eMneTpHceHlieJ)\. HcrroJib3oBaHbi HCilpasneHHbie 
31<1..\eJieporpaMMbi 3eMJieTpHCeHHH 3Jib UeHTpo 1940. Orrpe~eJieHhi Mai<CHMaJibHbie ropH30H-
1'3JihHhie peai<~IUl ~JIH Hei<oToporo HHTepsana napaMeTpoB I<OHCTPYI<I\IUL Oco6eHHoe BHH­
MaHI1e o6pa~eno Ha 3~<Pei<T ycH:xeHliH sepTHI<aJILHhiX yci<opeHliH. Pa3pa6oTaHhi ~arpaMMhi 
,[(JIH cnei<TpoB cnomHhiX I<one6aHHH. CpaBHeHHe nonyt.IeHHhiX pe3yJILTaToB c o~eHI<aMH Mai<­
CHMaJibHhiX peai<~Hii rroi<a3hiBaeT xopomee cosna~eHHe. 06cym~eH Tome MeTo~ nowoToBI<H 
uenpepbiDHhiX crrei<Tpos, yt.IliThiBaiO~HX nonomeHHe MecTa H3MepeHHH~ 

1. Introduction 

UsE OF RESPONSE spectra for aseismic design of structures has attracted considerable 
attention in the past three decades. The technique provides an inexpensive and reasonably 
reliable alternative to response time history analysis. Furthermore, response spectra may 
be modified to meet the strength requirements in a particular seismic environment. 

The procedure for constructing design response spectra was introduced by HousNER [1], 
and NEWMARK et at. [2, 3]. These response spectra were developed from an ensemble 
of accelerograms that represents a variety of seismological, geological, and local soil 
conditions. To include the effect of the site conditions in the design response spectra sev­
eral studies were carried out by SEED et a!. [4], MoHRAZ [5], WANG and YuN [6], Mos­
TAGHEL and AHMADI (7, 8]. 

Use of design response spectra for the simultaneous action of three earthquake com­
ponents were described in several codes [9, 10]. Further studies in this direction were 
carried out by CHU et a/. [11], PENZIEN and WATABE [12] ROSEBLUETH and CONTRERAS . 
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590 I. I. 0RABI AND G. AHMADI 

[13], ANAGN'OSTOPULOS [14], and WILSON' and BUTTON' [15]. In these works, the tech­
niques for combining the response spectra of various components were discussed. 

In spite of considerable progress in developing appropriate design response spectra, 
one aspect of the response amplification is not fully considered as yet. Namely, the en­
hancement of lateral deflection due to the action of an axial excitation through the so­
called P- L1 effect is not included in the design response spectra. In the present work a 
weightless column carrying a heavy mass at the top is considered as the working structu­
ral model. The North-South and vertical (NS+ V) accelerograms of El Centro 1940 
earthquake are used as base excitations. Response spectra for the horizontal deflection 
of the mass are evaluated, which include the effects of the verical earthquake excitation. 
The influences of the damping coefficient and load factor are examined. It is shown that 
the vertical ground acceleration amplifies the peak horizontal responses. The amount 
of amplification is quite modest as long as the static load is a small fraction of the Euler 
buckling load. When the static load is close to the Euler buckling load, vertical ground 
acceleration significantly enhances the horizontal responses. 

A Liapunov technique for evaluating response bound is also briefly described. The 
results are used to develop approximate estimates for the peak responses under combined 
horizontal-vertical (HV) earthquake excitations. These estimates depend on the site per­
iods and peak HV ground accelerations. The estimated maximum velocity responses are 
compared· with the HV response spectra of (NS + V) El Centro 1940 earthquake and 
reasonable agreement is observed. 

2. Equation of motion 

Consider a single-degree-of-freedom structure consisting of a massless column which 
supports a lumped mass, m, at the top as shown in Fig. 1. Under seismic excitations the 
equation for the lateral deflection of the mass is given as [16, 17] 

Ug . ----
FIG. 1. Single-degree-of-freedom column under horizontal-vertical hase excitation.'. 
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(2.1) •• l: • 2 ( 1 mg + mv g ) •• x+2\0 1wx+w 1 - · Per X= -U9 , 

where x is the lateral deflection of the mass, ~~ is the damping coefficient, w1 is the na­
tural frequency of the load-free column, g is the acceleration of gravity, Per is the critical 
buckling load of the column and iig and v9 are horizontal and vertical earthquake ground 
accelerations. 

Equation (2.1) may be restated as 

(2.2) X+2~WoX+w~(l-{Jvg)X = -u11 , 

where 

(2.3) wcl = wl ( 1- ;~ ). ~ = ~1 w.fro0 , P = m/(P"-mg). 

Here w 0 is the natural period of the column under static load and ~ is the effective damping 
coefficient. The parameter fJ may be restated as 

(2.4) 

where y is the load factor. 

fJ = y 
g(l-y) ' 

mg 
y= - - , 

Per 

The horizontal deflection of the column subjected to combined horizontal and ver­
tical (HV) base excitation is governed by Eq. (2.2). When the effects of vertical accelera­
tion are negligible (i.e. {J0v11 ~ 1), the solution to Eq. (2.2) is given by 

t 

(2.5) x(t) = - J h(t- -r)u11( r)dr, 
0 

where the impulse response is defined as 

(2.6) 

with 

(2.7) 

When {30 1-;g is not negligible, a closed form solution to Eq . (2.2) is not available. 

3. Response spectra 

The maximum values of relative displacement S4 , relative velocity Sv and absolute 
acceleration response Sa are of primary interest for aseismic design. These represent the 
peak strain, kinetic energy and force exerted on the structure, respectively. The corres­
ponding plots versus natural period (or frequency) are referred to as the response spectra. 

· Accordingly, 

Sd(To, ~ , y) = Max;x(t) , 
t 

(3.1) ._S'v(T0 , ~ , y) = Maxlx(t}, 
t 

Sa(l"'o, ~ . y) = Max:x(t)+ii9(tr. 
t 
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where T0 = 2njw0 is the natural period of the structure and y is the load factor defined 
in Eq. (2.4). 

Pseudovelocity and pseudoacceleration response spectra are defined as 

(3.2) 

For simple linear structures with a small damping coefficient and negligible axial force 
(y = 0), it follows that 

(3.3) PSv ~ Sv, PSa ~ Sa. 

When the effects of vertical acceleration are included, approximations given by the re­
lations (3.3) are no longer accurate. 

Here we are concerned with developing_ response spectra for the column shown in 
Fig. 1. The. NS and vertical accelerograms of El Centro 1940 earthquake are used. 
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FIG. 2. A typical displacement response time history. 
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FIG. 3. Response spectra for El Centro 1940 earthquake. 
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A fourth-order Runge-Kutta scheme is employed for numerical integration. For a range 
of values of parameters, the time histories of the response are evaluated. A typical displace­
ment response for a duration of 25 seconds is shown in Fig. 2. 

Various types of response spectra as defined by Eqs. (3.1) and (3.2) may be constructed. 
Here the results for the velocity response spectra Sv(T0 , ~, y) are reported. For sev­
eral values of ~' y and T0 the peak values of x(t) are evaluated from the corresponding 
response time histories. The resulting response spectra are plotted in Figs. 3-8. Figure 3 
shows the response spectra of the NS-component of El Centro 1940 earthquake in the 
absence of vertical excitation. Sv for increasing values of y are shown in Figs. 4-6. In 
Figs. 7 and 8, for fixed values of the damping coefficient, the HV response spectra for 
different values of the load factor are plotted. The amplification effects of the vertical 
ground acceleration may now be studied. 

10- z '------l.--'----L--'--J........L~~-___Jl___--'--.1.---L_._.L..L.L...J 
10- 1 2 3 "' 5 6 7 8 g 1 2 3 "' 5 6. 7 8 g 10 
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FIG. 4. HV reponse spectra for El Centro 1940 eru:thquake. 
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Fro. 5. HV resJ.'onse spectra for El Centro 1940 earthquake. 
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FIG. 6. HV response spectra for El Centro 1940 earthquake. 
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Flo. 7. HV response spectra for El Centro 1940 earthquake. 

Figures 3-8 show that the amplitudes of the response spectra curves in the low period 
region (between O.ls to Is) increase rapidly with the load factor for y ;;?: 0.8 and small 
damping coefficients. When y is small or ~ is large (1 0% or 20%), the amplification effects 
of the vertical acceleration are negligible. 

The results also show that the structural damping significantly modifies the amplifi­
cation of horizontal responses. For instance, for zero damping the maximum values of S 
for y = 0 and y = 0.85 are 1.8 m/s and 98 m/s, respectively. That is, the vertical accele­
ration amplifies the response by a factor of fifty. The same maxima for a damping coeffi­
cient of 0.20 are 0.5 mfs and 0.54 mjs. That is, an increase of about ten percent. 
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FIG . 8. HV response spectra for E! Centro 1940 earthquake. 

4. Site-dependent horizontal-vertical response spectra 

In this section a formal bound on the response of the column subjected to combined 
horizontal and vertical earthquake ground accelerations is briefly described. The results 
are used to develop a procedure for constructing site-dependent design response spectra 
including the vertical base excitation. 

In [17-19], using a Liapunov method, several bounds on the peak responses of struc­
tures were obtained. For a lightly damped column subjected to HV ground accelerations 
as described by Eq. (2.2), the expression for the bound as developed in [17] is given by 

(4.1) 

t t 

U(t),::; J lii.(O) Iexp{ -~w0(t-0)+ _P;o J V,(r)dr}do, 
0 0 

where 

(4.2) 

Consider the case when only the knowledge of peak horizontal and vertical ground 
accelerations iigm and v9m and site periods for horizontal and vertical vibrations are avail­
able. To estimate the bound given by the inequality ( 4.1 ), in [ 17] it was assumed that the 
peak accelerations act on the structure for some effective time durations. This assumption 
is now refined by assuming that 

(4.3) iig(t) = t~· 0 ~ I~ fu, 

otherwise 

and 

(4.4) •. <) {v..,, 0 ~ I~ fv, 
v t = 

otherwise. g 0, 

3* 
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That is, we assume that the peak response is reached if the constant peak accelerations ii9 m 

and v
9

m act on the column for effective tirne durations of fu and fv, respectively. 
Using the relations (4.3) and (4.4) in the inequality (4.1), we find 

{4.5) U ~ Fii0mfu, 

where 

(4.6) 

10 ,--~---------------------
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Flo. 9. Estimated and actual response spetra. 
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FIG. 10. Estimated and actual response spectra. 
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The factor r shows the effects of the damping coefficient and vertical ground acceleration 
on the peak horizontal response estimate. When t0 = fu or Vg = 0, the results reduce to 
those obtained in [l7]. 

For the effective time durations, we assume that 

(4.7) 

and 

(4.8) 

where T0 = 2nfw0 is the natural period of the column under the dead load, and Tpu 
and Tpo are the site periods for horizontal and vertical vibrations, respectively. Here 'YJ 

is a coefficient which is assumed to be given as 

w~----------------------------------~ 
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FIG. II. Estimated and actual response spectra. 
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FIG. 12. Estimated and actual response spectra. 
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(4.9) 

where 

(4.10) 

{
0.2, 

'YJ = 0.2+30()1-1), 

y ~I, 
y ~I, 

_ (t vgm) m(g+vgm) y=y +- = . 
g Per 

I. I. ORABI A!'ID G. AHMADI 

The assumptions (4.7)-(4.10) are modified forms of those of [17]. Using the effective 
time duration fu as given by the assumption (4.7) leads to the proper shape of the response 
spectra for low to moderate natural periods in the absence of a vertical excitation. In 
particular, for rigid structures with T0 below the site period a constant peak acceleration 
response is obtained. This is consistent with the commonly U')ed design response spectra 
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FIG. 13. Estimated and actual response spectra. 
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FIG. 14. Estimated and actual response spectra. 
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of [l-10]. A similar form with some modifications is used in prescribing t" in Eq. (4.8). 
The amplification effect of v, appears to be a strong function of ~ and y. The influences 
of these parameters are empirically included in Eqs. ( 4.8). 

Equation (4.5) together with Eqs. (4.6)-(4.10) provide an estimate for the peak hori­
zontal response of the column. For light dampings, using the approximation w0 x ~ x, 
from Eq. (4.2) it follows that 

(4.11) MaxU(t) ~ 2Maxlx(t)l = y2S0 • 

t t 

Equations (4.11) and (4.8) are used to construct smooth site-dependent HV response 
spectra. The results for El Centro 1940 earthquakes (NS+ V) are shown in Figs. 9-17. 
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FIG. 15. Estimated and actual response spectra. 
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FIG. 16. Estimated and actual response spectra. 
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The site periods of Tpu = 0.85 s and Tpv = 0.4 s and peak ground accelerations of 
ii9m = 0.348 g and v9m = 0.21 g are used in these analyses. 

In Figs. 9-11 the site-dependent spectra are plotted by dashed lines for y = 0 and 
several values of the damping coefficient. The actual response spectra of the NS-component 
of El Centro 1940 earthquake are shown by the solid lines in these figures. In Figs. 

12-17 the predicted HV response spectra are compared with the actual ones· for several 
values of~ and y. It appears that for~ = 0, Eq. (4.8) somewhat underestimates the peak 
responses for highly rigid structures. However, for dampings more than two percent, the 
predicted HV response spectra agree with reasonable accuracy with the actual ones. These 
results imply that Eqs. (4.5) and (4.11) may be used as a basis for constructing site-depen­
dent HV design response spectra. 

10- 2 L---__J_ _ _J___l___J___l___!_---'--L~--'-__J_--'----'-__J__-'--'-..L-J 

10- 1 2 3 4 567891 2 3 4 5 6 7 8 910 

Period (s) 

FIG. 17. Estimated and actual response spectra 
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Fra. 18. Estimated site-deoendent resDonse spectra. 
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- --- -- ------- --- ----- -- -------------

Figures 18-20 show several smooth site-dependent HV response spectra for the condi­
tions of El Centro 1940 earthquake. It appears that the amplification effects of the 
vertical excitation become significant only for lightly damped columns which are close to 
their buckling loads. 

3 4 567891 

Period (s) 

---------l 
~=0.80 I 

2 3 4 5 6 7 8 9.10 

FIG. 19. Estimated HV site-dependent response spectra. 
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F1u. 20. Estimated HV site-dependent response spectra. 

The procedure outlined here may also be used for constructing HV response spectra 
_,for secondary systems, pipings and equipments where the effects of axial excitations could 
become quite substantial. 

http://rcin.org.pl



602 I. I. 0RABI AND G. AHMADI 

5. Conclusions 

Response of structures subjected to combined HV earthquake base excitations is 
considered. Particular attention is given to the influences of axial excitations through 
the P- L1 effect. A simple column is used as the working example. NS + V response spectra 
for the El Centro 1940 earthquake for several values of the damping coefficient and load 
factor are developed. 

The results indicate that the vertical acceleration always amplifies the peak hori­
zontal responses. The amount of amplification is a strong function of the damping coeffi­
cient and load factor. Substantial amplifications are observed for lightly damped co­
lumns which carry a static load which is more than 80% of their Euler buckling load. 
It is conjectured that the P-L1 effect is significant when y = m(g+v9m)/Pcr ~ 1. 
That is, when the column under a constant acceleration of v9m is statistically unstable. 
When y is small or damping is large, the amplification effects of the vertical acceleration 
are quite modest. 

Based on a Liapunov bound on the response, a procedure for estimating the peak 
responses under HV earthquake excitation is developed. Several smooth site-dependent 
HV response spectra for the conditions of El Centro 1940 earthquake are constructed. 
The results are compared with the actual ones and reasonable agreement is observed. 

Basing on the results presented in this study, it is concluded that for linearly elastic 
structures which carry static loads well below their buckling loads the amplification effects 
of the vertical acceleration are small. However, for tower-like structures with small dam­
ping the amplification may become significant. Furthermore, for secondary systems (like 
pipings and equipments) the axial excitations may amplify the lateral deflections to an 
extent. It is also conjectured that for structures which reach their yield limits during an 
earthquake the amplification effects of the vertical acceleration may become quite sub­
stantial. 
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